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PKEFACE. 


These two volumes, now published 'as P^rt JV of 
the present work, are my final contribution towards "“"the 
fulfilment of a promise made twenty-one years ago. They 
are devoted to the theory of partial differential equations. 

Though the work thus is completed, no claim is made 
that every topic of importance has been discussed. In 
the earlier volumes, indications of omissions from other 
portions of the whole subject were given and need not 
now be repeated : here also, there have been definite 
omissions. Nothing, for instance, is said concerning the 
researches of Picard and Dini on the method of successive 
approximations for the construction of an integral which 
obeys assigned conditions ; these investigations limit the 
variables to real values, and throughout the treatise I 
have dealt with variables having complex values. Formal 
questions, such as those which arise out of the appli- 
cation of the theory of groups, are hardly mentioned ; 
here, as in the preceding volumes, I have concerned 
myself with organic properties, given by applications 
of the theory of functions, rather than with formal 
properties. Again, the subject of boundary problems 
is not dealt with; it appears to me to belong to the 
theory of functions in its applications to mathematical 
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physics rather than to the theory of differential equa- 
tions. In the branches of the subject that are discussed, 
I have tried to deal as completely as possible with what 
seems to me to be essential : and I have omitted what 
are purely formal extensions, to equations of general 
order, of the properties of equations of the second order 
when such extensions contain no intrinsic novelty. 

In the preparation of the volumes, I have consulted 
the works of many writers ; and references are freely 
given. My aim has been to make these references relate 
to the main issues; not a few results, extracted from 
memoirs, have been used to construct examples ; and the 
name of the author is (I hope) given in every such case. 
But I have not attempted to select and arrange the 
references, so that they might make the framework of a 
history of the subject ; had the latter been my purpose, 
names such as Lagrange, Cauchy, Jacobi, whose work 
is now the common possession of all writers, would have 
received more frequent specific references in my pages. It 
will be seen that Darboux's treatise, Th^orie generale des 
surfaces^ and Goursat's three volumes, Legons sur Vin- 
tSgration des Equations aux derivees partielles, have been 
frequently quoted : I wish to make also a comprehensive 
acknowledgement of my indebtedness to those works. 


The earlier of the two volumes is devoted mainly 
to equations of the first order. The theory of these 
equations may be regarded as almost complete, because 
the actual integration of the equations is made to depend 
solely upon the solution of difficulties which occur in 
connection with a system of ordinary equations of the 
first order. 
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An introduction to the subject is provided by 
Cauchy's existence-theorem ; it is discussed in the first 
two chapters. The next chapter is specially concerned 
with linear equations and linear systems ; these admit 
of a separate and special mode of treatment. The fourth 
chapter gives an exposition of what, on the whole, I 
regard as the most effective method of integration for 
non-linear equations : it contains what is usually called 
Jacobi s second method, with Mayer s developments. In 
the succeeding chapter will be found Lagrange's classifi- 
cation of integrals, based upon the process of variation 
of parameters : but something still remains to be done in 
this branch of the subject, because even simple examples 
shew that the customary classes may fail to be entirely 
comprehensive. The next three chapters are devoted to 
Cauchy's method of characteristics, alike for two and 
for any number of independent variables, and to the 
geometrical associations in the case of two independent 
variables. Then follows a chapter dealing with Lies 
methods, based upon contact-transformations and upon 
the properties of groups of functions : it was possible 
to abbreviate this chapter, because Pfaff’s problem had 
already been discussed in the first volume of this work. 
A chapter has been added dealing with the equations 
of theoretical dynamics, partly because of their intrinsic 
connection with partial equations, yet mainly in order 
to shew the origin of what is usually called Jacobi's 
first method of integration of partial equations. The 
concluding chapter of this volume discusses those simul- 
taneous equations of the first order, involving more than 
one dependent variable, which can be integrated by 
operations of the same class as those in any of the 
methods mentioned. 
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The later of these two volumes is devoted to the 
consideration of partial equations of the second order 
and of higher orders, mainly (though not entirely) in- 
volving two independent variables. A perusal of the 
volume will shew that, outside the limits of Cauchy^s 
existence-theorem, knowledge is fragmentary : the in- 
version of operations of the second order has not yet 
been discovered and, accordingly, any effective process 
consists of a succession of operations of the first order. 

After a chapter devoted to the discussion of questions 
connected with the existence of integrals and, in parti- 
cular, to the discussion of the constitution of a general 
integral, two chapters are occupied with Laplace s method 
(and with its developments, due to Darboux) for the 
integration of the homogeneous linear equations of the 
second order : the effective success of the method de- 
pends upon the vanishing of some invariant, in one or 
other of two progressively constructed sets of functions 
involving the coefEcients of the original equation. The 
result raises the question of the form of equations, the 
primitive of which can be expressed in finite terms : and, 
to this matter, one chapter is assigned. 

In the attempt to integrate any equation of the second 
order, it is natural to enquire whether an equation of the 
first order exists which is its complete equivalent : and 
equations, characterised by this property, will obviously 
constitute a distinct class. Such, indeed, were the equa- 
tions of the second order for which integrals (now called 
intermediate) were first obtained ; and one method of 
their construction is due to Monge. Later, another (and 
a more direct) method for their construction was given 
by Boole : but both methods assume that a special form 
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attaches to the intermediate integral, and the assumption 
demands that a very restricted form shall be possessed 
by the original equation. Basing his argument entirely 
upon an assumed type of integral, Ampfere devised an- 
other process of integration : his method makes no 
demand for the existence of an intermediate integral : 
and the result is often effective when no such integral 
exists. All these three methods, (and another method 
of some generality, as given), require the construction 
of integrable combinations of one (and ultimately the 
same) set of subsidiary equations, when they are applied 
to the same original equation. But Ampere's method is 
applicable also to equations of less restricted form. 

It may, however, happen that an equation of the 
second order is not of the restricted form or, being of 
that form, does not possess an intermediate integral, or 
is not amenable to Ampere's method. In that case, a 
method due to Darboux may be applicable, whereby a 
compatible equation of the second order (or of some 
higher order) can be constructed ; provided only that 
a compatible equation of finite order can be obtained, a 
primitive of the original equation can be derived. To 
these matters, three chapters are given : they explain 
the working processes that are effective for the deter- 
mination of an integral in finite terms, whether by a 
single equation or a set of equations. 

One chapter is devoted to the generalisation of 
integrals which involve some arbitrary parameters, and 
another to the discussion of characteristics of equations 
of the second order. The investigations in both of these 
chapters are clearly incomplete : they could be continued 
along lines that lead to the complete classification of 
integrals of equations of the first order. 
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In the theory of equations of the first order, much 
information is given by Lie s general theory of contact- 
transformations : and an obvious investigation is thereby 
suggested as to whether there is a corresponding theory 
for equations of order higher than the first. The question 
has been considered, and partly solved, by Backlund and 
others : one chapter gives an outline of their work : 
it is clear that much yet remains to be done in this 
subject. 

In the last three chapters of the volume, some of 
the preceding methods and theories are extended to 
equations, which are of order higher than the second 
or which involve more than two independent variables. 
Only the simplest extensions are discussed : they could 
be amplified to any extent : but the result would be 
merely an accumulation of formal theorems possessing 
neither individuality nor intrinsic value. 


From this brief sketch of the contents of these 
two volumes, it will be manifest that, in the theory 
of equations of order higher than the first, there are 
many gaps and that the theory is far from complete : 
and even a summary perusal of the volumes will give 
some indication of these gaps. It is my intention to 
point out, in a presidential address which will be 
delivered to the London Mathematical Society next 
month, some of the more obvious and practicable 
questions which are waiting for solution. Of these, 
there is no lack : it is only the workers who are 
wanted. 



PREFACE 


XI 


On not a few occasions, it has been my privilege to 
acknowledge the help which has been given to me by 
the Staff of the University Press. Once more, an oppor- 
tunity comes to me : and I gladly seize it, to express 
my indebtedness to them all for the care, the attention, 
and the consideration, by which they have lightened 
what to me is never an easy or a simple duty. 


So I pass from a task, which has filled the greater 
part of many years of my life, which has broadened in 
my view as they passed, and which has suffered inter- 
ruptions that threatened to end it before its completion. 
Many of its defects are known to me : after it has gone 
from me, others will become apparent. Nevertheless, my 
hope is that my work will ease the labour of those who, 
coming after me, may desire to possess a systematic 
account of this branch of pure mathematics. 

A. R. FORSYTH. 


Trinity College, Cambridge. 
October y 1906 . 
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CHAPTEE L 

Introduction ; two Existence-theorems. 

1 . The investigations, which constitute this Part of the present 
work, are devoted to the consideration of properties of partial 
differential equations. In text-books which deal with the modes 
of constructing the integrals of such equations, several processes 
are given, often with the main purpose of obtaining the integrals 
in finite terms ; but the processes are limited in the scope of their 
application, because the ecpiations which prove amenable to their 
action are few in character and not infrinpiently have been arti- 
ficially constructed. When these processes either are not applicable 
or cannot convcuiiently be completed, no information concerning 
the solution of the equation would then be obtained ; indeed, they 
offer no guarantee that an integral even exists. 

Accordingly, it is desirable to discuss the whole theory of 
partial differential equations from the foundations and, in the 
course of that discussion, not only to revise known results but 
also, so far as may be possible, to place them in their fitting 
positions in the ordered body of doctrine. Such a discussion was 
found to be necessary for the proper establishment of results 
relating to ordinary differential equations. It is even more 
necessary in the case of partial differential equations, partly be- 
cause the inversion of simultaneous partial differential operations is 
more difficult than the inversion of ordinary differential operations, 
partly because the suggestions as to the character of an integral, 
as offered by processes of inversion, are less significant for partial 
equations than for ordinary equations. 



2 GENERAL [2. 

2. Two kinds of illustration should suffice for a justification of 
this last statement. 

One mode of attempting to discover the character of the most 
complete integral of a partial equation would be by generalisation 
from the case of an ordinary equation. 

For an ordinary equation, which has y for its dependent variable 
and X for its independent variable, the integral is made complete 
by the assignment of initial values to the variables ; that is, y is 
some function of x and so, when a constant value is assigned to x, 
the function y and all its derivatives become constants. As the 
equation is to be satisfied and yet the integral is to be as com- 
plete as possible, these constants will be as unrestricted as possible : 
and therefore it is to be expected that some at least of them will 
be arbitrary constants. There thus arises a suggestion that the 
most complete integral will be such that, when some constant 
value is assigned to x, the function y and some of its derivatives 
acquire arbitrary constant values. The suggested property has 
been established under appropriate limitations and conditions. 

To extend these results, if possible, to partial differential 
equations, consider a single partial equation of the first order, 
having z for its dependent variable and Xi, ..., Xn for its inde- 
pendent variables. If an integral exists, that integral must 
determine ^ as a function of a?,, and so, when an initial 

value an is assigned to Xny the first derivatives of z with respect 
to a?i, ..., a?n-i can be deduced from an assigned expression for Zy 
and then (save in special circumstances) the partial equation 
determines the first derivative with regard to By using 
the equation in combination with the expressions for the first 
derivatives, the derivatives of higher order can be obtained for 
the value a„ of Xn ] and thus no limitation appears to be imposed 
on the value of as an assigned function of x^, ..., when 
a= If the integral is to be as general as possible, it is 
reasonable to expect that the assigned function shall be as general 
as possible. But at this stage, questions arise as to what is the 
most general function admissible ? Is it to be made general by 
possessing the greatest possible number of arbitrary constants ? 
Can the assigned function be an arbitrary function, subject possibly 
to limitations imposed by the partial equation ? and, if so, must it 
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be explicit or may it be given implicitly, for example, by means of 
quadratures which cannot be effected in finite terms ? Or are all 
the modes indicated for securing the generality of the integral 
admissible, so that there are different kinds of general integrals ? 
and if so, are there any relations among the various integrals ? 
To such questions the argument offers no hint of an answer. 


Similarly, when a partial equation of the second order is 
propounded in the same variables z, the extension of 

^z 

the results obtained for ordinary equations suggests that z and ^ — 

uXf^ 

should acquire assigned values as functions of ..., Xn~i, when 


For the values of 


dz 
cx. ’ 


dz 


dxn 


, when Xn = any could be 


deduced from the value of z : and then the values of , for 

UtVf>O0f!g 


r = l. 


• 1, and s = 1, ..., w, could be deduced from the values 


dz dz 

of ^ already known ; find the partial equation would 

d^z 

(save in special circumstances) determine the value of - — As 

OOO'fi 


before, the values thus obtained, when combined with the use of 
the partial equation, lead to the values of all the derivatives. 
Thus all the quantities associated with z are known: at the 
utmost, only special limitations appear to be imposed upon the 
assigned functions by the process adopted; and therefore it is 
reasonable to expect that the integral will become the most 
general possible when the two assigned functions are as general 
as possible. Again, at this stage, questions arise as to the con- 
stitution of the generality of these assigned functions. Is the 
generality to be secured, by arranging that they shall involve 
the greatest possible number of arbitrary constants ? or by making 
them independent arbitrary functions of iCj, ..., Xn-i'? or by 
associating them with a possibly even more general function of 
Xi, Xn for the particular value an of Xn ? If the functions are 
arbitiary, must they be given explicitly or may they be given 
iiiijihcitly as, for example, by uncompleted quadratures? Again, 
a f ‘ all the modes admissible as alternatives, so that they lead to 
iferent kinds of general integrals ? and if so, what relations (if 
iiy) subsist among the integrals ? As in the former case, the 
argument offers no hint of answer to the questions. 
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3 . In both the instances that have been briefly considered, 
the argument offers suggestions and even stirs expectations : that 
this is the limit of the attention to be paid to it, can perhaps be 
most simply seen by a particular case. Applied to a couple of 
simultaneous partial equations determining a couple of dependent 
variables, it would lead to a suggestion that the most general 
integral would involve at least two sets of general elements, what- 
ever be their form ; yet the integral of the simultaneous equations 


IS 


d% d% ^ dzi dz^ dz2 . , . 

dZi dZj / \ i 


=/(*. y)-ff (^, y) - 


y) , „ 9y («, y) 


da; 


-f Cl 


dy 


y)- 9^ 

9y 


y) „ ?/■(«;, y) 

9y 


+ 2 a y) _ y) 

■ dx'^ dy" 


a being a constant ; manifestly it contains no arbitrary element. 
In fact, the utmost to be inferred from the argument is that 
some kinds of equations may possess integrals involving arbitrary 
elements in their most general forms, and that there may be 
different kinds of general integrals. 

Whether these general integrals include all the integi-als of an 
equation is a matter that demands separate consideration, to be 
undertaken later in another line of inquiry : and, naturally, a 
detailed consideration of thi? generality of integrals must also 
be undertaken later. 


4 . Another mode of attempting to discover the character of 
the most complete integral of a partial equation consists in com- 
paring differential equations, constructed from initial integral 
equations, with those integral equations : but it is easily seen to 
be untrustworthy. 

Thus if an integral equation 


az 

cz +d 




^n\ 
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where ac? — 6c = 1, be propounded, the result of eliminating the 
constants between the equation and its derivatives leads to the set 
of partial equations 

]^d(f> _1 d(l> _ 

Pi p2 Pn 

'where 



for r= 1, The process cannot be reversed, so as to lead to 

an inference that the most general integral of the set of partial 
equations contains three arbitrary essential constants: the infer- 
ence would be incorrect, for the set of equations is satisfied by 

= ..., Xn\ 

where f{z) is any function of , 2 ^ containing any number of arbitrary 
constants. 

Again, if there is given an integral equation 
f{x^, a„ am) = 0, 

it is possible to construct a set of partial equations with which the 
integral equation is consistent, by forming the n derived equations 

which give the values of eliminating the 

Til constants Ui, a^,. For the present purpose, the m constants 
may be assumed to be not reducible to a smaller number, and m 
may be assumed not greater than n ; also, when elimination takes 
place, the number of resulting equations will be not less than 
71 + 1 — w. It will be assumed that the number of such equations 
in the set is actually + 1 — m ; each of them is partial, and of the 
first order. 

If m is equal to n, there is a single partial equation : and the 
argument suggests that a single partial equation of the first order 
may possess an integral involving n arbitrary constants : it does not 
prove this result, for there is nothing to shew that the partial 
equation is not of a special form, arising from the limitation that 
it has been deduced from an integral equation of specified form. 
The argument offers no contribution to the question as to whether, 
if the integral is possessed by the partial equation, it is the most 
general integral. 

If m is less than n, there is a set of simultaneous partial 
equations of the first order: and the argument might be held 
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to suggest that w + 1 — simultaneous partial equations of the 
first order, involving one dependent variable and n independent 
variables, may possess a common integral involving m constants. 
The result is, of course, not proved and it is not true in general 
fact : for, independently of the impossibility of reversing the process 
of elimination, the ri -f 1 — m equations are affected by the form of 
the original integral and therefore will have relations with one 
another, while such a set of partial equations postulated initially 
need not have any relations with one another. Thus the existence 
of a common integral is even more doubtful than in the case of a 
single equation : if it exists, no inference as to its generality can 
be drawn. 

6. After these explanations and criticisms, it is manifest that 
attempts to obtain information as to the solution of partial equations 
by vague extensions of the knowledge of the solution of ordinary 
equations must be abandoned. The constructive process, that will 
be adopted instead of them, consists in the gradual establishment 
of results, beginning with the proof of the existence of integrals 
possessing definite assigned characters. The actual construction of 
the integrals when their existence has once been established, the 
discussion of the range of their generality, and the possibility of 
using them in the derivation of integrals of other kinds, all are 
matters for subsequent investigation. 

It will be assumed that, save in special examples, the number 
of independent variables is n ; and they will usually be denoted by 
Xiy ..., The number of dependent variables may be taken as 
m, the simplest case arising when m = 1 ; they will be denoted by 
Zi, and when there is only one variable, it will be denoted 

by z. For the present purpose, these dependent variables are to 
be determined by partial differential equations ; let the number of 
such equations in a given set be 5, and suppose that the highest 
derivatives that occur in them are of order fx. 

Let derivatives of each of the equations be constructed, of all 
orders up to those of order k inclusive. Then the total number of 
equations in the amplified set is 

s{l4-w4'iw(n-fl) + ... to(/c-fl) terms} 

_ (n4- 1) (714-2) ...(w4-i«) 

1 . 2 ....* 

= 8N. 
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say; and the total number of dependent quantities, being the 
dependent variables and their derivatives of all orders up to + /c 
inclusive, is (or can be, for some of the dependent quantities may 
not occur explicitly) 

w (1 + n + (n + 1 ) + . . . to (/tf + + 1) terms) 

- m + + /g-f m) 

^mNK, 

where 

4-/cH-l)...(w^4*/c4- //-) 

... («r +/i) 

The factor K is obviously always greater than unity; and 
therefore if s < m, or if s — m, the number sN is less than mNK, 
The number of equations in the amplified set is less than the 
number of dependent quantities in the amplified aggregate ; and 
therefore it will generally be impossible to eliminate the dependent 
quantities from among the equations. Were such elimination pos- 
sible, the results would take the form of relations between the 
independent variables : and these, of course, do not occur. There 
is therefore nothing incompatible with the analytical nature of the 
case, if 5 < r)i, or if s = m. 

Next, consider the possible hypothesis that s > m. The factor 
K is greater than unity ; but its value decreases as k increases, 
and it tends towards unity with large increase of k. Let be the 
earliest value of k for which 

m 


then for the value , and for every value of k which is greater 
than /Cl, we have 


and therefore 


8 > mK, 


sN>mNK. 


For such values of k, the number of equations in the amplified 
system is greater than the number of dependent quantities in the 
amplified aggregate. The dependent quantities could then, in 
general, be eliminated from the amplified system of equations ; 
the results would take the form of relations among the inde- 
pendent variables alone, and such relations cannot occur. Such a 
conclusion is, in general, not compatible with the nature of the 
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case : and therefore, in general, $ cannot be greater than vt. If 
however the elimination could be performed for any given set 
of equations, amplified in the manner indicated, the final relations 
would be evanescent, and the incompatibility would not appear. 
This last event could occur only if such conditions were satisfied 
by the original system and consequent conditions were satisfied by 
the amplified system, as would reduce the number of independent 
equations in the amplified system so that, at the utmost, it 
should not be larger than the number of dependent quantities in 
the amplified aggregate. 

Hence, in general, the number of equations in a given system 
must not be greater than the number of dependent variables 
involved ; but the number of equations may be the greater in 
particular systems, and the investigation of the necessary and 
sufficient conditions will be a matter for subsequent discussion. 

It is clear without detailed argument that, when s is less 
than m and when the equations are general, then 7)i — s of the 
dependent variables can have values assigned (either quite arbi- 
trarily or arbitrarily within proper limits), still leaving as many 
equations as undetermined dependent variables. 

Accordingly, the most general case to be considered for the 
present is that in which the number of equations is the same 
as the number of dependent variables. 

6. Two properties of such a system of equations may be 
mentioned ; their importance is mainly formal, and only a brief 
consideration is needed. 

The first of the properties can be stated as follows : if a system 
of m partial equations in m dependent variables involves derivatives 
of order higher than the first, it can be replaced by an equivalent 
system of equations containing only derivatives of the first order, 
the number of independent equations in the new system being 
the same as the number of dependent variables which it involves. 

The property is practically obvious and so hardly requires 
proof : it can be seen in connection with any particular example. 
Let there be a single equation, involving derivatives of the second 
order as the highest : when new dependent variables are intro- 
duced by the equations 

dz 



(r = l, ..., 7i), 
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the given equation can be expressed in a form 



ZyPly 



dXn 



which involves only derivatives of the first order; and the new 
system now contains n 4- 1 equations, involving n + 1 dependent 
variables with derivatives of the first order. 


It may be added that the main use of the property lies in 
deducing existence-theorems for equations of order higher than 
the first from the existence-theorems which soon will be established 
for systems of equations of the first order. 

An extended form of the property enables us, not merely to 
replace any given system by a system containing only derivatives 
of the first order, but also to secure that each equation, which 
in the new system involves derivatives of the first order, is linear 
in those derivatives. Thus, in the preceding example, additional 
dependent variables would be introduced by the equations 

dz dpfj, 

for fi and s = l, ..., ?i: the original equation takes the form of a 
relation 

/(«i, .... Xn, Z, pi, p„, qn, .... qnn) = 0 


among the variables free from derivatives; and the derived 
equations 


¥ 


¥ 

‘^dz 


s ¥_ ^ , _ Q 


are formed for s = l, ..., n. All the equations are linear in the 
derivatives which are of the first order; but it should be noted 
that the number of equations in the modified system is larger 
than the number of dependent variables, though the conditions 
for coexistence are satisfied. 


When the number of variables is other than very few, the 
extended form of the property tends to be cumbrous. It is, 
however, of definite use, as will be seen later (Chap, xviii), as part 
of a method for obtaining integrals of equations of order higher 
than the first when they possess integrals that are expressible 
in finite terms. 
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7 , The other of the two properties indicated in § 6 bases the 
solution of a system of m partial equations in m dependent variables 
upon the solution of one equation (or of more than one equation) 
in a single dependent variable in association with algebraic pro- 
cesses: the substituted equation or equations usually (but not 
universally) involve derivatives of order higher than those which 
occurred in the original system. 

Reverting to the method adopted in § 5, and applying it for 
the purpose of eliminating ^ 2 , ,..y Zm and all their derivatives, we 
should have mN equations in the amplified set, while the number 
of dependent quantities to be eliminated is (m — 1) NK. Accord- 
ingly, let /Cl be the least value of k for which 


and therefore 

(m — 1) ATT < mA. 

The dependent quantities, composed of ..., z^ and their 
derivatives, can be eliminated frojn the amplified set of equations: 
the results of the elimination will take the form of one equation 
or more than one equation involving z^ and its derivatives, the 
latter being of order higher than those which occur in the original 
system. Moreover, by the algebraic processes, all the dependent 
quantities that are eliminated are expressible in terms of those 
that survive. Accordingly, when the solution of the equation or 
equations in z^ is known, the other dependent quantities can be 
regarded as known : and then the solution of the original system 
will have been obtained. 

It should be added that this property is not of importance 
in the general theory: its chief value lies in the fact that it 
provides a method which sometimes is effective in leading to the 
solution of particular classes of equations. 


Preparation for Cauchy’s Theorem: the first of the 
SUBSIDIARY Existence-theorems. 

8 . We proceed now to the establishment of some positive 
results, in particular, to the establishment of Cauchy’s theorem 
affirming the existence of integrals of a system of partial equations. 
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The system of equations contains the same number of dependent 
variables as of equations ; in form, it does not include all possible 
systems of such a character, but it will be found to include a 
large selection of important and representative systems ; and the 
integrals will be proved to exist, subject to an aggregate of 
assigned conditions. For the purpose in view, the method devised 
by Madame Kowalevsky* will be adopted, whereby the main 
theorem is approached through two existence-theorems belonging 
to partial equations of comparatively simple type. 

The first of these theorems can b(i stated as follows : — 

Let a set of partial equations be given in the form 

V y r.. 

dx^ r = 2 ’ 

for values ^ = 1, . . . , r? 2 , being m equations in m dt'pendeiit variables ; 
the coefficients Gijr are functions of ^j, ..., z^n alone. Let Cj, ..., c„, 
be a set of values of ..., respectively, in the vicinity of which 
each of the functions (jy,. is regular ; and let , . . . , (f>m be a set of 
functions of which acquire the values Ci, ..., c^n respec- 
tively when x^=za^, ..., which are regular in the vicinity 

of these values of x,^, and which otherwise are arbitrary. 

Then a system of integrals of the equations can he determinedy 
which are regidar functions of Xj, x^ in the vicinity of the values 

x-y = — ...yXn = a„, and which acquire the values <^i, . . . , <^,,1 

when Xi = a^ ; moreover , the system of integrals, determined in accord- 
ance with these conditions, is the only system of integrals that can be 
so determined as regular functions. 

9. It is convenient, for the sake of conciseness in the formulae, 
to write 

Xg ag = yg, Zy Cy ~ ~ 

for s = l, ..., n, and r = l, ..., m: and then we have to deal with 
quantities in the vicinity of zero values of y and S'. 

As the functions G are regular within this vicinity over some 
finite region, we select a portion of the region defined by the 
ranges 

^ Crelle, t. lxxx (1876), pp. 1—32. 
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and we denote by M the greatest value among the quantities | Gijr | 
within this portion of the region selected, M being finite. The 
functions 0 can be expressed as power-series ; and if we take 

where the multiple summation is for all integer values of Si, ... 
from zero upwards, simultaneous zeros being included, then* 


ijr 


M 




^ (-^1 + ^2 4 - 
s,\ s^\ 


11 ^ 


a fortiori. Similarly, within a selected region of existence of the 
functions defined by the ranges 

\yi\^p, •••. |y»l<p. 

we have 

= 2S... 

where the multiple summation is for all integer values of /^a, ftg, ... 
from zero upwards, simultaneous zeros being excluded ; and then, 
if N denote the greatest value among the quantities | | within 

this region, we have 

I ^ pM2+#‘3 + ... 

^ (m2 4- 4- ...) ! N 

a fortiori. 

If functions f exist possessing the character required in the 
theorem, they can be expanded as series of powers of in the 
vicinity of the origin; having regard to the value they must 
acquire when yi = 0, we can take them in the form 


where (as the functions f are to be regular in all their variables) 
the coefficients >^^ 2 , ... must be regular functions of ys, ... 
within the selected region of existence, and they do not involve y^. 
These functions f, if they exist, are to satisfy the differential 
equations : we substitute them therein, and compare the coefficients 
of the various powers of yi and, from the fact that the derivatives 


% 22 . 


See my Theory of Functions , (Second edition), hereafter quoted as T. F., 
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with regard to oci (and consequently of t/i) occur on the left-hand 
sides of the equations only, we find relations of the form 

where the number of terms in the summation on the right-hand 
side is finite. Each term Z is the product of four factors : 

(i) a coefficient a from the expansion of the functions G : 

(ii) a product of the functions the second subscript 

index \ being less than p : 

(iii) a first derivative of one of the functions the second 

subscript index X being less than p : 

(iv) a positive integer. 

Now all the functions having their second subscript index 
zero, are the functions . . . , ; and their expressions as 

regular functions of j/^, ...,yn are known. Hence the relations 

p^Jr^p = 1,Z 

give a formal determination of the functions yjr^p in succession; 
they appear as power-series in y^, ..., yn, the coefficients in which 
involve the constants a from the expansion of the functions G, the 
constants c from the expansion of the functions ..., yfrjn, and 
positive numerical factors. 

When these values are substituted in the ;^i-expan8ions of 
•••? fm? expressions result which formally satisfy the differential 
equations. In order that they may possess functional significance, 
these multiple series must converge ; this necessary convergence 
can be proved as follows. 


10. We consider variation in a more restricted range for the 
quantities given by 



SO that 

! 4- ?2 -h • • • + i < i 

and we construct a dominant function* G in the form 


T. jP., § 23. 
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where the multiple summation is for all integer values of s^, 82, ... 
from zero upwards, simultaneous zeros being included. Then the 
modulus of any term in G is at least as great as the modulus of 
the corresponding term in Gijr having the same combination of the 
variables. Moreover, in the region of variation considered, G can 
be expressed in finite terms : we have 


1*~ + ••• + Sm) 


We also consider variation in a more restricted range for the 
quantities ya, given by 

\yn\<^y 

so that 

|y2 + .-. + 2/ni</>; 

and we construct another dominant function yfr in the form 






where the multiple summation is for all integer values of /ig, 
from zero upwards, simultaneous zeros being excluded. Then the 
modulus of any term in yjr is at least as great as the modulus 
of the corresponding term in having the same combination 
of the variables. Moreover, in the region of variation considered, 
yfr can be expressed in finite terms ; writing 


we have 


y = + 


' n 


Ny 

p-y' 


y 

p 


and the range for the variable y is given by 

\y\<P’ 


11 . By means of these dominant functions, a dominant system 
of partial equations 


m n 

P = 2 2 GP 

oyi j=l r=S oyr 
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is constructed; and we assign, as conditions, that each of the 
quantities Zi shall acquire the value when 3/1 = 0 . Taking 
G and y\r in their expanded forms as power-series, and applying to 
these equations the process applied to the original system, we 
obtain equations of precisely the same form as before, to determine 
the successive coefficients in the expressions for the variables Z as 
power-series in the variables yi, yn* and the successive 

operations for the construction of these coefficients are the same 
as before. In these new operations, all the terms in the expression 
for any coefficient are positive; the modulus of each term is at 
least as great as was the modulus of the corresponding term 
in the former operations; and therefore, if 

Z^ = -^ + + • • • . 

we have 

i P^'mP i > l PfMP l, 

that is, 

I I < I f'pp I- 

Hence the series for will certainly converge if the series for 
converges. 

The values of Zj, ..., and their consequent expressions as 
converging series, can be otherwise obtained. Returning to the 
dominant system and using the finite forms for G and y[r, we have 
to determine values of Z^, ..., Z^, satisfying the equations 


, (Zi -h ... + Z,n) 


/ \ .7- 1 r=2 oyr 


and such that 


when 3/1 =! 0. Thus Z^, a function of all the variables, is a function 
of the combination of them represented by y, say a function of y 

dZ 

alone, when yi = 0 ; and therefore for r = 2 , ..., w, is also a 

function of y alone when yi = 0. The differential equations then 
dZ 

shew that is a function of y alone when y^ = 0 . Again, 

differentiating all the equations with regard to yj, noting that the 
quantities Z and all their first derivatives are functions of y alone 

d*Z 

when yi = 0 , and applying a similar argument, we find that 



CONVERGENCE OF THE POWER-SERIES 


is a function of y alone when yi = 0. Similarly, for all the 
derivatives in succession. Inserting their forms in 


= [^m]o + V) 


layjo 2 


Jo 


we see that if it exists, is expressible as a function of y^ and y. 
Now from the equations, we have 

dz, ^ ^ ^ . 

and therefore, taking account of the conditions that 

p-y 

when yi = 0, we have 

in general. Denote this common value by Z, which now is a 
function of yi and y ; then all the equations in the dominant 
system are satisfied, provided Z can be determined to satisfy the 
equation 

dZ M , ^.dZ 


and is such that it acquires the value - — when y^ = 0. It is 
easy to verify that the equation is satisfied by a relation 

(l - m y + Mm (n-l) y, =f(Z), 

where / is any function whatever of Z: and therefore all the 
requirements will be met if f can be chosen so as to allow Z to 
JV?/ 

acquire the value - — ^ when yi = 0. For this purpose, the two 
equations 




p-y 

must be the same. The latter gives 

^ M+u’ 
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which, substituted in the former, gives 

being the appropriate expression of the function f. Thus all the 
requirements are met by a value or values of Z determined by 
the integral relation 

(l - m I) y + Jl/m (n - l)y, = (l - m I) 

This quadratic equation has two roots. One of the two roots 

R 

becomes — when = 0 , and must be discarded as not satisfying 

the imposed condition when 3/1 = 0. The other root is given in 
the form 

2 ^ (p - ^ - |(p - y) + W ^ y - ilfwi (n - 1 ) 


f N )■ 

- 2ifm (n - l)y, |j 0 - y + m ^ ( 2 p -y)| 
it can be expanded in powers of in the series 

1) ». Hr 

-f higher powers of , 

It is clear from this expression for Z obtained in finite form that 
Z can be expanded in a series of powers of y and t/j, which con- 
verges in a non-infinitesimal range round y = 0 and y-i = 0. When 
y is replaced by its value y 2 -^ + yn> the modified power- 

series in yi, yg, yn still converges in a non-evanescent range 
round yi = 0, ya = 0, . . . , yn = 0 ; consequently, the quantity Z of 
the required type does exist. 

It therefore follows that the quantities Zj, ..., Z^ exist as 
determined by the equations in the dominant system ; and there- 
fore integrals of the original equations exist satisfying the pre- 
scribed conditions. 

12. The preceding investigation establishes the existence of 
integrals which are regular functions of the variables in the 


N 
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selected region; it is easy to see that they are the only set of 
integrals which, satisfying the prescribed conditions, are regular 
functions of the variables. If any other set existed, being regular 
functions and satisfying the prescribed conditions, they would be 
expressible in a form 

when these are substituted in the differential equations, they would 
lead to relations 

for the determination of the coefficients, similar to the relations 

= 2^- 

When = 1, no double-suffix function occurs in Z', which then is 
the same as Z, because the term in f independent of yi is the 
same as the corresponding term in : hence 

When JO = 2, the only double-suffix functions that can occur in Z' 
are the functions which have been shewn to be the same 
as ; hence, for this value, Z' = Z, and therefore 

Similarly for all the coefficients in succession : we find 

for all the values of ; and therefore the set of regular integrals 
obtained, subject to the prescribed conditions, are unique regular 
integrals. 


As an example illustrating the general theorem, we require the integrals of 
the simultaneous equations 

du Jbu 
04;”"^ 0y’ 

such that, when a?*=s0, 

t4=y (ao+aiy-fa2y*+...)*f2(y), 
t; sy (6o -I- 6iy + 02 ^* . . .) = aS' ( y). 

The equations are amenable to the ordinary practical methods. The most 
general integral of the first equation is easily found to be 

w*>/(y+w*^), 



19 


12 .] 


EXAMPLE 


where / is arbitrary so far as the equation is concerned. Also 
dv "bu . ,du 

/ V 1 

and therefore 

1 

where ^ is arbitrary so far as the equation is concerned. 

To determine these arbitrary functions, the imposed conditions are used. 

and as (y) when jf= 0, we have 

... „ 'R(y)=/(y)> 

and therefore, generally, 

Laplace’s theorem in expansion can be used to give the explicit expression for 
u in terms of a; and y : this is 


As 


(y)+:KiP (y) (y) S' (y)}+5 (y) ^ (y)}+ ... 

=if2(y){l+a7fi;(y) T(a:, y)}, 

where T(a:, y) is a series of powers of the coefficients being functions of y 
which vanish if R (y) vanishes identically. 

Again, as v=/S'(y) when 07=0, we have 

i_ 

(y) - ^ (y) 

so that, generally, 

1 1 


The apparent singularity can be removed ; for 

1 1 ^ xT{x, y) 

R(^) u l+a;R(y)T (x, y) * 

where the function on the right-hand side is regular in the vicinity of 07=0, 
y=0. Thus the required integrals are 

u^R{y) {1 +07/2 (y) y)}, 

xT(x, v) 

Tn particular, if the imposed conditions should be that w=0 and v=4S'(y) 
when 07=0, then as /2(y) vanishes identically, T{x, y) vanishes. The full 
expressions for the integrals are 

tt=0, v=<S'(y); 

these are easily obtainable directly from the differential equations but not 
from the integrals which involve the arbitrary functions / and g. 
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13 . It should be observed that, throughout the foregoing proof, 
there has been a complete restriction to regular functions. The 
possibility of non-regular functions, satisfying the equations and 
obeying the prescribed conditions, has nowhere been taken into 
account and the proof does not shew that it should be rejected as 
inadmissible; what is established is that a unique set of regular 
integrals exists. In the statement of the argument, it is practically 
assumed that the integrals are regular. Thus is made to acquire 
the value of a regular function of . . . , when ajj = aj ; and this 
could be secured when Zi is a uniform function of even if x^ is 
an essential singularity, provided x^ then be allowed to approach Oj 
by an appropriate path*. If however is made to acquire its 
value when Xj = ai, quite independently of the path by which Xi 
approaches the position Uj, and so also for the other dependent 
variables, then it is not difficult to see that the integrals must 
be regular under the assigned conditions. For the differential 

equations then make regular functions of x^, 


whatever be the o^i-path of approach to ai ; when derivatives of the 
equations are formed and suitably combined it could be inferred 
d^z d^z . 

that , . . . , , in like circumstances, become regular functions 

of x^y ,.,y Xn] and so on, for the derivatives in succession. The 
inference that Zi, ..., Zm are regular functions of a?i, Xn is 

then immediate. 


The assumption made by ignoring the path of approach of Xi to 
may fairly be described as a customary assumption : it does, in 
effect, exclude the consideration of the possibility that Oi is an 
essential singularity of a uniform function, and it may exclude the 
consideration of other possibilities of deviation from regularity. 
Yet it is not inconceivable that, in particular instances, such as the 
stability of a system in a critical condition, the excluded possibilities 
are of importance*!* : in such an instance, it might be actually the 
fact that the variable must approach its value by a specific path 
and is not permitted an unrestricted approach to the value. 


* See T, F.y p. 67 (second edition), Ex. 4. 

t The same considerations occur in connection with the integrals of an ordinary 
equation of the first order : see §§ 28 — 34 in volume u of this work, where (§ 34) the 
condition given for that case by Fuchs is explained. 
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The second of the subsidiary Existence-theorems. 


14. In the preceding theorem, the only variables which occur 
explicitly in the set of partial equations are the dependent variables : 
it can, however, be extended so as to allow the explicit occurrence 
of all the variables. The extended theorem is as follows : — 


Let a set of partial equations be given in the form 




j=l r=2 


= 2 


for values i — 1, . . . , m, being m equations in m dependent variables ; 
the coefficients Gijr and the quantities Gi are functions of all the 
variables, dependent and independent. Let Ci, ..., c^, Oi, ..., be 
a set of values of respectively, in the vicinity 

of which all the functions Gi^r and Gi are regular; and let (^i, ..., 
(I)m be a set of functions of X 2 y which acquire values Ci, ..., 

Cm respectively when a^, an, which are regular in the 

vicinity of these values of x^, ..., Xn, and which otherwise are 
arbitrary. Then a system of integrals of the equations can he determ^ 
ined, which are regular functions of x^, . . . , Xn in the vicinity of the 
values x-^ — a^, x^^a^, Xn — ant and which acquire the values 
</>ij • • • > when = Oi ; moreover, the system of integrals, determined 
in accordance with these conditions, is the only system of integrals 
that can he thus determined as regular functions. 


The establishment of this theorem can be derived from the 
former theorem in a simple manner. Let n new dependent 
variables ti, ..., tn be introduced, defined by equations 

^ ^ ^ ^ ^ __ ^ ___ ^ 
dxi dxz' dxi * dxi ' dxi ' 


and by the conditions that, when Xi = ai, 


ti — ai, t^ — X^, ..., tn — Xn> 

From the last ti — 1 of these equations, combined with the imposed 
conditions, it is clear that 


t^ — X2, t^ — ^s, • . . I tn — Xnt 


in general. Then 


dti __ ^^2 _ 1 
^ — 1 , 



22 


AN EXISTENCE-THBOREM 


[14. 


so that 


+ function of , Xn 


= xu 

on applying the imposed condition. 

We replace Xi, ,,,, Xn in Gijr and in Gf by and denote 

the functions resulting after the change by and Hi. Also, 

noting the fact that ^ is unity, we take an amplified system of 

equations 

dxj dx2 * 

^.0. 

OXi 

for t = 1, m, and /i = 2, ..., n; and the imposed conditions are 
that, when Xi = ai, 


Zi^ <f>l, Zi^ <f>2} •••> 

^1 = 0 - 1 , <2 ~ ^ a > •••> 

The coefficients in the modified system are functions of the de- 
pendent variables; the properties of the modified system, when 
account is taken of the imposed conditions, are the properties of 
the systems to which the former theorem applies. Hence, by that 
former theorem, a set of integrals 


Zi — ^2> •••> ^n)> 

tfi = Xft,, 


for I = 1, . . . , m and /i = 1, , . . , n, exists; the functions are regular 
functions of the variables x, and when Xj=^ai, the functions yfri, ... , 
reduce to <f>i, . . . , respectively ; and these regular integrals 
are the only set of regular integrals which satisfy the imposed 
conditions. 


When we substitute ti = Xi, — in the modified 

system, we return to the original system : the results just obtained 
constitute the theorem required. 


Note. There is the same kind of limitation as in the former 
case (§ 13) : it is possible that, for reasons connected with essential 
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singularities such as particular modes of the approach of to Oj, 
there may be non-regular integrals of the equations satisfying the 
imposed conditions. 

Ex. 1. Obtain the integral of the equations 

subject to the initial conditions that, when x^Oy 
(where a is a constant), in the form 

u — 2v — a^ssae~"y 

log = {:p - f y + 2 + ae ■*•( 1 — e “ *)*}*. 

(Riquier.) 

Ex. 2. Integrate similarly the equations 

^■:=2x+{u-2v-x^) (1 -2t^)-\-2t ^ ' 

{x^ + 2v-u)t^-{‘2t(u-2v-x^)^ 

2<(u-2»-^)| + | 

(x^ + 2v-u)fi+iU{u-2v-x>)^ + ^^ 

subject to the initial conditions that, when ^=0, the variables w, v, ty Wy 
respectively acquire the values 

w=2 (y2+«2)-f ae~*, v^y^-^z^y ^=1, w^2z. 

(Riquier.) 

Ex. 3. As an example of the general theorem, let it be required to obtain 
the integral of the equation 

02 y* 02 __ 

0x*'^y2-y+i 0y“ ’ 

which acquires the value y when x—\. 

After the explanations that have been given, it will be of the form 
2 =y-(^-l)yi+(:r- l)*y 2 -... ; 

in order that this may satisfy the differential equation, the coefficients yi , y 2 , . 
are determined by the relation 

^“*y^-y+i ^ "^(y^-y+i)* 0y ^(y*-y+i)^ 




By (y^-y+i)*’ 
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as may be verified by substituting the expression for z and comparing 
coefficients of powers of ^—1, In particular, 

^ d f \ y^ 

dy -y + 1/ (y’* -y -h 1)^ ’ 

and so on. 

The equation is amenable to the ordinary practical method. The most 
general integral is found to be 

1 

{x-y)ey^f{z\ 

where / is an arbitrary function, to be rendered definite by means of the 
assigned condition, which is that z must acquire the value y when ^=1. 
Hence 

1 

(l-y)ev=f{y), 

and therefore 

1 

(1 - 2) e* =/(2), 

so that the required integral is given by the equation 

1 1 

{l~z) e^=^{x-y) ev . 

But in connection with this equation, it must be specified as that value 
of z which acquires the value y when 07=1 ; it is not enough to take any root 
of the equation for the integral, because (when 07=1) there is an infinitude of 
values of z as functions of y, and only one of these is actually equal to y. In 
fact, the finite form of the equation, though it includes the required integral, 
does not give a unique expression for z. 


Note. 


It sometimes is convenient* to associate an ordinary equation 


dx 


y) 


with a partial diflferential equation 

dz .02 ^ 

gi+/(^,y)g-=o- 


It is known that integrals of the respective equations exist. Taking the 
equation just discussed, so as to have 




y'^-y+x' 


the only regular integral of the ordinary equation, acquiring a value zero when 
is given by 


y=0. 

Picard, Trait€ d*Analyset t. n, ch. xi, § 15. 
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Now taking the partial equation and supposing an integral of the ordinary 
equation, assumed to exist in the same regular field of variation, to be substi- 
tuted in Zy we have 

that is, a constant, for that substitution : and the constant A manifestly 
can be made zero. Conversely, 

clearly gives the regular integral of the ordinary equation in the form 

We can also, by quadratures, obtain the complete primitive of the ordinary 
equation in the form 

1 

{x-y)ey:^Cy 

where c is an arbitrary constant. This cannot be obtained from the regular 
integral of the partial equation, by taking 

z=s.A, 

for any value of Ay if we take unlimited variation of y ; because y— 0 is an 
essential singularity for one equation and an ordinary point for the other. 
But it can be obtained from the non-regular integral 

1 

(•r-y) «*'=/(«), 

by taking z^A : the appropriate value of c is 

c=f{A). 



CHAPTER II. 

Cauchy’s Theorem. 


The main results in this chapter are associated with theorems establishing 
the existence, under assigned conditions, of integrals of systems of partial 
equations, the number of equations in a system being the same as the number 
of dependent variables : they are conveniently described as Cauchy’s Theorem, 
because they have their origin in Cauchy’s investigations* on the subject. 
The method adopted is based upon the memoir of Madame Kowalevsky, 
quoted in the preceding chapter (p. 11) ; reference may also be made to the 
expositions given by Jordan, Coura d^Analysey t. iii (1896), ch. in, § 1, and 
by Qoursat, Jje^ons sur Vintigratim des Equations aux deriviei partielles du 
premier ordre^ (1891), ch. i. 

15 . The existence-theorems established in the preceding 
chapter can be applied to equations, and to systems of equations, 
of representative tjqies ; and to such applications we now proceed. 
But some passing remarks must be made upon the limitations 
that have been imposed. All the equations are linear in the 
derivatives of the dependent variables: this character, if not 
initially possessed, frequently (though not universally) can be 
secured by appropriate transformations. All the coefficients of 
the derivatives in the equations have been assumed to be regular 
functions of the independent variables (and, in the case of the 
earlier theorem, of the dependent variables) within the fields of 
variation considered: no result as to the character, or even the 
existence, of integrals has been obtained when there is any 
deviation from the postulated regularity. The imposed initial 
conditions are of a similar type, because they require the assump- 
tion, as values, of arbitrary functions of a regular character for a 

* (Euvret de Cauchy ^ 1** S6r., t. vii, p. 17, and elsewhere. These memoirs were 
published in the Comptes Rendus in 1842 ; his earliest researches on the subject date 
back to 1819. 
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chosen value of a particular variable : but no result is established 
if these assigned arbitrary functions are not regular, in any form 
of deviation from regularity. It may be possible (and frequently 
it is possible) to transform the equations in such a manner that 
another particular variable may be selected as the pivot of initial 
conditions, with the appropriate modification as to the arguments 
of the functions in the assigned initial conditions ; and the 
existence-theorems establish no relation between the integrals 
proved to exist in the respective cases. Moreover, the integrals 
considered are functions which are regular within the fields of 
variation; the limitation to uniformity, instead of to regularity 
so as to exclude essential singularities, is (for the almost complete 
part) excluded from discussion in the present state of knowledge. 

Even within these restrictions, the existence-theorems already 
proved have a wide range of important applications; some of 
these applications will now be taken in succession. 


Cauchy’s Theorem for Equations of the First Order. 


16. We begin with the simplest case, being that of a single 
equation of the first order in one dependent variable and two 
independent variables; taking the latter to be x and y, and 
denoting the first derivatives of z with regard to these variables 
by 'p and q respectively, we may consider the equation in the form 


f{x, y, z, p, q) = 0, 


where / will be taken to be regular in its arguments: and we 
shall assume that the equation is irreducible. Let x — a, y = 5, 
z = c, p^ \ (jb^he a, set of values satisfying the equation / = 0 ; 

then unless the quantity ~ vanishes for these values, the equation 

can be resolved so as to express p in terms of the remaining 
arguments in a form 


p-X = g{x-a,y-b, z-c, q- p), 
say 

where y is a regular analytic function of its arguments. Now, as 
^ usually involves the variables that occur (or some of them), it 
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usually is possible to choose initial values so that ^ does not 

vanish : and then the analytic resolution of the original equation 
is possible. But it may happen that values of z (if any) and of its 
derivatives which satisfy the original equation /= 0, that is, which 
make f vanish consistently with a relation between Zy Xy y and 

with derivatives from that integral relation, also make — vanish 

similarly: the suggested resolution of the original equation is 
then impossible, so that p could not be expressed as a regular 
analytic function of x, y, Zy q. 


17. As a first alternative, we assume that the resolution 
with regard to p is possible in the form 

where g is regular in the vicinity of x=^ a, y — by z — c, q = p. We 
can apply the existence-theorems, already established, to prove 
that an integral z of the equation existSy having the properties : — 

(i) it is a regular function of x and y mthin fields of 

variation round x^ a and y = h given by 

\x-a\^ry ly — 6|<r, 
where r is not infinitesimal: 

(ii) when a: = a, the integral z reduces to (y), where (j) (y) is 

a regular function of y within the fisld | y | ^ r, 
acquiring the value c when y = 6, and otherwise arbi- 
trary ; 

(iii) the integral Zy as determined by these conditions, is unique 

as a regular integral. 

In order to deduce this result from the former theorems, we 
consider a system 

dz 

dx dy 

dx dx dz ^ dq dy 
regarding it as a system in three dependent variables z, p, q. 
Appl 3 dng the second of the existence-theorems (§ 14), we infer 
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that integrals of this system of equations exist which are regular 
in the vicinity of a; = a, y = 6, and, when a? = a, are such that 

_ d^y) 


P = 9\a,, y, <f>{y), , 


where (j>(y) is the foregoing regular function of y acquiring the 

value c when y = h, and is therefore also regular, acquiring 

the value /-t when y — h\ moreover, this set of regular integrals is 
unique. Let the set of integrals of the system, thus known to 
exist, be denoted by 

z = Z{x,y\ jp = P (a?, y), y = Q (a?, y) ; 

we proceed to prove that z = Z{x^ y) satisfies the original equation 
so that, owing to its other properties, it is the announced integral. 

As these quantities Z, P, Q satisfy the amplified system of 
equations, we have 


from the first of those equations, so that 


Again, we have 

^^0P 
dx dy 

from the second of those equations, so that 

/dz\ 

dx dy vaa?/ * 


and therefore 




dx \dy 


Hence ^ Q is a function of y only, and its value is the same 
whatever value be assigned to x. When x = a, we have 

Yy-Vy^^y^—W 
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from the assigned value of Z, and 

dy 

from the assigned value of Q; hence, when x = a, the value of 
dZ 

K Q is zero, and therefore 

dy 


generally, that is, 


dy 


dy 




Again, denoting F -g(x^ y, Z, Q) by w, we have 
dx ”” dx dx dZ dx dQ dx 

dx dx dZ dQ dy 

= 0 , 

by the third equation of the system. Thus u is independent of x ; 
when a? = a, its value is 

y> 4>{y)’ 2'- '#‘(2')' 

on inserting the values acquired by Z, Q, P when a? = a : this is 
zero, and therefore generally, that is, 

P^gim.y, Z, Q), 

p=^g{x,y,z,q). 


and therefore 
We thus have 


dx 


dz . 

=p- 9^ = ?. p=g(!»>y>^,q)> 


in association with z — Z(x, y), that is, z^Z (x, y) satisfies the 
equation 

dz ( dz\ 


which is the original equation. Owing to its other properties, by 
which it obeys the assigned conditions, t=sZ(x, y) is the integral 
required. 
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18. Passing now to the other alternative, under which the 
equation /= 0 cannot be resolved with regard to p because the 

magnitude ~ vanishes for values of the variables that make f 

vanish, we consider the resolubility of the equation /= 0 with 
regard to q. This resolution will be possible unless the magnitude 

^ vanishes for values of the variables that make f vanish ; when 

it is possible, the resolved form will be 


q^h(x, y, z, p\ 

where A, is a regular function of its arguments, in the vicinity of 
values (say) x = a, y = b, z = c. An integral of the equation exists 
having the properties : — 

(i) it is a regular function of x and y within fields of 

variation round x = a and y = b given by 

where r is not infinitesimal: 

(ii) when y = b, the integral z reduces to ^ {x)y where yfr (x) is 

a regular function of x unthin the fisld | a? — a | < r, 
acquiring a value c when y — b, and otherwise arbitrary : 

(iii) the integral z, as determined by these conditions^ is unique 

as a regular integral. 


The proof of this proposition is similar to the proof of the 
proposition in the case when the equation /= 0 was resolved 
with regard to jp; it will not be set out in detail. 


19. Combining these results, it follows that an irreducible 
equation /=0 possesses a regular integral with assigned condi- 
tions if it is resoluble with regard to p, that it possesses another 
regular integral with other assigned conditions if it is resoluble 
with regard to q^ and that each of these integrals is unique under 
its conditions. These integrals have been obtained from equations 

Vy ^y q)y q-=h{x, y, Z, p\ 

respectively, which arise from the resolution of /= 0 in the 
respective cases : but they do not generally represent the whole 
of the equation /= 0, for if / were of degree m in p and n in q, 
there would generally be m equations of the former type and n of 
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the latter, distinct from one another in their respective sets. Each 
such equation determines a unique regular integral under the 
assigned conditions, which may be made the same for each equa- 
tion in the set. If for the m equations, the respective regular 
integrals are 

t = ei{x,y), z = et{x,y), z = 0n{x,y), 
then clearly the equation 

[z - 01 (x, y)} {z - 0,(x, y)] ...{z- 0m{x, y)} = 0 
gives the integrals of the equation 

f(x, y, z, p, q) = 0, 

supposed of degree m in p and resoluble with regard to p, such 
that when x = a, z assumes the assigned functional value 
Similarly, if 

/(^. y, p,q)^^ 

be of degree n in ^ and be resoluble with regard to q, an equation 
{z - (x, y)} {z - (x, y)} ...{z- (x, y)} = 0 

gives the integrals of the equation such that, when y^h,z assumes 
the assigned functional value (a?). 

But it may happen that the equation 
f(x, y, z, P,q) = 0 

is not resoluble with regard either to p or to g, that is to say, it 

and ~ vanish for values of 

the variables which make /vanish. The existence-theorem cannot 
then be applied, and so it provides no information as regards 
integrals of the equation. We must then investigate independently 
the character of those integrals (if any) of the equation 

/{no, y. Z, p, q) = 0, 

which at the same time are such as to satisfy the equations 


may happen that the magnitudes 


dp 



dq 


= 0 . 


This discussion will come later. 


20. The initial conditions imposed upon the integrals, in the 
cases where existence has been established, are associated with 
particular values of the variable x or of the variable y : a more 
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general form can be given to the theorems, by a change in the 
independent variables. Let these be changed from x and y to 
X and F, where 

Z = Z(^,y), F=F(^-,y), 

and denote by P and Q the derivatives of z with regard to X and 
F respectively. Then if the transformed equation is resoluble 
with regard to P, it possesses an integral z (which therefore is an 
integral of the original equation) characterised hy the following 
properties : 

(i) it is a regular function of x and y within domains that 

are not infinitesimal: 

(ii) when X (x, y) = a, the integral acquires a value 6 (x, y\ 

which is a regular function within the domains con- 
sidered, which is not expressible in terms of X alone, 
and which othei'wise is arbitrary: 

(iii) the regidar integral thus determined is unique for the 

branch of the equation given by the resolution with 
regard to P. 

Note 1. When the equation f{x, y, z, p, q) = 0 is resoluble 
with regard both to p and to q, regular integrals are obtained 
each of which is unique under the initial conditions imposed. 
Such integrals are, in general, independent of one another ; if an 
integral possessed by the equation resolved with respect to p 
proved to be the same as the integral possessed by the equation 
resolved with respect to q, there must be relations between the 
two sets of initial conditions. 

Xote 2. In each set of initial conditions, a single function 
occurs which, within certain very broad limitations, is arbitrary: 
subject to the associated conditions, this arbitrary function deter- 
mines a regular integral uniquely. We may therefore expect 
that, when classes of integrals of partial equations of the first 
order are being discussed, one class will emerge characterised by 
the occurrence of a single arbitrary function. 

This result will be found to be a special case of a more general 
result. 

Xote 3. The equation f{x, y, z, p,q) — (^ has been described as 
irreducible; the property has been tacitly used, though explicit 
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reference to the irreducibility has not been made after the first 
statement. 


The reason for assuming the property is practically obvious. 
If f(Xy y, z, p, q) can be expressed as the product of independent 
regular factors, say F and (?, and if, in considering integrals of 
y* as 0 , we begin with the integrals of F=0, we have 


d/_^dF df_^dF 

dp dp * dq dq ' 


so that, as (? is not zero, the critical quantities for the resolution 

We thus, in effect, do consider 


of the equation are ^ and 

^ dp dq 


separately the integrals of F —0 and (? = 0 ; and therefore no 
generality is lost by assuming the equation as irreducible in this 


case. 


21. We shall frequently have recourse to geometrical illus- 
trations, particularly in the case of equations involving one de- 
pendent variable and two independent variables. Such illustrations 
limit the range of variation of the variables to real quantities ; 
they will, however, be found an occasionally convenient method of 
statement. 

Thus consider the equation f{x, y, 2 ^, p, 9 ) = 0 : an integral is 
a relation between x, y, and z, and this can conveniently be inter- 
preted as the equation of a surface. We have seen that, under 
conditions which do not need restatement for the present purpose, 
there is an integral such that, when x — a, the integral acquires a 
value ^ (y). But 

a; = a, ^ = <^(y), 

are the equations of a plane curve, as arbitrary as is the function 
(y). Hence a surface can be drawn that will satisfy the partial 
equation and will pass through a plane curve which (within 
certain large limitations) can be taken arbitrarily. 

Similarly, as regards the modified result of § 20 : the equations 
X{x, y) = a, z^e{x, y), 

are the equations of a skew curve ; and therefore a surface can be 
drawn that will satisfy the partial equation and will pass through 
a skew curve which (within certain large limitations) can be taken 
arbitrarily. 
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22. A precisely similar application of the general existence- 
theorems in the last chapter can be made when the differential 
equation of the first order involves n independent variables: it 
will therefore be sufficient to state the results. 

Denoting the independent variables by iPj, Wn, and the first 
derivatives of z hy as usual, we take the equation 

in the form 

y*(^i J • • • y ^n> Ply > Pn^ “ ^y 


and we assume it to be irreducible: and we have the following 
results. 


Except for such values of the variables (if any) as make ^ 

vanish at the same time as /, the equation can be resolved with 
regard to p^ ; and if = Ui, . . . , £Pn = Un » = c, = Xi, . . . , 
be an ordinary set of values for the equation /= 0, so that f is 
regular in their vicinity, then the resolved expression for pr is 
regular in the vicinity of those values. Let <f>r denote a function 
of ^ 1 , {Tr-i, £Cr+i, oon, which is regular in the vicinity of 
Xn an, which at aj, an acquires the value Cr, and 
which is otherwise arbitrary. Then an integral of the resolved 
equation exists, determined by the conditions 


(i) it is a regular function of the variables within fields of 

variation given by 

I ~ I ^ P > • • • > I a^n \ ^ py 

where p is not infinitesimal; 

(ii) when Xr = ar, the integral acquires the value 


Moreover, the integral of the resolved equation, as determined by 
these conditions, is unique. 


If the original equation is of degree p in pr, there are p, re- 
solved equations equivalent to /= 0 save when ^ vanishes with f; 

each such resolved equation determines a unique integral, subject 
to the imposed conditions; if these be fj, ..., then the equation 


can be regarded as providing the integral of /= 0, subject to 
the imposed conditions. 
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The resolution of the equation /= 0 is possible with regard to 

each of the n quantities p in turn, except only when ^ vanishes 

with /; and each such solution leads, under con'esponding imposed 
conditions similar to those used for the resolution with regard 
to pr, to similar integrals of the resolved equations and to a corre- 
sponding integral of /= 0, unique under the imposed conditions. 


Hence, by resolving with regard to one or other of the 
derivatives p^y ..., j0n> we establish the existence of integrals of 
the equation, uniquely determined by imposed conditions which, 
within certain large limitations, involve an arbitrary functional 
element. 


This establishment of the existence of integrals of the equation 
is effective except in the single conjunction that all the 
quantities 

dp^' dpn 

vanish for values of the variables which make /= 0 : in that con- 
junction, if it can occur, the existence- theorems cannot be applied. 
There will therefore remain, as a subject for separate consideration, 
the discussion of the integrals (if any) of the equation 

/= 0 , 

which simultaneously satisfy the equations 


dpi 


-0, 



= 0. 


As before, we can deduce the existence of integrals which are 
such that, when some relation 


p{x^y ..., irn) = 0 

is satisfied, z acquires a value ^ (a?! , . . . , «?„)> where p and <f> are 
regular functions, and ^ is not expressible in terms of p alone: 
the general condition, necessary for the existence of the integral, is 
that the quantity 

M. ^ + K ^ 

dpi dxi dp2 dx2 ' * ‘ dpn dxn 

shall not vanish in virtue of /=0. 
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Cauchy’s Theorem for Equations of the Second Order. 


23. The equation, next in simplicity, to which the existence- 
theorems can be applied, is an irreducible equation of the second 
order in one dependent variable and two independent variables. 
Denoting the second derivatives of z with regard to x and y 
by r, s, t, as usual, we may take the equation in the form 

f{x, y, < 2 r, p, q, r, 5 , t)^0, 


where f will be assumed to be a regular function of its arguments. 
Let a, by c, X,, p, a, /3, y be a set of values of the arguments of f in 

the vicinity of which f is regular ; then, unless — vanishes for 

those values, the equation can be resolved so as to express r 
in terms of the remaining quantities by an equation 


•OL — g(x — a, y — by ^ — c, p — X, 7 — /tt, 5 — t — y). 


say 


y, p> (p Sy t), 


¥ 


where ^ is a regular analytic function. Now, as ^ usually in- 
volves at least some of the variables, it usually is possible to choose 

rif 

initial values so that ~ does not vanish : and then the resolution 
dr 

of the original equation can be effected. But it might happen 
that values of ^ (if any) and of its derivatives, which make f vanish, 

also make vanish : the resolution of the original equation with 

regard to r could not be effected, and we should have to proceed 
otherwise. 


When the resolution is possible, the general theorems can be 
applied to establish the existence of an integral z having the 
properties : 

(i) it is a regular function of x and y within fields of variation 
round a and by given by 

\x-a\^p, \y-b\^p, 

where p is not infinitesimal; 



38 


INTEGRALS OF EQUATIONS OF 


[ 23 . 


(ii) when a? = a, then z reduces to <l>o (y) cb'f^d ^ reduces to (pi (y), 

where <p(, (y) and (y) are regular functions of y within 
the domain | y — 6 | < p, acquiring the values c cmd \ 
respectively when y—b, and are otherwise arbitrary ; 

(iii) the integral z as determined by these conditions is unique. 


The mode of establishment is similar to that in the case of the 
equation of the first order, and so the exposition will be brief. 
We consider a system of equations 



dp 

dx 


r 


dx dy* 

ds _ dr 
dx dy* 

% 

dx dy* 

dx dx^ dz^ ^ dp ^ dq dy ds dy^ dt dy ' 

of the same character as in the general existence-theorems; and 
we regard the system as involving six dependent variables 
z, p, q, r, 5, t. When the former results are applied, we infer 
the existence of integrals of this system of equations, characterised 
by the properties : 

(i) they are regular functions of x and y within the fields of 

variation 

\x-a\tp, \y-b\^p, 

(ii) when a? = a, then 


« ='^o(y), 


p = <l>i (y). 


„ _ d4>i> (y) 
dy ’ 


8 


d<k (y) 

dy 
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■ dy» ’ 

a V <b M <b, (v) (y) 

a,y,<po(y), <hW> > ^y > —d^ 

where <^>o {y) and <i>i{y) are the foregoing regular functions: 

(iii) the set of integrals determined by these conditions is 
unique. 

Let the set of integrals thus determined be 

z^Z {x, y\ p=-P {x, y\ q = Q (x, y\ 
r^R(x, y\ 8 = S (x, y\ t=^T(x, y); 

then z — Z{x, y) is the annou/nced integral of the original resolved 
equation. 

The proof is simple, on the same lines as before. From the 
first of the equations, we have 

dx^ ^ 

and therefore 

05 

Similarly 

_ 0p ^ dH 
^ dx 0i^ * 

Again, the third equation gives 

dx dy 

^ d^Z 
dxdy ' 


so that 


dZ 


d_ fd_z 

dx Uy 


(!-«)-»• 


Thus ^ — Q is independent of x : inserting the values of Z and Q 
when a? = a, we find the value to be zero, so that 

dZ 


dy 

dz 


= Q, 


and therefore 
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The fourth equation gives 

dS^dR 

dx dy 

= 1 /a? 

dy 
0jP 

and therefore iS — is independent of x : its value is zero when 
x = a, and so 

that is, 


S = 


dP 

h’ 


ay 


d^z 

dxdy' 


d^z 

Similarly from the fifth equation, we have T — ^ independent 

of x: its value is zero when d? = a, so that 

d^Z 


T = 


that is, 

Lastly, writing 




_ di^z 

w 


v:=R-g(x, y, Z, P, Q, 8, T), 


the sixth equation shews that v is independent of x : its value is 
zero when a7 = a, and so t; = 0 generally. Thus 

R-g{x,y, Z, P, Q, S, r) = 0, 

that is, 

r-g(x, y, z,p, q, s, e) = 0, 

, dz dz d^z d^z , d^z . . .. 

where p = ^, r = ^, . = < = m association 

with z — Z(x, y). 

Owing to the other properties, by which it obeys the assigned 
conditions, z^Z(x, y) is the integral of the original differential 
equation, having the prescribed character. 


Thus the existence of an integral of the equation 
f(x, y, z,p, q, r, s, 0 = 0 
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is established, save in the case when ^ vanishes for values (if any) 

of the variables simultaneously with f. When ^ does not thus 

vanish, the original equation is analytically resoluble : there is one 
such integral, subject to the imposed conditions, for each resolved 
branch of the equation: and if fi, Ji, ... be these integrals, then 

provides an integral of the original equation. 

Similarly, if the equation is resolved with regard to t — and this 
will be possible except for such values (if any) of the variables as 

make — vanish simultaneously with f — and if the resolved form is 

y, z, p, q, r, s\ 

where ^ is a regular function of its arguments, then an integral z 
exists, characterised by the properties : 


(i) it is a regular function of x and y within fields of variation 
round a and 6, given hy 

\o:-a\^p, \y-h\^p, 

where p is not infinitesimal ; 

^z 

(ii) when y^h, the^i z reduces to (x) and ^ reduces to 

yjri (x), where yjrQ (x) and yjri (x) are regular functions of 
X within the domain | a; — a | ^ p, acquiring the values 
c and p. when x = a, and are otherwise arbitrary ; 

(iii) the integral z, determined hy these conditions^ is unique. 

The proof is similar to that of the earlier proposition and so need 
not be expounded. 


24. It may happen that there are values of the variables for 
which the equation is not resoluble with regard either to r or to t, 

so that ^ ^ / vanish simultaneously for such values : yet for 

these values the equation /=0 may be resoluble with regard to s. 
In that case, we change the independent variables from x and y to 
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x' and ; denoting the derivatives with regard to the new variables 
by p'y q\ /, s\ t\ we have 


^ + 2s' -- + t' f^'y+ p— + g'^] 

\dx) dx dx \dx) ^ dxi^ ^ dx^ | 

fdx'dx' . 

dx dy 


t = r' 


/^Y 

\^y) 


When these are substituted, the new equation will be resoluble 
with regard to / except for values (if any) of the variables which 

make vanish, that is, which make 
or 


df_ 

dr \dx) 


dfd^d^ df/d^ 

^ ds dx dy'^dtK dy 


vanish. In the present case, we can choose x' so that it shall 
involve x and y ; and therefore, even though and vanish, the 

foregoing quantity will not vanish unless ^ vanishes. When ^ 

does not vanish, the equation can be resolved with respect to r' : 
and an integral of the equation exists, uniquely determined by 
conditions similar to those in former cases. 


This transformation, moreover, shews that the initial conditions 
can be modified in all the preceding cases: they can be associated 
with an initial value x = a', of course with the appropriate modi- 
fications, that is, they can be associated with an initial relation 

e {x, y) = a', 

where ^ is a regular function. 

The existence of an integral of the equation 
f{x, y, 2 :, p, q, r, 5 , 0 = 0 

is thus established except for such values (if any) of the variables 
as make the equations 


hr 


= 0 , 



dt 


= 0 


satisfied simultaneously with /== 0. If this be possible, the exist- 
ence-theorem does not apply : and there must be an independent 
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discussion of these integrals, if any. This discussion will be 
deferred. 


In the case of equations of the first order, say in two independent variables 

only, we are accustomed to the existence of integrals such that ^ 

vanish simultaneously. Without anticipating the discussion of the corre- 
sponding question for equations of the second order, it is to be remarked 
that the four equations 

9/, 


/= 0 , 


0r 


= 0 , 


dt ’ dt 


0 , 


may coexist without rendering the elimination of r, «, t possible. An example 
is furnished by the equation 

{ra^ + 280^2/ + ty^ ~ ~ 4- 2^)* - a* (r^ 4- 4- 


Cauchy’s Theorem in general. 

26. We now proceed to apply the existence-theorems, in order 
to establish the existence of integrals of the system of equations 

where the quantities ..., Z^n, are regular functions of the 

independent variables x^y ,,,y x^yoi the dependent variables Ziy ..., 
Zniy and of the derivatives of the latter of all orders up to (and 
including) ri, respectively, except only those derivatives 

which appear on the left-hand sides of the equations. 

Let Oi, ..., Un be values of a?i, ,..y within the field of regular 
existence of the quantities ^i, . . . , Z ^, ; and let a number of functions 
oix^y Xn be chosen, which are regular in the vicinity of Oa, ..., 
Un, and (subject to certain limitations upon their coefficients about 
to be stated) which are otherwise arbitrary. These functions will 
be denoted by for 

X=l, y^ = 0, 1, ..., ri — 1; 

X. ~ 2, = •••, 7*2—1, 


X = = 1, rn^-1. 
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Then a system of integrals Zi, Zm of the equations eadsts, 
ch^x/racterised by the properties : 

(i) they are regular fmctions of Xi, Xn in fields of 

variation given by 

I a?! — I ^ p, \x2 — a^\^ pi . . . , \ Xn — an\^ p^ 

where p is not infinitesimal ; 

(ii) when = ctj, the values acquired by the integrals and by 

their derivatives are given by the relations 

dx,^ "■ 

for the various values of \ and pu, it being assumed that 
the values of the functions when x^ — a^y . . . , = an, 

are values of the derivatives of z^^ within the Jield 

of regular existence of the functions Z^; 

(iii) the system of integrals, thus determined, is unique. 

In order to establish this result, we merely generalise the 
method applied in the preceding special cases of the theorem. We 
introduce a number of auxiliary variables 

dxi'^dx^^dx^,.. 

assigning as initial conditions that, when ^^1 = 01, the values they 
shall assume are given by the relations 

Pkr^... — [^a], 
i^Aroo... ~ ^Ar, 

when r <rK, and [Zji] is the value of Zk when Xi = ai‘, and we con- 
struct the system of equations 


dpKr^v,... 

dZx w 



= 3 ^ ^ 

OXi ,==1 


Sj^Aroo... 

dxi 

“i^A, r+J, 0, 

0, ...> 

^Pkrst... 

_ ^P\, r+ 1 , «- 

-I, f... 

dxi 

dX2 

} 


these holding for r <rx, r + s + t -h ... <rx, s> 0 , and for all values 
of X ; the right-hand side of the first equation is the complete 
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derivative of with respect to the derivatives of the included 
arguments being modified by the rest of the equations in this 
amplified system. 

The substituted system of equations conforms to the t)q)e 
specified in the general existence-theorems, which accordingly 
apply. The system possesses a set of integrals having the pro- 
perties : 

(i) they are regular functions of the variables x^y x^ 
within the specified fields of variation : 

(ii) when = aj , the various dependent variables acquire the 

respective assigned values : 

(iii) the integrals, thus determined, are unique. 

Let the values of Zy which occur in this set of integrals, be 
Zr='^ri^i) •••> ^n)> 

for r = 1, . . . , m : these values constitute the announced set of integrals 
of the original system of equations. 

The method of proceeding is the same as for the simple cases. 
Thus we have 

3^ -PXKK)..., 

direct from equations of the substituted system. Again, we have 
^Paoioo... ^P aioo... 

dxj^ (^x^ 

^z 

Thus Paoioo... ^ is independent of Xi ; its value is zero when 5?!= Oi, 

0 X 2 

and therefore is zero generally, that is, 

dzi,_ 

And so on, step by step : the last step gives 

g^(y>XrxOO...-‘^x) = 0, 

so that ~ ^A is independent of Xi : its value is zero when 

Xi=^ai, owing to the assigned conditions; and therefore the value 
is zero generally, that is, 

PAr^^oo... ~ 
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and therefore we have 

equations which, for all the values of constitute the original 
system. These are equations satisfied by 

2!K = ir„(Xi, ...,Xn), (X = l, m), 

which accordingly are the integrals of that original system. The 
properties, which they possess as integrals of the substituted 
system, both as regards regular character, values acquired when 
iCi = Uj, and uniqueness, shew that they obey the conditions imposed 
in connection with the original system. 

A simple illustration is provided by the differential equation of a vibrating 
plane membrane, which is 



where is a constant : an integral of this equation is uniquely determined by 
the condition of being a regular function of x, y, and by the conditions that, 
when ^«0, 

«=/(^. y), y)- 

By the nature of the case, the boundary of the membrane is fixed ; hence, 
dz 

along the boundary, z and are always zero, so that the regular functions 

f{Xy y) and g{x, y) have their otherwise arbitrary character restricted by 
this general condition attached to the particular problem. But it follows 
fVom the general theorem that, if an integral can be obtained, in any manner, 
satisfying the imposed conditions, it is the unique integral, subject to those 
conditions. 

For example, let the membrane be rectangular in form, having its sides 
equal to a and 6: let the equations of the sides be y=0, J7=0, ic=.a, 

so that / and g must vanish for any one of these four relations. Now an 
integral of the equation is given by 

0 = (a cos sin ct) sin \x sin 

provided 

and this integral will vanish on the rectangular boundary if 
sin Xa«0, sin 

The latter will be satisfied by taking 

. In mn 

X._, 
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where I and m are integers ; then 
and the integral is 

z^{a cos ct+fi sin ct ) sin sin . 

Clearly, the sum of any number of such integrals is also an integral : so that 
we have an integral given by 

^ ^ . litx . miry 

^=2 2 (airn COS Cimt + SID CiJ) Sin — Sin . 

1=1 m=l « 0 


This quantity ^ vanishes on the boundary ; if, then, the coefficients aitn, 
can be determined so as to satisfy the imposed conditions, we shall have the 
required integral. Now, when <=0, 


2 2 ai^ sin — sin — — , 
1 »»—i o 


dZ 

dt' 


2 2 Ci,„i3i,nSin 

i=l ni.=l 


lirx . miry 

sm ; 

a 6 


and these should be equal to /(at, y), g{x^ y), which accordingly impose 
limitations upon the character of the regular functions. The conditions will 
be satisfied if 

The required integral is uniquely given by the expression 

2 = 2 2 {ai„^ cos CiJ-^^i^sincimt) Bin Bin , 


with the foregoing values for the coefficients a and /3. 


Note. It will be noticed that the existence-theorem provides 
for the introduction of a number of functions which, within certain 
very wide limitations, are arbitrary functions of all the variables 
but one, or are arbitrary functions of all the variables subject to an 
assigned relation among the variables. In the case of the system 
of equations considered in this section, the number of these 
functions is 

r, + ra + ... + r^, 

being the sum of the orders of the highest derivatives that occur. 

In particular, if there be only a single dependent variable and 
a single equation of order r, the nvmber of arbitrary fuTix^iom 
provided by the theorem for the precise determination of the 
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integral is r, the same as the order of the equation. Special 
illustrations have been furnished by an equation of the first 
order and by an equation of the second order. 

26. In the establishment of the theorem as to the existence 
of integrals of the equations 

- 7 _ 7 

it was assumed that no derivatives of of order higher than rj 
occur, and similarly for the derivatives of the other dependent 
variables. This limitation is important: it is actually necessary 
in order that the convergence of the series (and therefore the 
functional significance of the integrals) may be established. 

The importance of the condition may be illustrated by a single example *. 
Consider the equation 

dh __ dz 
~ dx * 

which belongs to the system when associated with imposed conditions to be 
satisfied for an assigned value of y ; but the limitation is not obeyed when the 
imposed conditions are to be satisfied for an assigned value of x. To see the 
effect of the limitation, let it be required to obtain an integral of the equation 
which shall acquire a value P (y) when ir=0, P{y) being an analytic function 
of y, regular in the vicinity of y =0. A formal solution is manifestly given by 

_ ^ d^^P 

The convergence of the series cannot be established ; indeed, the series in 
general is not a converging series. To make the series more precise, let 

which satisfies all the conditions : then 

_ ^ j?** 2w! 

;rr 

= J_ s 2”! ^ 

Now it is known t that p, the radius of convergence of a converging series 
is given by 

1 1 
-=Lim|a„’»| ; 

p m=ot> 

* Kowalevsky, Crelle^ t. lxxx (1875), p. 22. 

t T. K, § 26 . 
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hence, if p be the radius of convergence of the series for z regarded as a power- 
series in x, we have 


1 

P 


1 



I ^ . 4m 


2m 


approximately, by the use of Stirling’s theorem ; thus p is zero, whatever 
finite value be possessed by y. In other words, there is no region of con- 
vergence for z in the case of the assumed form of P{y). 

The question thus suggests itself : what are the limitations upon P{y) that 
the series for z should converge ? To answer it, we take the equation as 
an instance of the equations in § 23 : the theorem shews that a regular 
integral exists determined uniquely by the conditions that, when y—Oy 


z=Q{x)^ S 

n-O 

n=0 

where Q (x) and R (x) are regular functions. The formal expression of this 
integral is easily found to be 


^ y2m ^ y2m-¥l R^R,(^x) 

^ ~~m»0 2m ! dx^ '*'m=0 (2»i + 1 ) ! dx^ 


Hence, when x^Oy the value of z is given by 




‘ 4 - 2 


:o(2m4-l)! 


if the integral is to be given by the former process, this must be the value of 
P (y) in the assigned initial conditions. 


Let r denote the radius of convergence of the power-series Q{x) and 
R (x) simultaneously : then, because 2 c^x** and 2 are converging series 

w=0 n-0 

when I a? I <r, a finite quantity G exists such that 
so that we may take 



where | w | < 1, 1 | < 1, while u and v are not zero, 
convergence of the series of powers of y, then 


i=Lim 

P m=<» 


ml Ou m 
2m! 


= 0 , 


If p denote the radius of 


or the power-series must converge over the whole plane. Consequently, the 
only functions admissible as values of P (y) in the earlier investigation are 
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those which are regular over the whole plane and, when expressed as power- 
series, converge over the whole plane in a manner comparable with the series 


1 

ms=0 


2bi!^ + 


m ! 


.o(2m-Hl)! 


_y2m + l 


Thus possible values of P(y) are given by 

when (in the last example) the real part of n is positive. 


27. The equations, in § 26, though not of a completely general 
character, constitute a very extensive class; and they are even 
more extensive than their explicit form indicates, because of the 
possibilities of transformation. 

Suppose that, in a given system of m equations, the order of 
the highest derivative of .ex is Ta, for \ = 1, ..., m; then, by trans- 
formation of the independent variables, it is usually possible to 
secure the explicit occurrence of the derivatives 

* ’ * * ’ dx/^ * 


that is, of the highest derivatives with regard to one and the 
same variable. If all these occur, no change is needed ; if any are 
absent, we change the variables by relations 

Xg = dgiXi “h dgiX^ 4" ... H" O/gfiXfif 


for « = 1, ..., n, the constant coefficients a being at our disposal 
provided their determinant is kept different from zero. Suppose 
that the required derivative of Zi has not occurred in the original 

0*" I ^ 

equations, but that there is a derivative u — > where 

then, after the transformation, the derivative 




dxi 


will occur unless vanishes. We can always 


secure that this negative provision is satisfied; hence the m 
equations can be transformed so that the required derivatives 
occur explicitly. 


But this result is not sufficient to secure the form of the 
equations adopted for the existence-theorem ; it must further be 
possible to resolve the m equations with respect to the m selected 
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derivatives. When the resolution is possible, the resolved equa- 
tions are of the form 

*•** 0^/-” *”• 

When the resolution with regard to the selected derivatives is not 
possible, and is equally not possible with regard to every set of 
similarly selected derivatives, the equations do not belong to the 
class considered. 


As an instance shewing that the form cannot be regarded as 
one to which all equations of the type considered are reducible, 
take the equations 


_L P -t- P 






dzi 


a^2 


D 1 p j p '^'^8 y . 
xii -r x^s 5^ — ) 


dZj 

^dx. 


when the transformation 


Xf = anXi -t- a^x^ -h agsX^ 

(for 5 = 1, 2, 3) is effected, they have the form 
dZi . dz^ . dz^' 




■ Z„ 


The equations can be resolved for ^p, (and therefore 

would be reducible to the selected general form) if 


Cliidi^Clu 


Pu P,. P, 
< 3 .> Q. 

Riy R^i Rs I 


is not zero. But it might very well happen that the determinant 
of the coefficients P, Q, R should vanish identically ; the resolution 
would then be impossible. In that case, it is equally impossible 
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to resolve the equations with regard to , and also 

with regard to the remaining three derivatives, and so the 
existence- theorem cannot be applied ; but then it is also necessary 
that the relations 



p., 

P„ 


= 0 

e., 

Q2. 

Qsi 

Za 


R>, 

Ra, 


Za 



be satisfied. 

Hence the form of equations retained in § 25 is not a com- 
pletely inclusive normal form ; but, as already stated, it includes a 
very extensive class of equations*. 


Ex, Consider the equations 


_ 

“bx dx 
du 


where a*s and ft’s are constants, X is a function of x alone, F is a function of 
y alone. 

Effecting the transformations, we easily find that the system can be 
changed so as to have the normal form selected, provided ah' -ah is not 
zero. Assuming this proviso satisfied, the existence-theorem applies and 
the integrals certainly exist : they are most easily obtainable by quadrature 
from the original equations in the form 

a'u -I- 6'v F-f y {x) 

where / and g are arbitrary functions. To determine / and g in connection 
with assigned initial conditions, we take the existence-theorem for the 
transformed equations: it would assign values <l>{yX’\-by) and yjriyX’i-dy) to 
u and V respectively when ax-i-fy is constant, say X, where ab-^y is not 
zero. Thus 


whii^ determine / and g. 

* For a fuller discussion of this matter, see Bourlet, Ann, de I’iSc. Norm. Sup., 
gnw Ym (1891), supplement. The example that follows is taken from this 

memoir. 



27.] 


OF EQUATIONS 


53 


But if ab' — a'b^^Oy the resolution is not possible: and the existence- 
theorem does not apply. The quadrature is still possible ; and we find 

a u b V— X -\’f 
a' u +b'v=^V+g {x\ 

where / {y) is arbitrary so far as the first equation is concerned, and g {x) is 
arbitrary so far as the second equation is concerned. Assuming for purposes 
of illustration that no one of the constants a, 6, a\ b' vanishes, we have 

V{X+fi^)}=b{Y+g{x)}-, 

hence, as there is no relation between the variables x and y, we must have 

g{x)JjX-b'e, 

/(y)=|r-6c, 

where c is a constant. The two integral equations are now equivalent to one 
only ; hence they do not precisely determine the two quantities u and v. 
One of these can be taken at will, say 


and then 


v^0{x, y); 

b .XVbc 
u^^-6{x, y)4.- + _ 


which accordingly are integral equations in the case when ab' -a'b^O, 


Other classes of Equations. 

28. The preceding forms of equations are thus not universally 
inclusive ; and, in recent years, investigations have been made on 
general differential systems, so as to establish the existence of 
integrals under assigned conditions associated with wider classes 
of equations. These investigations are mainly due to M4ray, 
Riquier, Bourlet, Tresse, and Delassus* : their formal complication 
is elaborate. There are two main issues in this development of 
the theory ; one is the construction of canonical forms, the other 
is the establishment of the existence of integrals of the systems of 
equations, the expression of which involves arbitrary constants or 
arbitrary functions. And we have seen, by a particular example, 

* Many references will be found in von Weber’s article on partial differential 
equations in the Encyclopddie der mathematuchen Wmenschaften, vol. ii, pp. 299, 
300. In addition to these, four memoirs by Riquier may be mentioned; they are 
to be found in the Acta Math., t. xxin (1900), pp. 203 — 332, i5., t. xxv (1902), 
pp. 297 — 358, Ann. de VJ^c. Norm. Sup,j 3®* S6r., t. xviii (1901), pp. 421 — 472, 
ib., t. XX (1903), pp. 27 — 73. 
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(§ 3), that cases may occur in which integrals certainly exist and 
cannot contain any arbitrary element whatever. 

For such investigations, we refer to the memoirs of the authors 
quoted ; and we shall therefore enter into no further detail as to 
the existence of integrals of systems of equations in number equal 
to the number of dependent variables. There still remain, for our 
consideration, the discussion of the integrals (if any) of an equation 
or a system of equations in the vicinity of values of the variables 
where the functions concerned are not regular, and the discussion 
of the integrals (if any) of systems of equations in which the 
number of dependent variables is less than the number of equa- 
tions. To the former, very little space will be devoted as the 
subject is hardly begun : it certainly seems to have claimed no 
attention from investigators. The latber is of the utmost import- 
ance, particularly in the case when there is only one dependent 
variable; it will be undertaken in a succeeding chapter. 



CHAPTER III. 


Linear Equations and Complete Linear Systems. 


For the materials of this chapter, reference may be made to the authorities 
quoted in Part i, ch. ii, of this work, in imrticular, to Mayer’s memoir, Math. 
Ann. t. V (1872), pp. 448 — 470, and also to chapter ii of Goursat’s Legans mr 
V integration dee equations aux d^riv^es partielles du premier ordre. The chap- 
ter is devoted to linear equations, either single or in simultaneous systems. 

Single equations and systems of simultaneous equations, which are 
homogeneous and linear in the differential elements of the variables, have 
already been discussed. The discussion of exact equations and exact systems 
of this type is given in the first two chapters of volume i of this work : the 
remainder of that volume is devoted to the discussion of inexact equations 
(Pfaff’s problem) and of inexact systems. 


n 

The linear equation 2 ZiPi = 0. 

t=l 

29. We proceed to a more detailed consideration of equations 
of the first order. Cauchy’s theorem establishes the existence of 
integrals having a considerable degree of generality : but it does 
not prove that the integrals have the widest degree of generality 
possible or that they include all integrals by the appropriate 
specification of the arbitrary elements ; and the only method which 
it provides for the actual construction of the integrals leads to 
expressions in power-series. It should be added, however, that 
(save for special classes of equations) the method provided in the 
proof of the existence-theorem is the only universal mode of con- 
structing the integral: but for those special classes of equations 
simpler methods can be devised for the construction of the integrals, 
while further information can be obtained as to their relative 
generality and their classification. In all that follows, we are 
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concerned rather with the theory in general than with the practical 
solution of particul^ equations 4s expounded in text-books*. 

The simplest ,eq«r«ttiohs of all are those which are linear in the 
deri’^Jiivorr’'£nong them, the simplest is the equation 

4 - + . . . + XnPn = 0 , 

when the coefficients Xi, X^ are functions of the variables 
Wit ...,a7n but do not involve the dependent variable z. It will 
be seen later that every linear equation can be expressed in this 
form. 


As usual, we associate with the partial equation the system of 
ordinary equations 

dxi doc^ docifi 

by the theory of such equations, their integral equivalent consists 
of n — 1 independent equations in a form 

(^1 > • • • > ^n) ~ (r = 1, . . , , 71 — 1). 

Taking any one of these integral equations, we have 

~dx + + — da; -0 


concurrently with the ordinary differential equations ; hence 

XT dUfr Y' ^ 


again an integral equation. Now there cannot be an integral 
equation independent of the set 


Cl , ^2 — ' • • • > ^n—1 — Cn—1 5 


SO that the new equation is not independent of this set. But it 
does not involve any of the quantities c ; hence, though the equation 
holds, it does not hold in virtue of the integral set. It therefore 
can only be an identity ; so that the equation 





is satisfied identically. Consequently, when we put 


z = Ur 

* For instance, mnoh of chapter ix in my Treatise on Differential Equations, 
(8d. edn. 1908), wiU be taken for granted. 
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in the original partial equation, the latter is satisfied identically: 
and therefore z^^Ur is an integral of the partial equation. 

Moreover, this holds for all values of r ; and therefore there are 
n — 1 functionally distinct integrals of the equation. But there 
are not more than n — 1 distinct integrals ; that is, every integral 
can be expressed in terms of these. Let any integral be denoted by 


then the equation 


•••» ^n); 


is identically satisfied. 

X, 


The equations 

duy , y dur 

dx, 


= 0, 


for ^ = 1, ..., n — ly are identically satisfied: and the quantities 
Xi, ..., Xn do not all vanish: hence 


\ Xly X^f • . • , Xjl / 

The quantities u are functionally distinct, so that J does not vanish 
through an aggregate of vanishing first minors. It cannot vanish 
in virtue of for it does not involve z. It must therefore 

vanish identically ; and therefore some relation must exist among 
the quantities /, Wi, the relation involving /because 

Ui, ..., Wn-i are functionally distinct: let it be 

/=(f>(Ui, Un-i). 

Hence the eqiiation possesses exactly n — 1 functioTwilly independent 
integrals. 

If f denote the most general integral of the equation, then 
^ must be the most general function possible: the requirement 
is satisfied by making a completely arbitrary function of its 
arguments. Hence if ..., t^n-i a set of functionally inde- 
pendent integrals^ the most general integral of the equation is 
given by 

Z = ip (-u ^ , . . . , 

where p is a completely arbitrary function of its arguments. 

The arbitrary function p, and the functionally distinct integrals, 
can be determined so as to satisfy assigned initial conditions 
and therefore so as to yield the integral established by Cauchy's 
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theorem. Let Oj, an be values of ,,,, Xn in the vicinity of 
which all the quantities Xj, ..., Xn are regular; and suppose that 
some one of these quantities, say Xi, does not vanish for those 
values, an assumption that can always be justified by an appropriate 
choice of Ui, ... , a„. The general initial conditions will be that the 
integral z is to acquire a value /{x^, ..., o^n), when Xi^a^, the 
function f being regular in the fields of variation considered. 

The appropriate arguments can easily be constructed. Let an 
integral Vr-^i be obtained to satisfy the partial differential equation, 
subject to the condition that it shall acquire a value Xy, when 
a?! =s Ui ; its value is 

= + ..., Xn-an\ 

where Pr is a regular function of x^, ..., in the vicinity of the 
initial values. Taking this result for r = 2, . . . , ii, we have Vi, . . . , 
Vn-i as n — 1 functionally distinct integrals ; and then 

Vn-i) 

is clearly the integral of the equation which acquires the assigned 
value f{x 2 y . . . , oJn), when x^ — Ox, 

The appropriate arguments can also be constructed from the 
associated ordinary equations. 

Corollary. After the preceding analysis, we can state the 
existence-theorem, in a different but equivalent form, as follows. 

Z/ui, are values of x^y ..,yXny in the vicinity of which all 

the coefficients X' in the equation 

Pi + X.2P2 + X3 P3 -f . . . 4- Xn Pn = 0 
are regular y the equation possesses w — 1 functionally distinct inte- 
gralsy which are regular in the selected region and which reduce to 
x^y . . . , Xn respectively y when Xi = a^ ; and if these integrals be Ziy . . . , 
Zn~.iy any integral of the equation can he expressed in the form 
z = /(^, , . . . , Zn-i) by appropriate choice of f 

Ex. 1. Required an integral of the equation 

^liOl + ^2P2 + ^3/>S = 0, 

which shall acquire the value $ {x^y xi), when :Fis=ai. 

To obtain an integral Vi which shall acquire the value x^y when we 

take 


Vx » X^ + (Xi - Oj) -h (Xi - Qif <^2 4- 
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so that 




A ^2 


.. _ fl ^1-“I . /'^1-0'lV 1 


ai3?2 

We proceed similarly to obtain an integral V 2 which shall acquire the value 
a?3, when .ri=ai; we find 

~~r“ * 

Xi 

The required integral is clearly 

z=6(v„ Vi) 

\ ^1 ’ J ' 

If we proceed from the associated ordinary equations, we need two 
integrals of the equations 

cU'i __ ^2 __ ^3 . 

Xl X2 Xz 

these can be taken in the form 


Wi 


x^ 



We then require the form 
4?i=ai : hence 

and therefore 
that is, the integral is 

as before. 


of (f) such that (f) (^tl, u^) becomes d(a?2> ^’3)> when 

^(wi, Wg)— d(aiWi, aiM2), 

= d(aiw„ UiUi), 


Ex, 2. Three given functions w, w of x^ y, z are such that 

dv 

0y ^ 02 ’ 

and three other functions »y, of the same variables are defined by the 
relations 

dt drj 0f d( 07 0f 

'"‘^^*^02’ ^^02“-^’ ^*0l'~^- 

Prove that the most general values of f , 7, ^ are 

^ 0a? 00? ’ *^**0^ 0y * 02 02 ’ 

where Cr and H are integrals of the equation 


de ^ de ^ dd . 


and F is an arbitrary function of 0?, y, 2. 
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The lineab equation 2 Xipi =^ Z . 

1 = 1 

30. Next, we consider the linear equation 
XiPi 4- . . . -f XnPn = 

where Xj, Z are functions of the variables Xn, z. 

We shall assume that any factor, which is common to JTi, . . . , Z, 
has been removed ; it will therefore be unnecessary to take account 
of a value of z which simultaneously satisfies the equations 

= ..., Xn = 0, Z=0, 

the differential equation being then satisfied without regard to the 
derivatives of z. 

With the linear equation, we associate the set of ordinary 
equations 

dxi _ dx^ _ _ dxn _ dz 

Now whether Zj, ..., Zn, Z be uniform or not, we shall assume 
that there are values of the variables in the vicinity of which 
Zi, ..., Zn, Z behave regularly; and then, from the theory of 
ordinary equations, we know that the foregoing set possesses n 
functionally distinct integrals. Let these be 

(^1) • • • > ^n> ~ • • • > 4^n > ^n> ~ ^n> 

where Ci , . . . , Cn are arbitrary constants. 

In the first place, any equation 

<l>r = Cr 

gives an integral of the original equation if it involves z explicitly. 
As it is an integral of the ordinary equations, the relation 

is consistent with those equations ; and therefore 

X, + ... + = 0 . 

vX\ oXfi vZ 

Now this is a relation between the variables: it clearly is not 
satisfied in virtue of (jy^^Cr l and therefore it is satisfied identically. 
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Taking = Cr as an equation giving a value (or values) of z, the 
derivatives are given by 




dz 


Pm = 0. 


When these values of , for w= 1, .... n, are substituted in the 

OOOjfi 

foregoing equation that is identically satisfied, it becomes 


^-^'iZ-X,p,-...-X„p„) = 0. 

Now contains z, so that is not identically zero: and 
does not vanish because of the equation for it does not 

rirk 

contain c^: hence is different from zero. Accordingly, the 
equation 

Z ^ipi • • • ^nPn == 0 


is satisfied : or the equation <f)j. = Cr, when <f>r involves z explicitly, 
provides an integral of the partial equation. 

The same is true for each of the equations (f> — c, provided each 
particular function <f) involves z. Now some of the quantities if> 
must involve z, even though each of them may not : for otherwise 


dz 


would vanish for each value of r, and the equations 


xr d<f)r Y d(f>r 

would be satisfied identically, for r = 1, . . . , 


= 0 

n : we should then have 


\^i> ^n/ 


satisfied, but not in virtue of = — it must be 

satisfied identically and therefore, as the functions (f>i, <f>n do 
not (under the present hypothesis) involve z, there would be a 
functional relation between them, contrary to the fact that they 
are functionally independent. Hence, through the integral system 
of the ordinary equations, we find an integral or integrals of the 
partial equation. 

In the second place, let ..., <^n) denote any arbitrary 

fv/nction of the quantities (f), and suppose that the equation 
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determines a value or values of z: then /=0 provides an integral 
of the differential equation. For the equations 

for r = l, n, are satisfied identically; as / is arbitrary, not all 
the quantities ^ , . . . , vanish ; and therefore, on multiplying 

o(pi d(pn 

by ^ and adding for all the values of the equation 

X, I ^^ + ...+x„ I Xp^+z i ^ ^’■=0 

r=lO(pr 0^1 r=\^^T r=l 

is satisfied identically. Now the derivatives of z, as determined by 
/=0, are given by 

for all the values of m : when these are used, the identical equation 
becomes 

Now as f contains z, the quantity 

I y a^r 

r=l d<l>r dz 

does not vanish identically; and it does not vanish in virtue of 
ysas 0, when f is perfectly arbitrary : hence 

or the equation is satisfied. When the values of pi, ,..,pn of z 
are determined by /= 0, the equation is seen above to be identically 
satisfied : hence /= 0 provides an integral of the equation. 

Of course, there may be special forms of / such that the 
equation /=0 does not determine z: and there may be special 
^ df dd) 

forms of /, such that S vanishes in virtue of/=0. In 

what precedes, we are concerned with quite arbitrary forms of f 
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31 . The integral thus obtained is clearly of a very general 
character. A question arises as to whether it is completely inclusive 
of all integrals : that is, can the functional form f be so chosen as 
to provide any integral that the partial equation possesses ? Let 
such an integral be known to occur in a form 

..., Xn) = 0\ 

and let - 2 ^ = c, a?! = tti, . . . , = an be a simultaneous set of values of 

the variables, in the vicinity of which is a regular function. 
Also suppose that these values are such that, in their vicinity, the 
functions <^i, ..., <f>n are regular, these providing integrals of the 
partial equation as before explained. Now the n quantities <^i, ..., 
<l>n are functionally independent of one another ; and therefore not 
all the determinants 



d<f>. 


dz ’ 

dx,* * 

dXn 

djn 

a<#>n 

d<f>n 

dz ’ 

dx^’ • 



vanish identically. Two typical cases will suffice for the general 
discussion: for the first, it will be assumed that 

•••i 4^n) 

0 (Xi, X^i . . . , ^n) 

does not vanish identically ; for the second, it will be assumed that 

..., (^n) 

d (z, Xg, ..., Xn) 
does not vanish identically. 

32 . In the first place, when the Jacobian of (f>i, ..., (f>n with 
regard to x^, . . . , does not vanish identically, it is possible to 
choose the set of values c, Oi, On for z, Xiy ..., a7n, so that the 
Jacobian does not vanish or become infinite for them, unless the 
set constitute a singularity or other non-regular place for one 
or more of the quantities Assuming this choice made, we 
then can resolve the n equations 

^ 1 , (^= 1 , 

so as to express Xi, as regular fiinctions of ^i, ..., if>n> in 

forms 

— fm (z, , <f>n), 
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for m==l, n. Let these values for the n variables be substi- 
tuted in ^ = 0, so that 

~ x(^> *^> > ^«) > 

and now the given integral can be taken in the form % = 0. To 
obtain the derivatives, we have 

Multiply by Xm and add for the values m = 1, , n : then 

Now for the integral under consideration, we have 

n 

m=l 

and we also know that the equation 

i xJ^+z^-^=o 

w=i 

is satisfied identically for all values of r. Moreover, in the 
vicinities concerned, all the functions are regular, so that the 

quantities are finite in the fields of variation retained. When 
d<pr 

these relations are used, the above equation becomes 


and this equation must be satisfied in association with % = 0. 
This requirement may be met in three ways. 

It may happen that ^ vanishes identically : then z does not 
occur explicitly in x* expression of x gives 

that is, a form of function in the integral /(0i, fpn) has been 
obtained so that the general integral becomes the given integral. 

It may happen that vanishes, not indeed identically but 
only in virtue of % = 0. Then z occurs explicitly in % ; and the 
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form of the arbitrary function cannot be determined so that the 
general integral becomes the given integral. 

It may happen that does not vanish. The condition can 

only be satisfied, if Z = 0 : and this must hold in association with 
;)^ = 0. Again, ^ occurs in x > thus, once more, the form of the 
arbitrary function cannot be determined so that the general 
integral becomes the given integral. 

Of these three alternatives, it is clear that the last belongs to 
a special set : as the integral is given by 0, we must have 


dz dz . 


and then the equation 


X , , X —0 

C/o/j 


must be satisfied, concurrently with Z=0. Moreover, as = 
..., <f)n — Cn are a set of n independent integrals of the system 
of ordinary equations 

__ _ __ dz 

we have 

Z (~1)^-^Z^ 

jr ( ^i> » • • > \ j ( 01 > • » ♦ > 0n \ 

• • • ) ^n/ > • • • > ^n/ 

where Xr is omitted from the deriving variables in and 
r=l, ...,n in turn; hence as Z=0 for the integral under con- 
sideration, Xr must vanish for the value of z unless Jr should 
vanish for the value. We have assumed that not all the quantities 
Z, Zj, ..., Xm vanish for the same value of z. 

The second alternative may belong to a less special set : it will 
be illustrated by examples. The first alternative provides the 
most general case. 

Integrals, which arise under the second alternative or under 
the third alternative, may be called special integrals*. 


* Sometimes they are called singular. This term, however, is better reserved 
for a class of integrals belonging exceptionally to equations of a degree higher than 
the first in the derivatives. 
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33. In the second place, when the Jacobian of with 

regard to z, ...» does not vanish identically, to take only a 
typical case when the Jacobian of those quantities with regard to 
a?,, a?2, ..., does vanish identically, it is possible to choose the set 
of values c, Ui, ..., Un, so that the Jacobian does not vanish or 
become infinite for them unless they constitute a singularity or 
other non-regular place of one or more of the quantities 
Assuming this don^, we can then resolve the n equations 
== 01- (^, , . . . , 

so as to express the variables Zy x^, in terms oi x^y ..., 

in forms 

Z = ^ (Xl y <f>ly . . . , 

Xr = fjr (j^i f 01 > • “ > 0 n)» 

for r = 2, . . . , n. When these values are substituted for ZyX 2 y . . . , Xn 
in the equation \jr = 0 which provides the given integral, it takes 
the form 

ylr:=z0^ylr{ZyXiy ...yXn) 

= 0 (Xiy 01, ... , 0n) 5 

and the given integral can now be taken in the form 0 — 0. The 
derivatives of z are given by the n relations 


dxi 


t ^/?0r . ?0r 

=1 00r dz 


n 

2 


r«l 


^ f d^r 
9<#>r 



).o, 

)-o, 


for m = 2, . .. , n. Multiplying these by and by respectively, 
and adding for the various values of m, we have 


Y ^ Y V 

* r.l d<f>r twi "* dxj + ds „Zl 

For the integral under consideration, we have 



2 Xfn Pm — ^ ) 
m-1 

and we know that the relation 


2 Xm 


90r , ^ ®0r 
dXm dz 


= 0 


is satisfied identically. Moreover, all the functions are regular in 

30 

all the vicinities concerned, so that all the quantities for 
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■)• = 1, . . . , n, are finite in the fields of variation retained, 
these equations are used, the above equation becomes 


. W 


= 0; 


When 


and it must be satisfied in association with 0 = 0. This require- 
ment can, as in the preceding discussion, be met in three ways. 

It may happen that ^ vanishes identically ; then Xi does not 

occur explicitly in 6, and the expression of 6 gives 


that is, a form of function has been obtained for <f>n) so 
that f=0 has become the given integral •i/r = 0. 


d6 

Or it may happen that ^ vanishes, not indeed identically but 

(jX-i 


only in virtue of ^ 0. Then Xi occurs explicitly in 0 ; the form 

of the arbitrary function / in the general integral cannot be deter- 
mined so as to particularise the general integral into the given 
integral. 


Or it may happen that 


dxi 


does not vanish. 


The condition can 


then only be satisfied if X, = 0 ; and this must hold in association 
with ^ = 0. Again, the variable Wi occurs explicitly in 6 : thus, once 
more, the form of the arbitrary function / in the general integral 
cannot be determined so as to make the general integral become 
the given integral. 


The three alternatives are similar to those in the former dis- 
cussion; integrals, that arise in connection with the second or 
the third of the alternatives, will be called special^ as before. 


34. Gathering together these results, we can summarise them 
as follows : — 

Let Xiy ..., irn) = 0 provide an integral of the partial 

differential equation 

^\P\ +■•••"!“ Xn Pn ~ 

and let f(4>u <#>n) ~ 0 denote its most general integral, /being an 

(frbitrary function ; then the functional form of f can he chosen so 
that f(<f>iy ..., 4>n) becomes ^Ir, unless is of the type of integral 
called special, or unless the value of z provided by constitutes 
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a singularity or other non-regular place for one or more of the 
quantities <f>. 

It thus appears that fche general integral for the linear non- 
homogeneous equation, in which the dependent variable occurs 
explicitly, is not so completely inclusive as is the general integral 
for the linear homogeneous equation, in which the dependent 
variable does not occur explicitly. 

Instances of the principal portion of the theorem are so frequent 
that none need be adduced here : a few examples will be given to 
illustrate the special integrals and other exceptions. 


Ex. 1 . Consider the equation 

xp+yq=^z. 

Two integrals of the associated equations 

dx _dy _ dz 
X y z 


can be taken in the form 






and the most general integral is given by 

/( 01 > <^ 2 ) = 0 . 


It is easy to verify that 


y 


provides an integral of the equation. Expressing yfr in terms of (piy <^2) 2, 

we find 


so that 


dyjr' 




dz <^1^ ’ 


thus does not vanish identically but only in virtue of >^'= 0 , and then 

only in virtue of the factor in yjr'. Thus the integral given by is 

a special integral; for the form of /in/(<^i, </>2) cannot be chosen so as to 
make /(^i, (f>2) become 

It should be noted that </>2) can be chosen, in a form 01 *- ^2» 

so as to vanish for the integral provided by : but it does not follow 
(and it is not the fact) that /can be chosen so that (#>2) becomes yjr. 

Ex. 2 . Consider the equation 




Jt>l+^2j02+^3j03 = «- 
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dx^ dx^ dz 


^2 


may be taken in the form 




A ’^3 . 
93=7 , 


and the general integral is 

/(01i <l>2j <#> 3 ) = ^) 
where / is an arbitrary function. 

It is easy to verify that 

\j/s=:Z — Xi^=:0 
Xs 

provides an integral of the equation; but the functional form /cannot be 
chosen so that /(</>!, (f>2, <#>3) becomes 1/^. In fact, we have 

yj/ = 2(1)16 


dxjr' - 




and does not vanish identically. Taking the value of 2 given by and 

substituting it in (^1, we find (^1— 0: so that ^ vanishes in virtue of this 
result, that is, in virtue of ^'=0. The integral is a special integral. 

If, instead of expressing ^1, X2f Xg in terms of the quantities z^ <piy <^2> <^3 
with a view to the transformation of we express e, a?2, Xg in terms of 
^1, <#>ij <p2, <#>35 we find 

and then the requisite condition is 

dyir' 

in association with ylr'=0. Now — does not vanish identically, nor does 

it vanish in virtue of yjr'^O; we must therefore have Xi=0 in association 
with yj^'=0. This is satisfied: and therefore, as before, yjr^O provides a 
special integral of the equation. 

Ex. 3 . Consider the equation 


/ 

xp+iyq==i[z-- j . 
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The associated ordinary equations are 


dz 


2y 


2 




of which two independent integrals are given by 

1 

The most general integral of the partial equation is 

/(<#>!, <#> 2 ) = 0 , 

where /is an arbitrary function. 

It is easy to verify that 

^ y 

provides an integral of the equation : but the functional form / cannot be 
chosen so as to make /(<#>!, <^> 2 ) become yjr. Proceeding as in the general 
exposition, we have 

so that ^ « 1 and cannot vanish, shewing that / cannot be chosen for the 

purpose. But the quantity Z of the general investigation vanishes for the 
value of z given by ^«0. 

It will be noted that yjr' does not involve </)i: the special integral is a 
singularity of <f) 2 - 


Ex. 4. Consider the equation* 

The integrals of the ordinary equations 

dx 

l+{z-x-y)^ 1 2 

can be taken in the form 

<#>!== 2y-z, 

and the general integral is 

/(</>!» <#> 2 )=' 0 . 

It is easy to verify that 

provides an integral of the equation ; it is clear that no form of / can be found 
which will make the general function /(<#>i, <#> 2 ) become The integral 
provided by ^=0 is a special integral; and manifestly any set of values, 
satisfying and chosen as initial values, constitute a branch-plsroe of the 
quantity and of the coefficient of p in the equation. 

As this coefficient is not regular in the vicinity, Cauchy’s theorem does not 


* This example is given by Chrystal, Tram. R. 8. E., t. xxxvi (1892), p. 557. 
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36. The discussion of the integrals of the equation 
Xi ^2 + • • • + Pn = ^ 

can be associated with the discussion of the integrals of the 
equation, which is without the quantity Z and (iny explicit occur- 
rence of z, by means of a simple transformation. Let the integral 
be given by the equation 

u= u{z, ..., ^•n) = 0, 


where, in the circumstances, u involves z ; then we have 


du dn ^ 

+ — = 0 . 


dz 




Now ^ does not vanish identically, and we shall assume* that it 

does not vanish in consequence of u = 0 ; hence we may resolve 
these equations for pi, ..., Substituting in the original 

equation, we have 


^ dll 


+ . 


da^n 0 - 3 ^ 


0 , 


and this must be satisfied identically when a value of z given by 
= 0 is inserted : in other words, the modified equation is satisfied, 
not identically but only simultaneously with u = 0. The modified 
equation is of the earlier type : the coefficients of the derivatives 
involve only the independent variables but not the dependent 
variable tc. Of this modified equation, let 

U = e{z,Xi, ...,Xn) 

be an integral ; then obviously u = 0 will give an integral of the 
original equation. But the fact that $(z, Xi, ..., Xn) is an integral 
of the modified equation means, as was seen before, that when this 
value of u is substituted the equation is satisfied identically. This 
limitation is additional to the earlier requirement, which was only 
that the equation should be satisfied simultaneously with w = 0 ; it 
was not necessary that the equation should be satisfied identically. 
We cannot therefore infer from the argument that any integral of 
the original equation can thus be obtained from an integral of the 


* The significance of the assumption, and the limitation which it imposes, 
would need to be examined if the character of the integrals were being determined 
solely by the present argument. 
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modified equation ; and it is clear that any integral so obtained is 
a special case of an integral given by 

B (ZyX^, . . . , Xj!) — a = 0, 

where a is an arbitrary constant*. 


Ex, As an example, consider the equation 

It clearly is satisfied by a value of z given by the equation 
But effecting the transformation indicated, viz. taking 


u=-u{z, X, y)=0, 

so that 24 is a new variable, we have 




dz ' 


Any integral of this equation, when substituted, is known (by our earlier 
argument) to make the equation satisfied identically. If we take 


the equation is not satisfied identically ; it can only be satisfied for this value 
of u simultaneously with w=0 ; but u=X'\-y-\-z is not an integral of the new 
equation. 

On the other hand, the original equation is satisfied by a value of z given 
by the equation 

where a is a constant : and 

is an integral of the modified equation. Thus the first integral is not given, 
the second integral is given, by the method. 

The distinction between the two cases can be expressed simply by a 
reference to the theory of continuous groups. Let 

be an infinitesimal transformation. 


We have 

X (y3 4 . 23)5^0^ 

the quantity 2 ® is an invariant for the given infinitesimal transformation. 
We have 

A +y + 2) = (;r + 2) {x +y - z\ 


* The limitation was, I believe, first pointed out by Goursat, in § 16 of the 
work quoted on p. 56. 
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80 that is not an invariant for the infinitesimal transformation: but 

when we have 

^+y+2-0, 

then, in virtue of that equation, 

the equation a 7 + 3 ^+ 2 =Oisan invariant equation for the transformation. 


36. It remains to associate Cauchy’s theorem with the equation ; 
for this purpose, we have to obtain an integral which, when = a, , 
reduces to 

..., iTn), 

where ^ is a function, which is regular in the domains of the 
values iCa = a 2 , ..., Xn — an, and otherwise is arbitrary. 

Choosing ai so that does not vanish there, the integrals of 
the associated ordinary equations 


dx,2 = ~dxi, dx^ — ~dx^, dx^-^dx^, dz=^~dx^ 

Aj Ai Ai Ai 


can be obtained, subject to assigned conditions that a?a= Og,. . . , 
z = g . . . , a,i) = c, when = ai ; and they have the form 


iti=z + (a?i — fli) Vi == c , 

^2 = ^2 + (^1 — Cil)V2 =02, 

Ufi = XJ^ + (^1 ttj) Vn = Cluf 

where Vi, ..., Vn are regular functions of' the variables a?i, ..., a?„, 
Now the general integral is 

U2y ..., Mn)*0; 

or, changing the form of the arbitrary function, we may take 

Ui^F{U2y Un) 

as the integral, where F also is arbitrary. When Xi^Oiy this 
equation becomes 

z^F(x2y a?n); 

but the value of z when iCi = ai, is to be ^ (£t?a, , Xn) : and there- 

fore when the arbitrary function is chosen so that 

F(x2y ...,a?n)=5r(a?2, 

and consequently 


F(U2y Un)^g{U2y tin), 
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we have an integral 

= •••, ^n), 

which is the integral in Cauchy’s theorem. 

Ex. Required the integral of 


xp-^yq^z, 

which, when .r=:a, is such that 

Two integrals of the ordinary equations 

X y ^ z 

2)2 

are taken such that, when we have y—h, and these are easily 

seen to be 

az 62 

^ -* 4^ > 

X 

Thus the general integral of the equation can be taken in the form 


Wl=/(tt2)> 

where /is arbitrary. When :r=a, this equation becomes 


so that, for the required integral. 


and therefore 




/(««)= 


4c ' 


Hence the required integral is given by the equation 


that is, 



2 = 


ay^ 

4ox' 


If, instead of taking Cauchy’s theorem in its simplest form as 
associated with an initial value £Ci = ai, we require an integral 
which, when a relation of the form 

/(«, <*^1 iPn) = 0 

exists among the variables, shall be given by the equation 

ff(g, iCt, .... x„) = 0, 
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effectively what is required is the determination of the arbitrary 
functional form F in 

^(01, ^n)= 0, 

so that the equation may be satisfied without any other relation 
solely in virtue of /== 0, ^ = 0. 

As /= 0 and ^ = 0 are two relations between n-\-\ quantities, 
w — 1 of these can be regarded as independent : or we may regard 
all the n 4- 1 variables as expressible in terms of n — 1 independent 
quantities. Taking the latter mode of representing them, let 
their expressions be 

z = ^Ir (fi, 

for r = l, ..., n. When these are substituted in the quantities 
<f>i, <f>n, we have 

(f>m ~ ^vi (' 2 ') > • • • > 

= ‘fn) 

= = say, 

for m = 1 , . . . , n; and these n relations, expressing <^i , . . . , <f>n in 
terms of w — 1 quantities, are satisfied concurrently with the 
relations /=0, ^ = 0. Among these n relations, let the n — l 
quantities fi, ..., be eliminated, and let the result of the 
elimination be 

G (^1, ..., <f)n) — 0. 

Now when / = 0 and ^ = 0, we have </>yn degenerating to J and 
the general integral becomes 

F(^i, ^n) = 0, 

which coexists with /= 0 and ^ = 0, but, as now it involves only 
the quantities it is satisfied by itself and not in virtue 

of /= 0, ^ = 0. We thus have 

F(^u = M 

and therefore also 

..., <l>n)—G((l>u <^n). 

Hence the required integral is given by the equation 
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Ex. In examples, the details sometimes are developed in a different way. 
Let it be required to find a surface, satisfying the equation 

xp-{-yq=^z, 

and passing through the curve 

The curve can be expressed in the form 
x=a\ 

al\ + + cnv ~ 1. 

Two integrals of the associated ordinary equations are 


where 


hence, along the curve, we have 


; 

V 



_ C V _ C 1/ 

w==- V^T - , 

a X’ 0 fi" 

so that 

whence 

^ C V C V 


( cl ^ cm\ 

v[ cn + — -f — ) 

V U V J 


and therefore 




V- \u V J 


This equation corresponds to the equation 

ceding discussion. In the present case, the required integral is accordingly 
given by 

inserting the values of u and v, the equation of the required surface is 

^2 lyi 2^2 

^2 + p + ^ 


Complete linear Systems that are homogeneous. 

37. Before passing to the discussion of the most general 
equation of the first order and of degree higher than the first, 
it is convenient to deal with a system of simultaneous linear 
equations involving one dependent variable. If the dependent 
variable occurs explicitly, the equations can be changed, by a 
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transformation as in § 35, so that the new dependent variable 
does not occur explicitly; the number of independent variables 
is thus increased by unity. In their transformed expression, 
the equations are homogeneous in the derivatives ; they may be 
written 

... du du du ^ 


A^(u) - + ••• + ^ ] 

where the coefficients amnf for Q-nd n = 1, s, are functions of 
the independent variables ..., alone. We have to investigate 
the conditions under which an integral (if any) can be possessed 
by the system ; we have also to devise means for the construction 
of an integral when it is possessed. 

Equations of this type have already, in Part l (§§ 38 — 41) of 
this work, received some consideration; but there they arose as 
a class, associated with equations linear and homogeneous in 
differential elements in the variables, and the limitations imposed 
upon them were derived from the originating equations. Their 
importance, not least owing to their frequent occurrence in various 
theories, justifies an independent treatment ; the earlier discussion 
will render some abbreviation possible. 

The fi equations in the propounded system are said to be 
independent, when no linear relation of the form 

fiJLi(i^)-f ... + f^i4^(2^) = 0 

exists, the quantities fi, ..., being functions of Wi, ..., ccg, and 
the quantities Ai(uX ..., Afj,{u) being merely the linear com- 
binations of the derivatives of u. If, however, such a relation 
or relations should exist, then one or more than one of the 
equations (it) = 0 would be dependent on the others : an integral 
of those others would satisfy the dependent equation or equations ; 
and so the dependent equations could be ignored for the present 
purpose. Accordingly, we shall assume that the equations in the 
system are independent. 
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It is clear that, if a linear system in s independent variables 
contains s equations or more than s equations, the equations can 
only be satisfied by having 


and then 





u = constant 


is obviously the only integral of the system. Having disposed of 
systems for which > s, we shall now assume fjb<s. 

The equations are independent ; but it may be necessary to 
associate other equations with them, arising as consequences of 
their coexistence or as conditions of their coexistence. It is clear 
that, if the equations 

possess a common integral, it makes the left-hand sides vanish 
identically ; and therefore the equations 

= 0 , = 0 , 

and so also 

Am A<f^ = 0 , 

are satisfied for that common integral ; that is, the last equation 
coexists with — ^ and An{u)—0, when the two latter are 

members of a linear system. But the new equation is found also 
to be linear in the first derivatives of u: for the coefficient of 

in Am{Anu) is ajbm«zn + when k and I are different, 

and is aimCbin> when k is the same as 1] and the coefficient of 

- — ^in AniAmu) is when k and I are different, 

OXji OXi 

and is ain cUrm when k is the same as I : thus the derivatives of u of 
the second order disappear, and only derivatives of the first order 
remain. The equation is 

0 = Affi (^AjiU^ — • An 

= t (««»)} 1 ^. 

r=l 

Now this equation may be evanescent, because the coefficient of 
each of the derivatives of u vanishes. Or it may be satisfied in 
virtue of the original set, as a linear combination of them ; it then 
is not a new independent equation, and consequently it need not 
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be taken into further account. Or it may be not evanescent, and 
not a linear combination of the original equations, and yet it must 
be satisfied ; then it is a new equation, and it must be associated 
with the system. 

Similarly for any pair of equations in the system. Suppose 
that, by taking all possible pairs, r new equations are obtained so 
that there is a system 

= ..., A^(u) — 0, A^+i(u) = 0, ..., A^+r(u) = 0. 

Again we must take all possible pairs ; clearly it will be sufficient 
to take each of the first /x with each of the last r, and all possible 
pairs of the last r ; all new equations are to be retained. And 
so on, until the process either provides no new equation or until 
the number of equations has come to be s. The latter case has 
been dealt with. When the former case occurs, the number of 
equations being less than s, the system at that stage is called a 
complete linear system. Manifestly, when there is only one de- 
pendent variable and there are several linear equations, we have to 
deal with complete linear systems. Moreover, the only systems of 
this type that require consideration are those in which the number 
of independent equations is less than the number of independent 
variables. 

38. Two properties, possessed by complete linear systems, lead 
to simplification in the analysis : they must be established. 

In the first place, when a complete system is replaced by another ^ 
which is its algebraic equivalent, the new system is complete. Let 
a system 

Ai(a) = 0, ..., A^(u)=^0, 
supposed complete, be replaced by a system 
Bi(u) = 0, ..., B^(u) = 0, 

where 

2 ^mnAn(u), 
n=l 

for m=l, ..., yx, and the quantities are functions of the 
variables a?i, Xg such that their determinant does not vanish. 

It is clear that the quantities An(u) are expressible as linear 
combinations of the quantities B^{u)) so that, algebraically, the 
two systems of equations are equivalent to one another. 
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To decide whether the new system is complete or not, we 
construct the quantities Bm,(Bnu) — Bn(B^u) ; and we have 

Bm{BnU)-Bn{BmU) 

= i \imrAA 2 ^ ^ S UAr{u)\] 

r=l L U'=l JJ t=lL [r=l JJ 

= 2 2 ^ni AMi^)+ S (,nrAr{^ni)Ai(u) 

r=li=l r=lt=l 

- i i Ur^nUiiArU)- S S (U) («)• 

r=lt=l r=l 1=1 


Combining the first summations in the two lines, we have 
Ai(Aru) — Ar(Aiu) as the coefficient of fmrfmj this quantity is 
a linear combination of the quantities Ai{u), Afj.(u), because 
the system is complete : hence these two summations give a linear 
combination of the quantities A (u). Each of the other two 
summations is actually a linear combination of these quantities ; 
hence the whole expression for BmiBnii) — Bn{BmU) is a linear 
combination of the quantities A (u). Each of the quantities A (u) 
is a linear combination of the quantities B (u) ; when the values 
are substituted, we find that — Bn{Bjnu) is a linear 

combination of the quantities B (u). As this holds for all values 
of m and n, it follows that the system of equations = ...> 

Bf^ {u) = 0 is complete. 

In the second place, a complete system remains complete for 
any transformation of the independent variables. Let these 
variables be transformed by the relations 

Xr-fr{00yy ..., X,), 

for r = l, ..., 5, the functions f, being independent of one 

another. Then 

du _ da df ^ du df du dfg 

dxqf dx-^ dXf dx^ dx^ dxg dXf 

... dn 

for all values of r ; substituting in (u) for the quantities ^ 

we have 

An(u) = An'(t4), 

and An' (u) is homogeneous and linear in the derivatives 
du du 
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As there is no linear relation among the quantities 
there can be none among the quantities An{u): the equations 
A' (w) = 0 are independent. Further, the operation is replaced 
by Any having the modified coefficients : thus 

Aifni^AnU^ — Anii^An = Am (^An 

An (A-th'W) = An (^Am 'M-) = An U)y 

and therefore 

Am (A^i U) ^ An (Aju, V?) = Am An 

= linear combination of Ai(w), Af^{u)y 
= A'{u\...yA;{u\ 

for all values of m and n. Hence the system of equations 
Ai'(i^) = 0, ..., A/(i 6) = 0 is complete. 


39. The first of these properties is used to express a complete 
linear system in a canonical form : the second of them will be used 
in the establishment of the existence-theorem. 


As regards the expression in a canonical form, let a complete 
linear system of m equations be given, involving one dependent 
variable u implicitly through its derivatives and m-\-n independent 
variables x^y . .., Xm-]-n- As the m equations are independent of one 
another, they can be resolved algebraically so as to express m of 

the derivatives of Uy say 

^ dXT, dXm 

remainder ; let their expression be 


, linearly in terms of the 


for f = 1, 


m. 




du jj du 

h 2^ Ugt 5 — 

OOOt «=w+l 


0, 


The system was complete in its earlier expression : hence, by 
the preceding property, it remains complete in the changed 
expression ; consequently 

m 

Bi{Biu)-Bj{Biu)= 2 ^kBk{u), 


where the quantities f do not involve u or its derivatives. The 
left-hand side of this relation is 




2 




{B,{U^)-By{U^)]^^, 
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and it does not contain any of the m derivatives x --, 

(j3Ci 

whereas the right-hand side does contain a derivative ^ unless 

is zero. Hence, in order that the relation may be satisfied, each of 
the quantities fi, is zero; and it then becomes 

m+n 

Now the system is complete, so that no equation of this type is to 
be associated with it which is not satisfied in virtue of Bi {u) = 0, 
..., J5„i(a) = 0; consequently, this equation must be evanescent for 
all values of i and j, and therefore 


This relation involves the independent variables only; hence it 
must be satisfied identically, for all values of j, and s. 

Conversely, if this relation be satisfied for all values of i, j, and 
s, then we have 

Bi (Bju) — Bj (Biu) = 0 ; 

and the system of equations Bi(u)=^0, ..., Bmiii) = 0 is evidently 
complete. Hence we have the formal result : — 

A complete linear system of m equations, involving one dependent 
variable u and m + n independent variables ..., such 

that only derivatives of u occur, the equations being homogeneous in 
those derivatives, can be expressed in the form 


Bt{u)^P+ 2 

dxt dxs 


for < = 1, ..., m; and the conditions, necessary and sujfficient to 
secure that the system should be complete, are the aggregate of the 
Am (m — 1) n relations 

Bi(U,j)-^Bj(U^)=^0, 

for the values of s, and for the combinations of i and j : each of 
these relations must he satisfied identically. 

In consequence of the conditions, the equation 
Bi (Bj u) — Bj (Bi u) — 0 

is satisfied identically, for all values of i and j. A set of equations 
possessing this property is frequently said to be in involution. 

A complete linear S 3 r 8 tem, expressed in the above form, is some- 
times called a Jacobian system. 



40.] 


HOMOGENEOUS LINEAR SYSTEM 


83 


40. The preceding investigation gives the formal conditions 
for the coexistence of the equations : it gives no information as to 
the integral or integrals (if any) of those equations. An existence- 
theorem, similar to those in the preceding chapters, is as follows : 


Let «! , . . . , am+n he a set of values of the independent variables 
in the vicinity of which all the coefficients U, in the complete Jacobian 
system 


Bt(u) = 


du 

dxt 


m+n 

+ 2 







(^ = 1, ..., m), 


are regular functions ; then the system possesses n functionally dis- 
tinct integrals, which are regular functions in the vicinity of the 
selected values and which reduce respectively to values ... , 
when x^ — ai,x^ = a^, . .. , = a^n. 


The theorem has been established* when m = 1. The inductive 
method will be used for the general case ; and we shall prove that 
it is true for a Jacobian system of m equations in m -f n independent 
variables, if it is true for a Jacobian system of m — 1 equations in 
+ w — 1 independent variables. 

Accordingly, we make the latter supposition that the theorem 
is true for a complete Jacobian system of m — l equations in 
m 4- w “ 1 variables. For brevity, we make aj = 0, . . . , a^+n = 0 : 
all that would be necessary to secure this result would be to take 


The equation 


B \ (^0 = ^ 

«= OT +1 


possesses m -f n — 1 functionally independent integrals, which are 
regular functions of the variables in finite fields of variation round 
0, ..., 0, and which acquire values x^, ..., Xm-\-n respectively 
at that place ; this is a theorem already proved (§ 29). Of these 
integrals, m — 1 clearly are given by 


U X^y X^, . . . , Xjfi 

respectively; let the remainder be denoted by w = •••, ymfn 

respectively, where 


* In § 29, Corollary. 


(s = l, n), 
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denoting a regular function of the variables in 

the assigned vicinity. Reversing these equations so as to express 
•••> have 

“ ym+8 H" ^i^m+8> 

where is a regular function of the variables x^, ..., x^^, 3/m+i, 
. . . , 2/wH-n in the vicinity of 0, . . . , 0. 

Now let the independent variables be changed from x^, x^y ..., 
x,n^n to x^yX.,y ..., x^, ..., ^m+n ; we know, from the property 

established in § 38, that the new system of equations is complete. 
Also let the result of the transformation on any integral u be 
denoted by v. The effect of the transformation upon (u) = 0 
can be obtained at once : as its 7?i + n — 1 functionally independent 
integrals now are x^y ...yXm, ym+i j • • • , ym+n> which are the aggregate 
of independent variables other than Xiy we have 


For the other equations, we have 

dxi dx{ g--[ dym^g dx^ 


for f == 2, . . , , w, and 


du 


dx. 


= V 


dv dyn 


m+j 8=1 ^ym + s 


for y = 1, . . . , n ; hence the equation Bt (u) = 0 becomes 

m+n Tjqj 

= 2 F.,^=0, 

8=m+\ oys 

with new coefficients Vgt. 


The properties of these coefficients could be deduced from those 
of the coefficients Ugt : they are most simply deduced by the use of 
the known property that the new system Pj (v) = 0, . . . , B^, {v) = 0 
is complete. On account of this property possessed by a Jacobian 
system (it will be noticed that the new system has the form of a 
Jacobian system), we have 


B,(V^)^Bj{Vg,)^0y 

for all values of s andy. Now all the coefficients Vgi are zero, and 
is ^ j hence the foregoing condition is 
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that is, the coefficients do not involve ooi. We also have 

for all values of ^ and j in pairs combined from 2, m, and 
for 6* = 771 + 1, 777 + 77-. The modified Jacobian system is 






dv 

dact 




dv 


= 0 , 


for t = 2, 


Now the last 77i — 1 equations constitute a complete Jacobian 
system, for the necessary and sufficient conditions 

are satisfied ; and they are a system in m + 7i — 1 independent 
variables x^, ym+i, •••, ym+n, the variable x^ not occurring. 

Owing to Bi (v) = 0, it follows that an integral of the system of 
m equations cannot involve x^ in the modified set of variables : 
consequently, every integral of the system of m equations in the 
771 + n independent variables is an integral of the system of 77i - 1 
equations in ia + 77 — 1 independent variables, and conversely. 

The coefficients Vgt in the Jacobian system of 777 — 1 equations 
are regular functions of the variables in the vicinity of X 2 , x^, 

ym+i > • • • j ym+n = 0, . . . , 0 ; for they are polynomial combinations of 
the coefficients Ugt and of the derivatives of ym+i > • • • , ym+n with 
respect to the original variables, all of which are regular in the 
assigned vicinity. By the hypothesis adopted for the systems of 
771—1 equations, the Jacobian system of tti — 1 equations in the 
777 + 77 — 1 variables possesses n functionally independent integrals 
which are regular functions of the variables in the domain con- 
sidered and which reduce respectively to y^+i, •••, ym+n, when 
^ 2 = 0 , . . . , Xjn = 0; let these integrals be 

Vs = ym+s + (l>m.+8, (5 = 1, . . . , 7?), 

where <l)m+8 is a regular function of the variables which vanishes, 
when x^ — O, , Xm — 0. It is clear that no one of the quantities 
Vij ..., Vn contains Xi, so that each of them satisfies 
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Consequently, they are integrals of the Jacobian system of 
m equations. 

Moreover, these integrals satisfy the assigned conditions; for 
we have 

~ <l>m+8 

~ ^m+8 d" ^i^m+8 d" ff>mi-8> 

SO that as <f>m+8 is still a regular function vanishing when = 0, 
,,,, Xm = 0, the integral Vg reduces to x^+g) when we revert to the 
original variables and we make = 0, iTa = 0, ,,,, Xm = 0. 

The theorem is thus true for a complete Jacobian system of 
m equations in m-hn variables, if it is true for such a system of 
m — 1 equations in m + n — 1 variables. It is known to be true 
for a single equation in any number of variables : hence it is true 
generally. 

The existence of n functionally independent integrals has thus 
been established. When m = 1, it is known that an equation in 
n + 1 independent variables possesses n, and not more than n, such 
integrals ; the course of the preceding argument then shews that 
a complete Jacobian system of m equations in m-\-n variables 
possesses n, and not more than n, functionally independent integrals. 


41 . The set of integrals, determined in association with the 
assigned conditions of § 40 and reducing to Xm~\-iy ^Cm+n for 
assigned values of x^, ..., is sometimes called a fundamental 
system for the assigned vicinity. 

As in the case of a single equation, it can be proved that any 
integral can be expressed in terms of any set of n functionally 
independent integrals : and, in particular, the expression in terms 
of the members of a fundamental system is simple. 

To prove the first of these statements, let Wi, ..., denote a 
set of functionally independent integrals of a Jacobian system of 
m equations in m 4- w independent variables ; so that, with the 
preceding notation for the system, the equations 


T ?7«g- = 0. 

aXt 8=m+l ^^8 


for r = 1, . . . , n, and f = 1, . . . , m, are satisfied. Moreover, they are 
satisfied identically, because the quantities do not occur 

explicitly. 
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Now, let 

qi= (^i> ^m+n) 

denote any integral of the Jacobian system : then the equations 


^ ■ ’£’ if.pr-o, 

OXg 




for ^ = 1, m, are satisfied; and they are satisfied identically, 
because yfr does not occur explicitly. Hence all the determinants 



dyfr 

dyfr 

dyjr 

dx,^ *• 


a*m+i’ ■■ 


dui 

duj 

0Wl 


dxi' ‘ “ 

dXm ’ 


^^m+n 

hln 


dUn 

du„ 

dx,' •• 


0^wi+i 



vanish, in association with the integral 


U yjt (^Xi , . . . , Xffi+n) j 

but u does not occur explicitly so that, as the determinants cannot 
vanish in virtue of that integral equation, they must vanish 
identically. Accordingly, some functional relation must exist 
among the quantities yjr, Ui, ..,yUn ; it cannot exist among Wj, . . . , 
alone, for these are independent ; and therefore it must involve yfr. 
Hence it may be taken in the form 

..., Un), 


where f is some function of its arguments. 


We thus have a verification of the proposition that the number 
of functionally independent integrals in a Jacobian system of m 
equations in m + ^ variables is exactly n. 

The form of the function f is not difficult to obtain when is 
given, if we take a fundamental system of integrals for the set 
Ui, ...y Un. In particular, let the latter be Vi, ..., Vny where 
(for 5 = 1, . . . , n) assumes the value Xm+Si when Xi=^ Oi, Xm — am\ 
it is required to determine the functional form g, such that 


(^1 , . . . , Xfny Xm+if ••• f ^wi+n) ““ (^i » ••• > ^n)* 

Let Xi^diy Xm = ctml this equation becomes 

Ctrif •••» ^ni+n) =* > • • • > ^m+n)* 
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This is true for all variables independent of one another; and 
therefore 

^(ai, Vj, Vn)=-g{Vu Vn), 

so that 

^ (^1 > • • • > ^vn ) ) • • • > n) ^ ^ (^i > • • • > > • • • > ^w)> 

being the required expression in terms of a fundamental set of 
integrals. 


Corollary. When the preceding results are combined, the 
following existence-theorem is obvious : — 

Let Ui, ..., Um+n « set of values of x^, ..., x^n^n such that, 
in their vicinity, all the coeficients U in the complete Jacobian 
system 


for i=l, 7)1, are regular functions of the variables; and let 
h(xn^^^, denote any regular function of its arguments 

in the assigned i^egion of variation, which {exce^^t for the I'equire- 
ment of being 7'egular) is arbitrary. Then an integral of the 
Jacobian system exists, which is a regular fu)iction of the variables 
in the vicinity of ai, ..., and which acquires the value 

h • • • , when x-^ — a^, . . . , x^^ — a^ji. 


42. It is a part of Cauchy’s existence-theorem that an integral 
satisfying the conditions : 

(i) that it is a regular function of the variables within the 

domain of a set of values where all coefficients in the 
above linear equation are regular, 

(ii) that it acquires the value of an assigned regular function 

for an initial value of one of the variables, 

is a unique integral so determined. Hence the fundamental system 
of integrals of the equation 

pi + X 2 P 2 4 - . . . + Xn+i pn+i == 0 , 

required to acquire values x^, x^+i respectively when Xi = ai, 
and to be regular functions of the variables, is unique as a set of 
integrals. 

The inductive proof of the establishment of integrals of a 
Jacobian system shews that, if a set of integrals satisfying the 
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assigned conditions be unique for a Jacobian system of m — 1 
equations, a set of integrals satisfying the assigned conditions is 
unique for a Jacobian system of m equations. The proposition 
just quoted indicates that a fundamental system is unique when 
there is a single equation : hence a fundamental set of integrals is 
unique for a Jacobian system. 

Similarly, the integial at the end of § 41, defined as an 
integral of the Jacobian system 

da jj du .. 

for ^ = ] , . . . , m, which is a regular function of the variables and 
acquires the value of an assigned regular function of 
for initial values of ..., is easily seen to be a unique 
integral determined by those conditions. 

The property of uniqueness of the integrals is thus established 
in connection with the various existence-theorems belonging to 
the Jacobian systems. But it must be remembered that the 
selected initial values of the variables are such that all the 
coefficients Uf^t are regular in their vicinity: and only on this 
hypothesis have the theorems been established. Separate investi- 
gation is necessary for the consideration of integrals (if any) of 
the system in the vicinity of a set of selected initial values of the 
variables, which constitute a singularity or other non-regular place 
of any of the coefficients. 

Two Methods of Integration of complete linear systems. 

43 . Now that the existence of integrals of a Jacobian system 
has been established and that the character of the conditions 
which limit an integral has been indicated, it is desirable to have 
some means of actually constructing the integral, more especially 
if there should be an integral which is expressible in finite terms. 
Two methods seem more direct for this purpose than others : one 
of these is due to Mayer, the other is based upon the actual stages 
in the establishment of the existence of the integrals. 

Mayer’s method has already* been expounded: consequently 
the discussion need not be repeated, but the results will be restated 
for convenience. It is as follows : — 


Vol. I of this work, §§ 41, 42. 
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To obtain a set of n independent integrals 
1 _ 


Jacobian system 


j. 


nt^n 

2 = 

8=m+l 0^8 


for ^asl, m, we tramform the variables ..., Xm by the 
substitutions 

= «« + ( 2/1 - 0)ft {yi, • • • . ym), 

and construct the equation 

|“+T F.,®“=0. 

oy\ 8=m+l ^^8 

The equations subsidiary to this single equation, viz. 


dyi^ 


dXffi+i 


dx,f. 


are to be integrated, keeping y^, ...,y.^as invariable quantities: let 
the n integrals be 


•••> ^m+n) y\i •••> 2/wi) — constant, 

for p=^l, n. Then the set of n independent integrals of the 
Jacobian system are given by the following process: in the equations 

<f>p ••• > Vit Vi* • •• > Vm) ~ {^i> • • • ; • •• > ym)) 

the variables yi, ym to be replaced by their values in terms 
of the variables x^, Xmy and if, in any of the equations, 
<l>p(ci, •.*, Cn, 0, y^, ym) should be a pure constant, the changed 
equation is 

^p > • • • > ^m+n > Xi, .,,, Xm) — •••> Cfi) , • • • , Olm)' 

These n equations are resolved so as to give Ci, Cn {or n inde- 
pendent fumtional combinations of them): let the result of the 
resolutimi be 


•••> •••> “■ Dyty {p — •••> 

wJtere Ci, Cn are n independent functions of c^, Cn-: the n 
integrals of the original system are 

U^Uf^{Xi, Xm,) ^m+l) •••> ^m-j-n)) (p^^y •••> ^)* 

bl’ote 1. The simplest substitutions for the transformation of 
the variables appear to be 

=» at + (yi - tti) yt) 
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for < = 2, m; the quantities Ym+iy Ym-\-n in the subsidiary 
equations are given by 

m 

Y ~ TIgi 4* S Ugi 'yi, 

/=2 

Note 2. If only a single integral of the Jacobian system is 
wanted and not a full set, it can certainly be ob^'^ined from any 
one integral of the subsidiary system. 

Note 3. If any integrals of a Jacobian system are known, they 
can be used to modify the system, so as to reduce the amount of 
integration necessary to complete the set. Thus let 


be known integrals independent of one another, where p <n ; and 
use these p quantities to change the variables from , . . . , to 
(say) Xi, yi, ..., Then as yi is an integral of the 

system, the term ^ must be absent from each equation of the 

modified system : its coefficient must vanish in order that the 

equation may be satisfied. Similarly for , . . . , ^ . Thus there 

will be a modified system of m equations : the variables yj , . . . , y^ 
are of the nature of parameters : it involves m + n — p variables 
cCi, ..., ccm+n-p'i it still is complete. It therefore possesses 
n-~p integrals ; and these can be obtained, as in Mayer’s method, 
by the integration of the n — p subsidiary ordinary equations. 


44. In outline, and as regards the theoretic amount of inverse 
operations (such as integration) that are required, Mayer’s method 
for the integration of complete linear systems is the simplest and 
the briefest : but occasionally, for particular systems, the detailed 
operations can be complicated. An alternative method of pro- 
ceeding is provided by an adaptation of Jacobi’s method of inte- 
grating partial differential equations ; the details of the adaptation 
are almost dictated by the course of the proof of the existence- 
theorem. In details, it frequently is simpler than Mayer’s method, 
though the number of inverse operations is greater : but the mere 
number of such operations, without regard paid to their intrinsic 
difficulty, is not the only trustworthy criterion of practical sim- 
plicity. 
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The method may he described as that of successive reduction. 
Let the system be taken in its canonical form, the first equation 
being 

D . X du ^ .. dll 


m-i-n 

8=m+l 


dXg 


= 0. 


This equation in rn 4- n variables has m + n — 1 functionally inde- 
pendent integrals; of these, m — 1 are evidently given by • •• > 
and the remaining n are provided by integrals of the subsidiary 
equations 


dx^ — 


Ur,. 


Urn 


the quantities x^, ..., Xm being regarded as parametric. If the 
integrals of these subsidiary equations are 

(^ 1 , . . . , ^m+n) = constant, (ft = 1 , • • . , w), 
then the n remaining integrals of (u) = 0 are given by 

U — V/fi {Xi , . . . , Xm+ri) = • 

Every integral of (i^) = 0 is a functional combination of x^y ..., 
Xmy Uiy ..., Un\ the appropriate functional combinations must be 
such as to satisfy the remaining equations of the system. 

We accordingly make X 2 i Xm, Wi, the independent 

variables for the equation B 2 (ii) — 0. If any integral of this 
equation be taken in the form 

^=/(^ 2 , •••, ..., Un), 

which is also an integral of B^ {u) = 0, we have 

Because the system is complete, we have 

B,{B2Ur)-B2{B,Ur)^0; 

but Bi (Ur) vanishes identically, so that B^i^B^Ur) = 0, and therefore 

Bi (BgWr) = 0. 

Hence B^ (Wr) satisfies the equation By {u) — 0 \ it may be zero, or 
it may be a pure constant : if it is neither of these but is variable, 
it is an integral of (w) = 0, and therefore can be expressed in 
terms of a? 2 , ..., •••> Thus all the coefficients in the 

transformed expression of B^ (u) = 0 are functions of the m -f w — 1 
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new variables alone. The equation in this form has m + n — 2 
functionally independent integrals ; of these, m — 2 are given by 
*1 f^nd the remaining n are provided by integrals of the 
subsidiary equations 

, du^ dUfi 

the quantities a?,,, being regarded as parametric. All the 

dc^nominators, if not zero or pure constants, are functions of 
..., let the integrals of this set be 

Vp {x^, Xfp, i/j, . . . , = constant, (p = 1, • • • , J 

th(in the n remaining integrals of B.i(u) — 0 are 

U = Vp (a^, . . . , X^y 'ill, • • • } ^n) ” 

Each of these, as a functional combination of a? 2 , 
is an integral of Bi(u) = 0; and every integral, common to Bi(u) =0 
and B 2 {u) = Q, is a functional combination of x», ..., x^., Vi, ..., Vn* 
The appropriate functional combinations must be chosen so as to 
satisfy the remaining equations of the Jacobian system. 

We now proceed as before : and for the third equation, we 
make x^, •••? the independent variable's. If any 

integral of the equation B^ (u) = 0 be 


we have 


U (f) {X.^y . . . , Xjf^ , Vl, . . . , V^,i\ 


But, as the system is complete, we have 

Bi (B^Vr) = i?3 (BiVr) = 0 , 

B,{B,v,)=^B,{B,v,) = 0, 


because Bi (v^) and B 2 (v^) vanish identically ; therefore Bs (vr) is a 
simultaneous integral of Bi(u) = 0 and B 2 (ii) = 0. Consequently 
B^(Vr) is either zero, or a pure constant, or a function of x^, ..., 
•••> Vn) and the coefficients in the modified form of jB 3 (w )=0 
involve only the variables which occur in the derivatives of </>. 
The position is now the same as in the preceding stage, except 
that the number of variables has been decreased by unity. 

We pass thus from stage to stage: the integrals at the last 
stage are n functionally independent integrals of the system. 
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Note. At first sight, it would appear as though the number of 
quadratures of ordinary equations, required to make the process 
effective, is Trm, being n for each stage. But the number can be 
reduced, often very substantially, except at the last stage when w 
such quadratures are then certainly required. For example, let 

u' {xiy ..., == constant 

be any integral of the subsidiary system of (t^) = 0 : then 
u=u'{Xiy ..., = 18 an integral of = Now for 

any value of we have 

= 0 , 

because Bi{u') vanishes identically : hence Bp(u') satisfies Bi(u) = 0. 
If Bp (u') is not zero and is not a pure constant, it is an integral of 
Bi (u) = 0 ; if it is functionally independent of Uy we may write 

u"=Bp(:u')) 

and we thus obtain a new integral of B^ {u) = 0 without any 
further quadrature, in the case of each operator Bp that leads to a 
result of this type. 

Again, each new integral so obtained may be similarly treated, 
until possibly an adequate number of integrals has been obtained 
at the stage. The reduction in the number of quadratures may 
thus be made by means of the operators in the remaining equations 
of the system at any stage : it clearly cannot be made at the last 
stage when no further operator remains for consideration. 

Further, if Bp{u') is zero, then u' is an integral common to 
Bi (w) = 0 and Bp (u) = 0 ; when retained as a new independent 
variable under transformation of the variables, the integration of 
Bp (u) = 0 will be thereby simplified. 

Again, if Bp(u') be a pure constant, =a say, and if Bp(v')y 
derived from a functionally distinct integral of Bi (u) = 0, be also a 
pure constant, = b say, then 

Bp{bu' — av')=^0y 

that is, bu' — av' is an integral common to Bi (u) = 0 and Bp (u) = 0; 
it can be used to simplify the integration of Bp(u):=0 at the 
appropriate stage. 
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Thus the number of quadratures necessary for the method may 
be considerably reduced ; but even in the most favourable circum- 
stances, their number is greater than the number in Mayer’s 
method. 


Ex, 1. As an example, which will be integrated by both methods, con- 
sider the system 

{z)=Xip^- x^pi+Xip^-x^p^^O, 
X2{z)-=^x^py-x^p^=^0, 

X^{Z)=^X^P2-X2P^^0, 

where for /i- 1, 2, 3, 4. We have 

A I — A 2 (Ai2) = 0, 

X 2 (X^z) - A 3 (A 22 )= 0 , 


so that the system is a complete linear system, being a system in involution. 
When exj^ressed in a canonical form, it is 


$i{z)=pi-^yt==o, 


Adopting Mayer’s method of integration, we make the transformations 
^1 =yi , X2^a2 +yiy2, *^^3 ^3 +yiy3 ; 
and then the single equation to be considered is 


where 


7.?l=o 

3y. 

xr_ yi+.y3(%4-yiy3) 

^4 yi^ + («3-fyiy3)^*^^^ Xi 


The subsidiary equation is 

and an integral is found to be 

W+ias+piPa)^} {(« 2 +yiy 2 )H^ 4 ^}== constant. 

Accordingly, by the theorem quoted in § 43, we construct the equation 

(«3 +yiys)^} {(«2 +yiy2)*+^4^} « «2W, 

the right-hand side being obtained by putting yi equal to zero in the left ; and 
then, replacing the variables ^ 1 , ^ 2 > ^s> we have 
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that is, by the theorem, a common integral is 
A more general common integral is 
where F is any arbitrary function. 


Proceeding by the other method of integration, we obtain an integral, 
other than X2 and ^3, of 

A4 + 

the subsidiary system is 




dxi-\- 


an integral of which is 


:r4 x{^-^x^^ 


{x>^ + ^4^) {xi^ + x/) constant. 


We take x^^ x^^v os, the independent variables, where 

But ^2 (^) = 0} so that the second equation becomes 

'dz _ 

0^2"" * 

and any integral common to the first two equations is a function of ^3 and v. 

We take x^ and v as the independent variables for the third equation. 
But f3(?^) = 0, so that the third equation becomes 


The integral is thus a function of a common integral of the system is, 
as before, 

Z = v = [Xi^ + ^ 32 ) (^ 22 +^ 4 ^)- 


If an integral is required to attain an assigned value g {x^\ when Xi = a, 
^2=6, ^8=c, it is easily seen to be 


z^g 



Ex. 2. Prove that the system 
0 ^Pi + 2^1^92 + 3i72P3 + it>6 + X^Pq , 

0 =^ljPl + 2^’2P2 + + ^6j»6 + 

0 = - 20 : 2 ) + (ari^2 - -^a) P2 + ^^iX^Pz + (^4 • 2^6 - ^e) i?4 + ^6^6 , 

is complete : and find a system of three common integrals. 
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Complete linear Systems that are not homogeneous. 


45 . The complete linear systems that have been considered 
are homogeneous in the derivatives of z\ and the dependent 
variable does not explicitly occur. But it is possible to have 
complete linear systems which are not homogeneous in the 
derivatives and in which the dependent variable does occur 
explicitly. This class of equations is a very special example 
of a system of simultaneous equations and can be treated by 
the general method devised for general systems : the equations 
can, however, be more simply treated by being included under 
the class already considered. We take a new dependent variable u 
such that 

u-=u{z, a?!, ..., ^n), 

and we transform the equations by means of relations 


du du 


= 0 : 


the transformed equations are homogeneous and u does not occur 
explicitly. These are amenable to the method already explained : 
the conditions of coexistence are at once obtainable ; and integrals 
will be given by equations 

u = constant, 

provided u involves z. 

Note. The same warning must be applied about linear non- 
homogeneous systems as was applied to a single non-homogeneous 
equation (§ 35). The method does not necessarily give all the 
integrals of such a system, for it may fail to give those which 
belong to the residuary class called special. 


46 . The conditions of the coexistence and the completeness 
of the system can be easily obtained from the transformed system. 
Thus let a given linear system be expressed in the form 

Ei{z) = pi+ 2 anp, =Zu 
«=m+l 

m-\-n 

{z) = ^2 2 ClnPg = ^ 2 » 

«=m+l 


m+n 


•=m4-l 
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and consider the system 


AW + T 

.=m+l 3^. 

„ , , 9 m 9 m 

-Dj(m) =5 h Z ««5— 

9^a 


+ ^.|= 0 . 


[ 46 . 


Bm{u) = 


du 

dXff, 


"T 

8=m-\-\ 


^dxo 


= 0, 


the quantities ax#* and Z being functions of z, ..., x^. The 
conditions of completeness of the latter system are 

i^sj) — (^^«)> 

B,(Zj)=^Bj(Z,\ 

for all pairs of values i, , rn, and for 5 = m + 1, . . . , m + ?i. 

But for any value of r, we have 

Br = Er + Zr~-^. 


as a relation between the operators; thus the above conditions 
become 


Ei (a^) + Z, = Ej («„.) + Zj^-^, 




for all pairs of values j= 1, m, and for 5 = m + 1, m + n. 
These are the conditions, necessary and sufficient to secure the 
coexistence and completeness of the system. 

We know that the system of equations (z^) = 0, . . . , B^. (u) = 0, 
being a complete linear system of m equations in m + n + 1 
variables, possesses + l functionally distinct integrals. Let a 
set of these be taken in the form w,, ..., w^+n some of which will 
certainly involve z ; then any integral of the transformed system 
can be expressed in a form 

and its most general integral will be obtained by taking / as a 
completely arbitrary function. It is also obvious that an integral 
of the original system will be provided by an equation 



46,] 


EXAMPLE 


99 


if u is an integral of the transformed system which involves z\ 
hence a very general integral of the original system will be 
provided by the equation 

f{u,, z^»+i) = 0. 

But for reasons similar to those adduced for a single equation in 
§ 35, we are not in a position to declare (and it is not, in fact, true) 
that every integral of the original system of equations is included 
in the equation / = 0 for an appropriate form of /. 

As the quantities Ui, ..., necessary for the construction of 
the function /, are simultaneous integrals of the system Bi {u) = 0, 
. . . , Bm (u) = 0, it is clear that either of the two methods (in §§ 43, 44) 
effective for the construction of Un^i can be adopted. 

Ex. Let it be required to find whether the equations 

+ + « =0, 

X 2 Pi-XiP 2 ’\’Zpi +.t73==0, 

have any common integral. 

Expressing these equations in the form 

, X 2 Z-XiX 3 XiZ-{-X 2 Xti 

^13 + ^2^ ~ ^’3 

and applying the conditions of the text, we find them satisfied : hence the 
equations coexist, and they form a complete system. 

To obtain the general common integral, we construct the equations 

du X 2 Z-X 1 X 3 du + 

()xi’^ x{^-\-x^ dxs Xi^ + X 2 ^ dz~ ’ 

du X1Z+X2XS du X2Z-X iX^ 
dX2 Xi^-^X2^ dxs Xi^i-X2^ dz * 

which aie a Jacobian system. It possesses two functionally distinct integrals ; 
these are found, by the processes previously explained, to be 

UssUi—XiX^‘\-X 2 Z, U=^U 2 — X 2 X^-XiZ, 

A general integral, common to the two original equations, is given by 

X\X^'^ X 2 Z — ^ ('372,2^ ■“ ^l^)j 

where is an arbitrary functional form. 



CHAPTER IV. 


Non-linear Equations: Jacobi’s Second Method, 

WITH Mayer’s Developments. 

For the material of the present chapter, reference may be made to 

Jacobi’s posthumous memoir, “Nova methodus integrandi,” Crelle^ t. lx 

(1862), pp. 1 — 181, Oea. Werke^ t. v, pp. 1 — 189; to Mayer’s memoir, “Ueber 

unbeschrankt Differentialgleichungen,” Math. An?i., t. v (1872), pp. 448— 

470; and to Imschenetsky’s memoir “Sur I’intdgration premier ordre,” 

Orunei'ta Archiv^ t. L (1869), pp. 278 — 474. Mention should also be made of 
Mansion’s treatise Thdorie des equations aux deriv^es partielles du premier 
ordre” (1876), Book ii; and of the exposition given in chapters vi and vii of 
Goursat’s treatise, already (p. 55) quoted. 

47. We now proceed to deal with single equations, and with 
systems of consistent equations, of the first order and of general 
degree in the derivatives : clearly no generality is lost by assuming 
that the equations are irreducible. It will be sufficiently obvious 
from the discussion in the last chapter that the construction of an 
integral of the equation or of the system of equations is a process 
of several stages, differing in this respect from the usual construc- 
tion of an integral of an ordinary equation ; and the difficulty, in 
general, is the discovery of the effective inverse operations that 
lead from stage to stage. 

Now, whatever equation or equations may be assigned for the 
determination of the value or for the limitation of the form of a 
dependent variable, one permanent relation subsists between a 
number of independent variables ..., a dependent variable 
Zj and the derivatives jJi, ...,pn of the latter: the relation is 

dz^JPidXiA" ••• A" 

The quantities Pn are themselves dependent variables and 

consequently are functions of but it frequently happens 
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that they arise as functions of Xny z, the last variable not 

being explicitly known in terms of the independent variables. 
Also, there must be only a single functional relation between z, x ^ , 
..., Xny so that the integral equivalent of the preceding differential 
relation is effectively a single equation among the variables : 
consequently, the differential relation must be an exact equation. 
The conditions necessary and sufficient to secure this result are 
known*: in the present case, they are 


dp^ 

dXffi 


dpm 

dXa 


+ p, 




- n = 




dz 


= 0 , 


for the ^71 (fi — 1) pairs of values of m and ^ from the set 1, ..., n. 
Let 

A A 

dXf, dxp ^^dz' 

(i 

so that yy is the complete derivative with regard to Xp, account 

being taken of the explicit occurrence of Xp as well as of its 
implicit occurrence through z: the necessary and sufficient con- 
ditions become 

^ dpj n . 

dXifn dXp^ 

and these conditions apply, whatever be the quantity z and how- 
ever its derivatives pi, pn may be determined. When they are 
satisfied, the relation 

dz = pidxi + ... -h pndxn 

is exact : when an integral equivalent is obtained by the recognised 
processes of quadrature, that equivalent is an integral relation 
between z, Xi, ..., Xn. 

Now there are n of these derivatives of z : when regarded for 
the puiq)ose of quadrature, they will most generally be determined 
by n equations 

Fi^O, = ..., Fn = 0, 


where Fi, Fn will be assumed to be n regular functions of 
Xi, ..., Xny z, Pi, ..., which, so far as they involve pi, ...,pn, 
are functionally distinct; consequently the Jacobian 

fFi, ...yFn 


Vpi, ...,Pn/ 


Part I of this work, § 11. 
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does not vanish identically. In that case, the n equations can 
be resolved so as to give expressions for as regular 

functions of Xi, z: when these expressions are substituted 

in the equations, the latter become identities. Taking two of 
these equations, say = 0 and F^f = 0, thus turned into identities, 
we have, on differentiating with regard to 

d Fr ^ I dFr dp^ ^ ^ 

dxjfi dpfi dXffi 

dF ^ ^ dF f dpfi __ ^ 

dxjf^ ^Pn dXfff, 

and therefore, on the elimination of , 

dxm 


4 . 2 ^Pit = 0 

dXffi dpffi dXfn dp,n, Pm) d^m 

This holds for each value of m ; taking it then in succession for 
each value of m, and adding all the left-hand sides together, we 
have 

m=l ^Pm dXf^ dptnJ m=l fi=l ^ Pm) dx^ 

The last double summation can be modified : the terms for which 
/Lt = m do not occur : taking a pair of values for p and m from the 
set 1, ..., n, and combining them, the summation may be written 

d{Fr, F, ) fdpj^ _ dp^\ 

{Pfif Pm) \dXfn, dXfi ) 


Moreover, it is convenient to use a symbol to denote the first 
summation : we write 


[Fr.F,]^ S ( 

m=l \ 


dFr ^ 

dXm dpm 


and the equation now becomes 


dFg . 
dxm dpj ’ 


[Fr.F,]^i 


m 


d( Fr,F.) 

9(P»..P«) 




This holds for all combinations of r and s from the set 1, w. 
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Significance of the Jacobian relations. 


48. Two inferences can be drawn from this aggregate of 
relations. 


In the first place, the quantities j9i, ..., as determined by 
the equations = 0, . . . , Fn=0, have thus far merely been re- 
garded as variable magnitudes : but, in addition, they are to be 
derivatives of z. The conditions, necessary and suflficient to secure 
this last property, are 

Q . 

dxffi dx^ 

hence we have 

[Fr. ^J = 0, 

for all values of r and s. These equations, — 1) in number, 
are thus a necessary consequence of the hypothesis that the quan- 
tities p are the derivatives of z. 

In the second place, if these |^n(n — 1) equations are satisfied, 
then the quantities pi, ..., pn> determined by the equations 
= 0, . . . , = 0, are the n first derivatives of z with regard to 

Xi, ,,,, Xn. Assuming the equations to be satisfied, the foregoing 
aggregate of relations becomes 

a {Fr, F, ) fdpj, _ dj^\ ^ 

iPfi} Pm) \dXm dx^j^j 

for all combinations of r and s. We thus have Jri(n--l) equa- 
tions, homogeneous and linear in the — 1) quantities 


dpm 

dxm dXfj, * 

Taking the equations in the form 

^ ^ ^ f ^ 

/x=.l nt = l ^Pfi ^Pm \dXjfi dXft.) 

which is only a rearrangement, and writing 
•c “^^8 ( dpti dpm\ 

we have 


5 dFr 
op^ 


= 0. 


This equation holds for all values of r and of 8 : taking one value 
of Sy and the n values of r in turn, we have n equations which are 
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linear and homogeneous in u^g. The determinant of 

the coefficients does not vanish, for it is the Jacobian of the func- 
tions Fi, Fn with regard to hence 

Ufjg — 0 , 

for all values of fi and 5, that is, 

” _ dpjn\ ^ Q 

m = l ydXrti 

Taking the n values of s in turn, we have n equations which are 
linear and homogeneous in the quantities 

dpp. dpn 
dtjo-^ doo^j^ dso-fi doo^ 

the determinant of their coefficients does not vanish, for again it 
is the Jacobian oi F^, .... F^ with regard to jt>,, hence 

dpy. dpm Q 
dx^n dx^ ’ 

for all values of m and p. These conditions have been proved 
necessary and sufficient to secure that the quantities p are deriva- 
tives of z ; and they are a necessary consequence of the equations 

which therefore are sufficient to secure that the quantities p are 

derivatives of z and that, when their values given by = 0, . . . , 

= 0 are substituted in the equation 

dz — pidxT,‘\’ ... -\-p^dxn, 
this equation is exact. 

If, in particular, z does not occur explicitly in any of the 
equations F—0, then 

^ = . 

dXffi 

the equations become 

" /dFr dFs dFr ^ Q 

»i = l ^Pm ^Pin 

and these are frequently represented by the form 

(Fr.F,)^0, 

Note. All these conditions will equally be required if the equa- 
tions determining pn occur in the form 

= (Tj, , . . , == On, 

where Oi, are constants. 
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49. Again, suppose that 1 equations, involving pi, 

. . . , are given. Let them be 

1 = 0, . . . , (?«+! = 0 ; 

they can be regarded as determining w 4- 1 quantities z, .-.y Pn 
in terms of We proceed to shew that the conditions 

[Gr, = 

for all combinations of r and s from the set 1, ..., n + 1, must be 
satisfied, if quantities z, p^, . . . , are so related that 

dz _ ^ . 

also, that the conditions specified suffice to secure these relations. 


When the values of z, p^, are substituted in the equa- 

tions (j = 0, each of them becomes an identity ; and therefore we 
have, from any equation Gr = 0 after the substitution, 


dG^ d^^ I 

dx„t dz dxm ^=1 dp^ dxm 

so that 

dGr dGr dGr 

^ + +-^ 




or writing 


d d d 


for all values of m, we have 


dGr , W 1 z= 0 

dxm dz V0ir,^ ^”7 ^=idp^dxm~ 


Similarly 


d^, 

dx, 


Jot dz Wot ^7 ^ = dXm 


dG dG 

Multiplying the former by ^ , the latter by ^ , and subtracting 

^Pm ^Pm 

we have 


dXfn, dpm dx^n ^Pm \ ^Pm “^Z dpm' ) 

+ s g(gr.6.) ap. _o 

M=1 9 {p^, Pm) Sa^OT 
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4 . X 2 -0 

wi=l /Li=l 9 Pm^ 


Summing the left-hand sides of this equation, taken for all the n 
values of m in succession, we have 

wi=l \d^m ^Pm ^Pm' 

4_ V ^ ( ^r, O s) I dz _ \ y I ^(^>‘> ^e ) ^ ^ A 

nZl d(z,pm) \d00m ^ / m = l d (p^, Pm) 

or, again using [Or, Og] to denote the first summation, we have 

' m = l d(z,Pm) Wm m=\ = l d {p^, pj) doOm 

The last summation can also be written 

I V ^ • 

m 5= 1/1 = 1 W^w dWfiJ 

and therefore we have 

»» = 1 /ui=l ^jP/1 ^Pm dJOfj^J 

If then the quantities z, p^, ..., pn, determined as functions of 
Xi, ..., Xn by the n4 1 equations 0 = 0, be such that their values 
satisfy the relations 


for all values of m and p, then we must have 

[G„GJ = 0; 

and this holds for all combinations of r and 5 . 

Conversely, if the relation holds for all the values of r and s, 
then the values of z, pi, ..., p„, as given by the equations 0 = 0, 
are such that the quantities p are equal to the derivatives of z 
and satisfy the necessary relations of the foregoing type. When 
[Or, = 0, the equation becomes 

« d (Or, Ob) ( dz dOg (dp^ dpm\ __ ^ . 

m=l 3 Pm) Wm m=l /i=l dp^ dpm Wm dx^J ’ 

or, if we write 


dOr t dz 


dz \dXrn ^ 
^ dOrldz 


+ 2 — 

/ 1=1 SPm dxj ’ 


«i dp-m 
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dGg 


4 dO, 

m=l Gpm 


. = 0, 


for all values of r and s. Taking the n -f 1 values of s in succes- 
sion, and keeping one and the same value of r, we have n + 1 
equations, homogeneous and linear in the w 4- 1 magnitudes 
•••> The determinant of the coefficients of these magni- 
tudes is 

T -•> ^n-n \ 

U, Pi, ’ 

which does not vanish, because the w 4 1 equations ff = 0 are 
presumed to determine z, piy Pn as functions of the other 
variables; hence all the magnitudes Vr, Wri> •••> vanish, that is, 


dp^ \dx^ 


= 0 , 


^ (IL _ 59 
ds [da!„ 


« dQr(^ 
ft=l ^Pm Wm 


dXfi, 



the former holding for all values of r, the latter for all values of r 
and of m. Taking the latter for a single value of m and for all 
the values of r, we again have w 4- 1 equations, homogeneous and 
linear in the w 4- 1 magnitudes 


dx^ dxm 


^Pn ^Pm 


one of which is identically zero; the determinant of the co- 
efficients again is the Jacobian of Oi, (?n+i with regard to 
z, Pi , Pn, and so does not vanish : hence the n 4- 1 magnitudes 
are zero, that is, 

=0 ?2!i-^ = 0 

diCm ’ 9*j» 


Next, taking all the values of m in turn, the other set of equations 


n 

2 

l» = l 


dGr I dz 



is satisfied without providing any new condition : accordingly, we 
have the relations 

n =z — ^ ^ 

dxm' dxm dx^' 


as a necessary consequence of the equations [Gn Gg] = 0. 
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Note. It will be noticed that, if the n equations 

i^n = 0, 

satisfy all the conditions [Fry jPJ = 0 necessary for coexistence, the 
determination of a value of z which satisfies them all requires 
resolution of the equations and a quadrature : while, if the + 1 
equations 

= ..., (?n+i = 0, 

satisfy all the conditions [Ory (rj = 0 necessary for coexistence, the 
determination of a value of z which satisfies them all requires reso- 
lution of the equations only. The former case could be changed 
into the latter by the provision of an additional appropriate equa- 
tion : this appropriate equation is actually provided as the result 
of the necessary quadrature, with the added advantage that it 
gives a relation between z and the variables .r,n, free from 

the quantities . . . , jpn- 

50. These two theorems lead to various issues, as regards the 
solution of a single equation and of a system of compatible equations. 
We shall deal with the latter first. 

Accordingly, we suppose that several equations 

Fi=0, ...,F, = 0 

are given : after the foregoing explanations, we can suppose that 
s is less than n. It may also be assumed that these equations are 
algebraically independent of one another and, at this stage, that 
they involve all the variables concerned: also, that it is not 
possible to eliminate z.p^y ..., pn from among them, so as to lead 
to a relation among the independent variables alone. In order 
that the given equations may coexist, it is clear from the preceding 
analysis that the further equations 

[FiyF.^^O 

must be satisfied, for all combinations of i and j from the set 

1 , ..., 5 . 

One, or more than one, of these further equations may be 
impossible: the original equations cannot then coexist as deter- 
mining a function z of a?i , which satisfies = 0, . . . , J’, = 0 

simultaneously. The case requires no further consideration. 

One, or more than one, of the further equations may be satisfied 
identically: no condition is thereby imposed upon the system. 
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Similarly, no condition is imposed upon the system when any one 
of the further equations is satisfied in virtue of the original 
equations. 

But it may happen that one of the further equations is not 
satisfied, either identically or in virtue of the original equations, 
and yet it must be satisfied : it is a new equation, which must be 
associated with the original system. Each such further equation, 
not satisfied either identically or in virtue of the original equations 
or in virtue of the newly associated equations, must be associated 
with the system : let the additional aggregate thus provided be 

each of which, as representing a relation Fj'\ = 0, is an equation 
of the first order. 

In order that these may coexist with the original system and 
with one another, each of them must be combined with every other 
and with every member of the original system in the relation 
[Fiy Fj\ — 0. Any new equation thus arising is associated with 
the increased system : and the process is repeated until the system 
is so amplified that the relation is satisfied either identically or in 
virtue of the equations in the amplified system. Such a system, on 
the analogy of the earlier and simpler case in Chapter ill, is called 
complete : if it be denoted by 

the relation [Fi, Fj] = 0 is satisfied for every combination of i and j 
from the set 1, ..., m, either identically or in virtue of the members 
of the complete system. 

If the original system should be such that z does not occur 
explicitly in any equation, the relation [Fi, Fj] — 0 becomes 
(Fi, Fj) = 0 ; and then the complete system is 

= ..., Fnt = 0, 

being such that the relation (Fi^ Fj)==0 is satisfied for every com- 
bination of i and j from the set I, . . . , m, either identically or in 
virtue of the members of the complete system. Moreover, z does 
not occur explicitly in any member of the complete system : for it 
is not introduced by any of the relations (Fi, Fj) = 0. 
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51. In § 22, it was established that the equation 

f{x,, ZyPu ...,;)n) = 0 


possesses an integral with one or other of the assigned initial 
conditions for one of the values =ai, except for 

such values (if any) of the variables as satisfy /= 0 and also 




If these equations can coexist, we must have 



for all values of /i, r, s, in connection with the -f- 1 equations. 


The former condition is 


V 

m=l 


dXm dpm \dp, 


\dpj dpm dx 


= 0 ; 


but = 0 for all values of m, and thus the condition is 
opm 

m«l dx^ dpmdpp, ' 


for all values of p, so that we have n relations, homogeneous 
and linear in the n quantities ^ , . . . , . Suppose now that, 

if the equations ^ ~ • • • » ~ ^ coexist with /= 0, they 

determine jpi, ..., Pn> so that 


/¥ K\ 

N « / 


Pu -^^^Pn 

is not zero ; then the preceding n relations can only be satisfied by 


that is, by 


dx^ ’ 


for m = 1, 71. These are n additional relations: they must be 

satisfied by the values of pi, p^ z, provided by the /i+l 
equations. 
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It is easy to see that these relations must be satisfied whether 

^ = 0, . . . , = 0 are independent of one another or not, qu^ 

equations in p,, For the value of z, and the values of 

pi, ,..,pn deduced from it, must make /= 0 satisfied identically 
when they are substituted : hence 




that is, 


^ + v ^=0 


for all the values of m, which are the conditions in question. 
The other set of conditions is 


I riAm 

jn=l \dprJ 


^Pmdps 


^fdfW ay 


K^PsJ) dpmdp, 


- = 0 , 
r>rj 


equations /= 0, ^ = 0, . . . , ^ = 0, determine pi 


for all values of r and s. 

When all these conditions are satisfied, and when the n + 1 

,pn,z as 

functions of Xi, ..., the value of z is certainly an integral of the 
original equation /=0. Clearly, it then is not capable of obeying 
assigned initial conditions: for it possesses no arbitrary element 
which is at our disposal. 

Such integrals are of the class usually called singular ; we shall 
recur to them later. When they exist, they result from the 
elimination of pi, ..., pn between 

/■=o ^ = 0 -^=0 

^ dp, •••’ dp„ 

Ex. 1. As an example, we may take 

f=-z+Xipi + ...+x,'p,-^-g{pi, ...,^,)=0; 

the additional equations are 

+-^-0 

SO that evidently g must involve all the quantities p,, ...,Pm- The relations 

3/ . _ 9/ o 
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[51. 


are satisfied identically ; likewise the other set of relations. Moreover, the 
fonn of g is known : hence, eliminating jOi , from the equations 

/=0, (w=l, ..., w.), 

the value of z given by the resulting equation is an integral of the original 
equation. But it contains no arbitrary element. 


Ex, 2. It must not be supposed that elimination of jOj, ..., is always 
possible among the w+1 equations. Taking w = 2, a simple instance is 
provided by the equation 

/= ipx + qy- zf =0- 

All the equations 

3 /_ 


and all the relations 


/■=0 '^^=0 ^=0 

J dp ’ dq ’ 

?/* ^ r. 

dx'^^dz~^’ dy'^‘^dz~^’ 


ax \dp } dp \dq ) dx \dq ) dp \pp j 

A. i. ?. AA 1 A/\ 

dy \hpj dq \dqj dy \bq) Zq \dp/ 


= 0 , 


are satisfied by the two equations 


X y x^-\-y^— 1 ’ 

attempted elimination gives no further equation. An integral for the particular 
example is clearly given by 

z'^~a{j(^'\-y'^- 1 ), 

where a is an arbitrary constant. 

To equations having integrals of this kind, we shall recur later. 


The Combinants (F, 0\ [F, G]: Some properties. 

62. Before passing to the further consideration of a complete 
system of given equations, it is convenient to note a property 
of the operation, represented by {F, (?) when F and 0 do not 
involve Zy and by [jP, (?] when F and G do involve z. 

Let Fy Gy H be any three independent functions of 2n quantities 
0 ?!, Pn] then it is not difficult to verify that the 

equation 

((Fy 0)E)^{(Gy H)F)-^{{Hy F)G)^0 
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is satisfied identically. From this identical relation, one inference 
can be made at once. Let m = <^, and u = ylr, where <f) and yjr are 
functions of ajj, jOj, ..,,pn,he two independent integrals of 

(^, w) = 0, 


which is a homogeneous linear equation in u ; then 

(F, <^) = 0, (F, V^) = 0, 

both equations being satisfied identically. Hence 

((F, i>) Vr) = 0, ((Vr, !’)<#>) = - {(F ir) 4 ,) = 0, 

and therefore 


that is, 
Thus, taking 
we have 


{{4>, ■<lr)F = 0, 
ir)) = 0. 


{F, u)= 0 . 


Now (<^, yfr) may be zero identically, or it may be a pure constant : 
in either case, the equation u = ((j>, yjr) gives a trivial (and negli- 
gible) integral of the differential equation. But if (</>, yjr) be a 
variable quantity, then u — (<^, y[r) gives an integral of (F, u) = 0 ; 
and if it be distinct from <f> and fi*om yjr, it is a new integral. We 
therefore have the theorem* ; 


Ifu = ip and u — yjr are integrals of the equation 

(F, u)==0, 

then u = (0, y\r) also satisfies the equation : and if ((/>, ^/r) he a 
variable quantity distinct from <j> and from yfr, then u ==(<!>, yjr) is a 
new integral of the equation. 

Another mode of stating this result is as follows : Let /j = 0, . . . , 
fm = 0 be a complete system of equations which do not involve z 
explicitly, so that the relation 

(/r,/.) = 0, 

for all values of r and s from the set 1, ..., m, is satisfied ; and let 
u —0 he an integral of the homogeneous linear equation {f^ u) — 0. 
Then if the relatiori (fufr) == 0 is satisfied identically, the quantity 

* The theorem is customarily associated with Poisson’s name. It was used by 
Jacobi without explicit indication of the limitations, though he uses it only generally, 
not universally: see Jacobi, Ges. Werhe, t. v, pp. 49, 50. 
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u s= (/r, 6 ) also satisfies the equation (/,, u) = 0 ; and it is a new 
integral of that equation if being a variable quantity, it is function- 
ally independent of 6 , 

The result is derived, on the lines of the earlier explanation, 
from the relation 

((/i> /.) 0) + ((/r, e)f) + {{6, f)fr) = 0. 

For (/i, 0) = O identically, and = 0 identically, so that 

((/i, fr) 0) = O and ({0, f) fr) = 0 : thus u ~ {fr, 0) satisfies the 
equation {f, u) = 0. 

The relation {f , /^) = 0 must always be satisfied ; but if it is 
satisfied only in virtue of equations of the system, the inference as 
to the significance of {fr, 0) cannot be drawn. 

53. Next, let f g, h be any three independent functions of 
2w+ 1 magnitudes Xi^, ..., x^, z, pi, ..., jo,*; then it is not difficult 
to verify that the equation 

[[/. 9]h] + Uim + A] -|[A,/]-|[/,^] 

is satisfied identically. 

A corresponding inference can be drawn from this identity: 
but it is not so completely useful as in the former case. Let ^ 
and u — yft, where <f> and are functions of Xi, ..., Xn, z, pi, ...,pn, 
be two independent integrals of 

[/, ^] = 0, 

which is a homogeneous linear equation in u : then 

[/. [f.^|r] = 0 

are satisfied identically. Hence also 

[[/. <#>] = 0 , [[^, /] ^] = - [[/, 0 ] = 0 ; 

therefore, taking <f>:=^g and yjr^h in the above identity, and using 
these relations, we have 

[W. = t]. 

or, writing 
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Thus, in general, m = » = [<^, •^] does not satisfy the equation 

[/, m] = 0; 

and thus, in general, a new integral of that equation is not obtained. 
If, however, f does not explicitly involve z, so that ^ is zero, then 

[/. «] = 0 ; 

hence u — v satisfies the equation. As before, [</», may be zero 
identically, or it may be a pure constant : then u = v gives a 
trivial (and negligible) integral of the equation. But if [<^, yjr] is 
a variable quantity, then u = [<^, is an integral of the equation : 
and it is a new integral if distinct from <f> and from yjr, that is, if 
it is not expressible in terms of (f> and of yjr alone. Hence we 
have the theorem * : — 

If u = <f> and u = ^|r are integrals of the equation 

[/. «] = o, 

then u = [</>. ■^] is a new integral of that equation^ only if f does 
not explicitly involve z and if [(f>, yjr] is a variable quantity not 
expressible in terms of </> and alone. 

Another mode of stating the result is as follows : Let /i == 0, . . . , 
f^=z0 be a complete system of equations, soms at least of which 
involve z explicitly, so that the relation 

[/r,/J=0, 

for all values of r and s from the setl, ..., m, is satisfied ; and let 
u^^be an integral of the homogeneous linear equation [/, u] = 0, 
Then if the relation [f, = 0 is satisfied identically and if the 

equation /i = 0 does not involve z explicitly, the quantity u = [fr, 
also satisfies the equation [f, w] = 0; and it is a new integral 
of that equation if being a variable quantity, it is functionally 
independent of 

The result is derived from the same identity as before. Taking 
/== fi> g=fr> h = ^, we have [f, ^] = 0 identically and [/i,/r] = 0 
also identically, so that 

[[/../r]^] = 0. [[/,. ^]/r] = 0: 

* The correct etatement of the theorem appears to have been given first by 
Mayer, Math. Ann., t. ix (1876), p. 870. 
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also == 0, by the hypothesis adopted : thus 

[[/., ^]/.] = o, 

and so w = [/y, satisfies the equation [/j, ?i] = 0. 

The relation [/i,/r] = 0 must always be satisfied: if it is 
satisfied only in virtue of the equations of the system, the inference 
as to the significance of [fry cannot be drawn. 

54. Now the ultimate object of investigations, connected with 
a single equation or with complete systems of equations, is either 
the construction of the most general integral that is possessed 
or the formation of processes effective for such construction. 
Moreover, speaking generally, such processes will be made simpler 
by every reduction in the number of inverse operations to be per- 
formed and by every increase in the number of direct operations. 

It is clear, from the two preceding sets of results, that a direct 
operation for the construction of a new integral of {F-^^ w) = 0 will 
more frequently be effective than a direct operation for the con- 
struction of a new integral of [/j, u] = 0: indeed, the latter is 
effective only when the equation /i == 0 is more limited than is 
generally permitted to the system of equations in which it is 
included. 

We know that it is always possible, by means of a trans- 
formation 

u^u{z, x^y ..., a:n) = 0, 

to remove the dependent variable from explicit occurrence in an 
equation, or in a system of equations, involving only one dependent 
variable : the number of independent variables is, however, thereby 
increased by unity. When the integral xi of the transformed 
system has been obtained in the most general form, which com- 
prehends all its integrals, a general integral of the original system 
is at once deduced from the equation = 0 ; but this general 
integral is not completely comprehensive, for it need not include 
special integrals if any such exist. But as has been seen in the 
case of a single equation, that is non-homogeneous and of the first 
or4er, the processes adopted for the untransformed equation do 
not lead to the special integrals, if any. 

Thus there would appear to be no real loss of generality and no 
real diminution in the number of integrals obtainable, if we pass 
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to a transformed system in which the dependent variable does not 
explicitly occur. On the other hand, there is an added element of 
effectiveness, because the quantity u - {Fry 6) is often an integral 
of (jPi, u) = 0, whereas the quantity u = [fry requires compliance 
with an additional condition in order that it may be an integral of 
[/., w] = 0. 

Accordingly, for the immediate present, it will be assumed 
that the dependent variable does not occur explicitly: hence we 
have to deal with a system of equations 

involving the quantities Xiy ..., pi, ..., p^. We may further 
assume that the equations are linearly independent of one another, 
so that no one of the quantities F can be expressed as a linear 
combination of the remainder with coefficients whether variable or 
constant. And after the discussion in § 50, we shall assume that 
the system is complete, so that the relation 

{Fr. F,)^0 

is satisfied, for all values of r and s from the set 1, m, either 
identically or in virtue of the equations of the system. 

Moreover, after the same discussion, it will be assumed that 
m<n. What is required is a value of z satisfying all the equations 
of the system : in order to proceed by quadratures, other n m 
compatible and independent equations are needed. 

Mayer’s development of Jacobi’s second method. 

65 . There are various ways of deducing the further n — m 
equations that are requisite : one of the simplest of these ways 
is Mayer’s development of what is often called Jacobi’s second 
method. 

The m equations in the complete system 

Fi^Oy Fm=^0 

are linearly independent of one another, in the sense that no one 
of the quantities F can be expressed as a linear combination of the 
remainder: thus there can be no effective functional relation among 
the quantities F, Consequently, the m equations can be resolved 
so as to express m of the involved variables in terms of the rest. 
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In the first instance, let it be supposed that the equations can 
be resolved so as to express m of the variables |>i, say to 

express in terms of all the other quantities involved; 

and let the result of the resolution be denoted by 

Pi-4>i{pm+i> ^1, «?n) = 0, 

or by 

Pi- <f>i^ 0, 

for 1, m. We prove, as follows, that the resolved system of 
equations is complete, the original system being complete : that is 
to say, the relation 

{Pr - <f>r. Pi = 0 

is satisfied, for all values of r and of 8 from the set 1, ..., m. 

When the values <f>u ...» <l>m for pi, ..., pm respectively are 
substituted in all the equations of the original system, each of the 
latter becomes an identity. Therefore 

*=1 ^Pk 

for all values of t = 1, ..., w : that is, 

^ dFf . djph’- <l>k) 

jfcasi dpk 

for all these values. Similarly, we have 

dpj k^idpkdpj 

for the values j = m + l, ...,n; that is, 

dPj kti dpk dpj 

for these values. Also 

—*•=1 dFrd{pk-^k) 

% ^Pk dpf 

for the values /= 1, ..., m, because for each of these values only a 
single term on the right-hand side occurs : hence 

2 ^^r^(Pk — <f>k) 

^Pi *«! ^Pk dpi 

for the values t«l, ..., n. And these results hold for all the 
values r*l, m. 
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Substituting in (jP,, F^, we find 

(W F\- S (^KdF._dFr^\ 
dpi dpidxj 


dpi dpi 

= 222 BF, l a {pt - it>t) d (pi - <f>i) 

•=1 t=i 1=1 a/)* dpi ( dXi dpi 

d{pt-<f>t) a(j?i-<^>) | 
dpt dxt J 

’4 dF^dF,, . , , 

Now (Fr, Fg) = 0, for all values of r and of s from the set 1, . . . , m : 
hence 

for all these combinations of values. Taking the relation for one 
value of s and for all the values of r, we have m equations, homo- 
geneous and linear in the m quantities 

!?i ~ 

for A; = l, m. The determinant of the coefficients of these 
quantities in the m equations is 

\Pu 

which, by hypothesis, does not vanish : consequently, 
dFg 




for all the values of s and k Taking this relation for all the m 
values of s, we again have m equations, homogeneous and linear in 
the m quantities 

{Pk — <l>k> Pi ~ <#>/)> 

for 1 = 1, and the determinant of the coefficients of these 

quantities in the m equations is again 


J f 

\Pi> 


which does not vanish : consequently, 

(Pk-<t>k, pi-(l>i) = 0, 
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THE COMPLETE SYSTEM RESOLVED 


[55. 


for k and ^ = 1, . . . , w. Hence the system of equations 

Pi-<l>i = 0, (i = l, m), 


is complete. 

It is easy to see that the completeness of the system of 
equations 

Pi- 0, 


for i = 1, . .. , m, is of a special kind. The relation 
(Pk-^k. Pi-4>i) = ^» 

k and I having any values from the set 1, ..., m, is 

dxjc dxi dpj dpj dxj) ‘ 


This relation is to be satisfied, and it clearly is not satisfied in 
virtue of the equations 

Pi-<l>i^0, 

for 1, .. , m, because it does not involve any of the quantities 
Pi> Pm i hence the relations for the modified system are satisfied 
identically. 

When the relations, necessary and sufficient to secure the 
completeness of a system, are satisfied identically, the system is 
said to be in involution. The resolved system of complete equa- 
tions is a system in involution, because each of the relations 

{Pk-<f>k> Pi-<i>i) = ^ 
is satisfied identically *. 


Note. Even when a complete system of equations = 0, . . . , 
Fm == 0, is such that z occurs explicitly, a corresponding result is 
obtainable. Suppose that the m equations can be resolved with 
regard to z and to m — 1 of the quantities p, sayjtjj, ...,pm_i, in 
the form 

^-'^ = 0, pi-yjri-O, ..., = 0, 

where yjfi, ..., do not involve z, pi, ..., pm-il then the 
relations 

[pi-^i. Pi-irj] = o, 

Xn-i {pm-i - ■fm-i), Pi “ fi] = 0, 

* Sometimes, for convenience, the unresolved complete system is said to be 
in involution. 
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are satisfied in virtue of the relations 

for all values of i and j. When the quantities 

[p< - pj - fj] 

are expressed in full, they contain none of the variables z, pi, . . . , 
they cannot vanish, therefore, in virtue of the resolved 
equations : hence they must vanish identically. Similarly, the 
quantity 

— yjr — Wi (pi — 'vItj) . . . — iPm—i ■“ Pi ““ ''!'*»] 

vanishes identically. 

The resolved system can be regarded as a system in involution. 

66. In order to obtain common integrals of the system, a 
satisfactory method will be devised if, by its means, other n — m 
equations are associated with the m equations in the system : and 
the remaining stage will be a quadrature with reference to the 
variables the Jacobian of 

Pi — 4*1 > •••} Pm 4*”** '^m+i) •••> 

(where Um+i = constant, . . . , Un= constant, are the additional r? - m 
equations) with regard to pi, ..., pn does not vanish identically, 
that is, if 

j I 

\Pm-\-it •••* Pn) 

does not vanish identically. Accordingly, this method requires 
the determination of n — m equations u = constant. 

Each such equation, as it is to coexist with the equations of 
the given system, must satisfy the conditions which are necessary 
and sufficient to secure the coexistence : that is, it must satisfy 
the relations 

^) = 0, ..., {p,n-4>'nif 

which, in effect, are m equations for the determination of m.- Now 
these equations constitute a complete system of the type con- 
sidered in the last chapter. We have 

m). P,- <!>•)-((?•- <I>: «), Pr “ <l>r)+ {{Pt- Pr- <l>r), «)=0 
identically ; also (p, — 4>„ Pr — <l>r) = ^ identically for all values of r 
and s, so that ((p, — <f>„ p, — «) = 0 : hence 

iPr - <l>r, {Pt-<l>; m )) = ip, - 4>,. (Pr “ «))• 
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[ 56 . 


(jPt - <l>iy u) = Ai (u), 

where -4,* is a linear operator: the foregoing relation becomes 
Ar (Agu) = Ag {A^u\ 

for all values of r and s. This aggregate of relations is necessary 
and sufficient to secure that the system of equations 4li = 

Am, {y) == 0, is complete. 

Written in full, the equations are 


— + S ( 

f = m+l 

^du d<f>i du d(j>i\ 

\Jdpi dxi dxi dpi) 

1H 

1+2 

I 1 

(du d<f>m _ ^ 

[jdpi dsc{ dxi dpi ) 

m 

1 + 2 


f=*m+l ^Pi ) j-\ ^Pj diCj 

a system of w equations in the 2n variables pi, Pn> 

When any integral of the system has been obtained involving any 
of the variables pi, . . . , pm, the relations pi = Pw = </>»«> can 

be used (without affecting its value or its significance) so as to 
remove these variables. In the transformed expression for u, we 
have 

dp, •••’ dp„ 


that is, we may take the m equations in the form 


a--+ i 1 

i=m+l 

fdu d<t>i du d(f>j\ 
Kdpi dxi dxi dpi) 

= 0, 

— + i 1 

dx’m, t=m+l 

/du d4>m du d<f>rrC^ 
'0p{ dxx dx^ dpx / 

) = 0. 


The original system of m equations was complete : the transformed 
system, with the condition that the integrals u do not involve 
Pit •••, pm t is also complete. The number of variables involved is 
2n — m, being pm+it Pn'- so that, as the system for 

the quantity u is now a complete Jacobian system, it possesses 
2n — 2wi integrals*, which are functionally independent of one 
another. 


* It is easy to see that this result comes also from the earlier form of the 
equations for u: that form involves 2n variables, and so there are 2n~m integrals. 
But are seen to be m integrals: and therefore there are 

other 2n-2m integrals. 
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66 .] 

Two limitations are, however, imposed upon these integrals, so 
that not all of them can be retained for our purpose. In the first 
place, the aggregate of n — m equations required must be such 
that 

J •••> 

Pn) 

does not vanish identically. In the second place, let = o^+i 
be an integral of the system : it must involve one or more of the 
quantities and it must be resoluble with regard to 

one of them, because otherwise all the derivatives ^ , . . . , ^ 

^Pn 

would vanish : let the resolved form be 


P»n+i ^m+i “■ 0, 

where involves a^+i- Any other of the 2n — 2m -- 1 remain- 
ing integrals, say v, undoubtedly satisfies 

'v) = 0, ..., (pm v) = 0; 

but, for our purpose of proceeding to the determination of the n 
quantities p, it must also satisfy the relation 

(Pm+i v) = 0 J 

and this relation will not, in general, be satisfied for any one of the 
2a — 2m — 1 integrals, selected at random. Accordingly, it is not 
necessary to obtain all the 2n - 2m integrals of the system though, 
if they are known, they can be used in the construction of t; as an 
appropriate functional combination of the 2n — 2m — 1 integrals 
other than : it is sufficient at this stage to obtain a single 
integral of the transformed system. Denoting this single integral 
hy we resolve the equation Um+i = otm+i with regard (say) to 
in the form Pm+i = ; and then any other equation 

V = constant, that can coexist with the original system and with 
Ptii+i = 0m+i» must satisfy the necessary and sufficient conditions 

{Pr-<l>ry v) = 0, 

for r = 1, . . . , m + 1. As before, v may be assumed not to contain 
Pi> Pm' and for reasons similar to those adduced before, it may 
be assumed not to contain pm+n so that 


0i; _ ^ dv 
dpr ^ 


0 ; 
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MAYER'S MODIFICATION OF 


[56. 


and then the system of equations for v is 

dv ^ ^ d<l>r \ _ Q 

»=«t+2 WjP» ^Pi' 

for r = 1, , m + 1. The system of m + 1 equations is complete : 

it involves the 2n — m — 1 variables ajj, ..., pm-f 2 , •••, Pn] and 
so it possesses 2w — 2m - 2 functionally independent integrals. 

67. At each stage, we have a complete Jacobian system for 
the determination of a quantity w, such that an equation u = a can 
be associated with the system of equations for the variable z. The 
theory of these Jacobian systems, as explained in the preceding 
chapter, shews that they do possess a number of integrals; and 
therefore quantities u of the appropriate type do exist, so that we 
require only their explicit expressions in order to formulate the 
successive equations w = a. 

We thus may pass from stage to stage : at each step, an 
integral of a number of simultaneous equations, forming a 
complete Jacobian system, is required : and as, at any stage, the 
number of equations has become greater while the number of 
variables has become less than at the preceding stage, the con- 
struction of the integrals in succession is successively simpler. 

At each stage, what is required is a single integral belonging 
to the complete Jacobian system then framed : this integral must 
involve one of the variables p still surviving in the system*. For 
this purpose, we may use either Mayer s method or the amplified 
Jacobian method devised for complete linear systems; but it is 
not necessary to work either method to the complete issue, because 
all that is wanted is a single integral of the simultaneous system, 
not the aggregate of functionally independent integrals of the 
system. 

Each new equation of the type u = constant, associated with 
the system in its amplified condition before the derivation of the 
particular u, introduces an arbitrary constant. Thus, at the end of 
the series of operations which result in giving ?i equations, the 
number of arbitrary constants introduced is n—m; when the 

In case, at any stage, an appropriate integral of this type may Jiot con- 
veniently be obtainable, while an integral involving the variables x and some of the 
old variables may be forthcoming, a transformation similar to that adopted for 
a corresponding difficulty, hereafter (§§ 58, 59) discussed, will be effective. 
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n equations are fully resolved for pn, the expressions for 

these quantities involve a?,, Ui, ...» ftn-w When these 

values are introduced into the equation 

dz=pidxi’{- +pndxn, 

the right-hand side is an exact differential ; when the quadrature 
of this exact differential is effected, we have 

Wny «!, an-m) + ^, 

where b is an arbitrary constant. This equation gives the required 
value of - 2 ^ as an integral common to the system of equations : its 
expression contains n — + 1 constants. 

Bx, Obtain a common integral (if it exist) of the simultaneous equations 

^ 3 ^ 4=0 I 
^2=i03i»4-^1^2 = 0 / 

We have 

the right-hand side must vanish, and it clearly does not vanish in virtue of 
/i=0, jP 2=0; hence we have a new equation to be associated with the first 
two, and we write 

^3=i?l-^'l+P2^2 -P 3 ^ 3 -piXi^^O. 

We now have 

(Fly F2)- ^ 3 , 

(i^„ F,):^-2Fu 

{F2, Fs)^ 2F2; 

all the quantities of the type (/V, F^) vanish in virtue of the three equations ; 
hence these equations are a complete system. 

Resolving the three equations /i=0, F2—O, F^ — Of so as to express 
Pii P2 j P3 ill terms of the other variables that occur, we find two systems, 
viz. 


(i) 

Pi 

_^ 2^3 

Pi ’ 

X^Pi 

^2 

X1X2 

P 3 = — 

(ii) 

Pi 

_£^4 

Xi ’ 

^ 1^3 

TT’ 

X^Xi 

Pi 


The second of these two sets is derivable from the first by interchanging the 
variables Xi and X2; hence its integral must be similarly derivable from 
the integral of the first. 

To obtain this integral, we need an equation w=a, where a is a constant 
and u must involve J04; and u is determined by the equations 




EXAMPLES OF THE 


together with the justifiable assumption that u is explicitly independent of 
Pit Pz> These equations are 

.T2^3 

“”0^1 p^ 0a?4 * 

Q— a’4 du ^ p4 du 
0^2 ^2 ^^4 ^2 ^Pi ’ 

du ,flf2 . 

“0^73*^ /)4‘-* 0a?4’ 

and the fact that they are complete can easily be verified. 

The Mayer solution of these equations is as follows. We transform the 
variables by the relations 

^2=^2+(yi~ai)y2, 

^3=a;3 + (yi-ai)y3; 

and we form the single equation 

du ,, du „ du 

^ + r,g^+rj^=o, 

dfft Sxt ‘dpi 

where 

An integral of the subsidiary system 

where y% and yz are arbitrary parameters, is required involving ^ 4 *. one such 
integral is clearly derivable from 

<^P4 <^P4 a2+(yi“ai)y2 

yz 

in the form 

— — - — s constant. 
a2 + (yi-ai)y2 

Then an integral of the original system is given by 


that is, by 


a2 + (yi“ai)y2 ^ 2 ’ 


Hence is an integral of the three equations ; as it involves J 04 , it is of 

Xz 

the required type. 

To deduce the value of 2 , we take 



57.] METHOD OF INTEGRATION 

and then the values ot pu Pk are 
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a ’ 




i>3~— , 


Pi=aax^ : 


inserting these values in 


we find that 


dz^^PldXi +p2dS2+P3dX3-^PiC[jL'^y 


.T\X9 

z— \-ax2X±’k-o 

a 


is an integral of the first set of equations derived from the resolution of 
/jssO, and therefore is an integral of the original equations. 

Eflfecting upon this integral the interchange of variable whereby the first 
and the second resolved sets are interchanged, we find that 


z 4- ax\x^ + h 

a 


is also an integral of the original equations /i=0, F^ — O 

We thus have two distinct integrals, each involving two arbitrary con- 
stants: and they are the only integrals that are thus obtainable. Their 
relation (if any) to one another, and the derivation of other integrals (if any) 
from them, belong to a range of subsequent investigation. 

The amplified Jacobian method of solution is simple in the present case 
and leads very directly to the integral 


u 


Xi' 


the rest of the analysis is the same as before. 


68. The preceding investigation has rested on the two as- 
sumptions: (i) that the equations = ..., = 0 of the 

complete system can be resolved with regard to m of the variables 
•••, Pn' (ii) that the equations of the complete amplified system 
Fi = 0, ..., Ftn — O, = Wn = an> Can be resolved with 

regard to pi, ..., pn, so that the Jacobian 

j- f Fly ..., F<mi •••> 

does not vanish identically. The latter assumption is, however, 
unnecessary : and, as has been proved by Mayer*, it is sufficient 
that the n functionally independent equations jPi = 0, ..., 

Wn==an should be resoluble with regard to n of the 
quantities which they involve. 


Math, Ann., t. vni (1875), p. 813. 
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[58. 

Still retaining the first assumption, let the m equations = 0, 
F^ — 0 be resoluble with respect to jpi, pm] and let the 
resolved set be 

Let X be a function of all the variables such that 

(X„X) = 0, 

for r = l, m; and let f denote the value of X which results 
from substituting <f>j, as the values of j[?i, in X ; then 


(Pr - <l>ry f) = 0. 


For 

dxi dxi t=i dpk dxi ’ 

so that 

t dXdipt-<t>t) 

0^1 0^t A;=l ^Pk 0^t 

for 1, .. 

w. Similarly 


1 V ^ (Pf^ 

dpj dpj ^idpk dpj 


for j = m + n; and this last relation is identically true for 

j = 1, m, because neither f nor any one of the quantities <f)^, 

<f>m, involves pu .-.y pm 'y that is, the relation is true for j = 1, w. 
Also, when the values of pj, ..., py„ are substituted in the equations 
Fi = 0y Fm = 0y these become identities : hence 


£ ^Fr d(ph — (f>h) 
do’i h^i dph dxi 


for values of i = 1, ..., n ; and (as above) 


dFr ^ I '^Frdjph- <i>h) 

A=1 dpj 


first for j = m + 1, ..., n, from the identical equation, and obviously 
identically for j = 1, ..., ?n, that is, for values of j = 1, n. 
Hence 


{Fry X)^ 


2 

A«1 ^Ph 


{Ph-4>hy + 


1 I 

/i = lAr=l ^Ph ^Pk 


{Ph — 4>hy Pk—^k\ 


Now we have 


{ph- <t>hy Pk-<f>k)=-0y 
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Mayer’s method 


and by hypothesis, 
for all values of r ; hence 




holding for r = 1, . . m. But 

J 1 > • • • » ^ in. \ 

\Pli . . . , Pm ' 

is not zero, because of the assumed resolubility of the equations 
F, = 0, ..., = 0 with respect to p,, ..., : hence the preceding 

7ii relations can only be satisfied by 

which was to be proved. 

Next, suppose that (by some method or other) we possess 
n — m equations 

M'm+i ~ i •••> > 

which coexist with ..., Fj^ — Oy and with one another; the 

n equations in the aggregate being functionally independent of one 
another. The original system of m equations is certainly resoluble 
with regard to pi, ...y pm\ the amplified system of n equations is 
resoluble with regard to n of the variables, which can certainly be 
chosen so as to include pi, p^n and may include others of the 
quantities p though perhaps not all of them. Suppose, then, that 
the variables chosen for resolution include pi, ..., p^, where 
but not more than p of the quantities p; the resolved 
equations will be equivalent to p equations of the amplified 
system, say to 

•^1 ~ 0> • • •) Ffn^ 0, ^m+i ~ ^m+if • • •» = Clfi- 

In the remaining equations of the system, let the values of pi, ..., 
p^ be substituted, and suppose that they become 


these equations not being resoluble for any of the quantities p^+i, 
...,p„, and consequently not involving any of these quantities. 
Then, exactly as in the preceding case, we have 

(Pk-<f>h,Vic) = 0, 
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PROCESS EXTENDED BY 
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for As«l, .... fi, and ^ = ...» n: taking account of the fact 

that Vji involves none of the variables jOi, jp„, we may write this 
set of equations in the form 

I dvk d<i>h ^ Q 

»=7+i ^Pi 

for all the values of h and k. 

The quantities Vn involve the variables Wi, Xn'. we 

prove, as follows, that they are functionally independent combina- 
tions of Xn. Otherwise, there would be some relation 

/(fi, ..., x^, ..., Vn) = 0, 

which would have to be satisfied identically when the values of 
Vm+i» *••> in terms of the variables x^, ..., Xn are substituted; 
and as it would involve one or more of the quantities v, it could be 
resolved with regard (say) to Vn in the form 

Vn=9{^i> •••> ^n-i)* 

This relation would also be an identity when the values of 
Vn in terms of Xi, are substituted. Now 

dxh dxi dpi 

substituting g{xi, ..., v^^i, ..., Vn-i) for Vn, this gives 

Wa A=:m+ 1 ^VA t=7+l ’ 

but 

for \ /A + 1, . . ., n — 1, and therefore 



for all the values of k Thus the above expression for Vn would 
give 

Vn-i), 

and the quantities v^+i, ..., Vn would not be functionally inde- 
pendent of one another, contrary to the construction of the 
quantities u. Hence v^+i=*a^+i, ...» Vn = an> are functionally 
independent combinations of ..., 
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The equations = •••» = can therefore be resolved 

with regard to •••, and consequently the system 

= 0, . . . , = 0, 2^m+l ~ ®»»+i > * • • > ~ ®n 

can be resolved with regard to jPi, ...» ^,, 1 + 1 , ...,a7n. Let a 

resolved set be 

Ph ~ “^h (^1 f • • • > ^/ui) i^M+i > * • • > jPn)> 

for A = 1 , ..., fi, and A; = /x-f-l, the functions 0 and in- 

volving the arbitrary constants. 

69. Now take a new dependent variable Z, defined by the 
contact-transformation * 

Z = Z PfiL+i>^iJi+i • • • Pn^n > 

being a transformation of a type first used by Lagrange +; then 
dZ = pidxi^ ... -{‘P^^dx^ — x^^+l c(Pm+i — ... — scndpn. 

Wo write 

) • • • ) 2V+1 > • • • > > * • • > » y^A+i > • • • » yn » 

respectively, and regard yi, ..., as new independent variables: 
then, denoting by 5 ^ 1 , ..., the derivatives of the new dependent 
variable with regard to the new independent variables, we have 

Ph = qh, ^k^qk> 
for /i- = 1 , . . . , /X, and A: = /x 1 , . . . , ?i. Let 

F r (^1, . . . , Xnj Pij . . . , Pn) = (yi» * • • > ym qn • • • > ^n)» 

..., XnrPi, •••.Pn)=Ws(yu yn, qi> ..., 5 'n), 
on effecting these changes : then as the equations 

Fi = 0, . . . , Fffi ~ 0, , • • • , ~ , 

are resoluble with regard to piy ..., jp^, ..., Xn, the equations 

= 0 , = 0 , ...,Wn=-any 

are resoluble with regard to ^ 1 , ..., qn- Moreover, the equations 

^1 = 0, . . . , = 0, '^m^i ~ ^m+1 , • • • > ‘^n ~ 

* Called tangential transformation in Part i of this work : the phrase contact- 
transformation is now customary, and it wiU be herein adopted whenever reference 
to it is required. 

t CEuvres completes f t. iv, p. 84. 
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satisfy the relations 

{Fr, F,) = 0 , (Fr, Ui) = 0 , (Ui, Uj) = 0 , 

for r, s = 1, and Now 

dFr dGr ^Fr dGr 

~ dyk ’ dpk ~ dqi, ’ 

dxic dqic ’ dpt dijk ’ 

for h=\, p,, and A: = /4 + l, and similarly for relations 

between derivatives of u and w. Thus 

/p y iW_G,_dGrdG, 

^ ‘’~kiAdyndqk dq^dy, 

*=M+i V dyjcJ V dykJ ^k] 

___ ^ fdOr dGg dGp dGg\ 

t~i \^yi dqi dqi dyi) 

^(Gr. Gg); 

and similarly 

(Fr, Ui) = (Gr, U\), (lli, Uj) = (Wi, W^), 

Consequently 

(Gr, Gg) = 0, (Gr, Wi) = 0, (wi, Wj) = 0 ; 
and fche equations 

Gi = 0 , . . . , = 0 , Wf„^i = f ' " } Wji = Ctfi 

are resoluble with regard to , . . . , , expressing these quantities 

in terms of yi, ...,yn, •••, ctn* Moreover, the earlier results 

shew that the values of qi, q^ thus given make 

dZ=q^dy^^.,,^qr,dyn 

an exact equation: when the quadrature is effected, the result 
will be of the form 

(2/i» — > yn> + 

where 6 is an arbitrary constant. To obtain the value of Zy we 
note that 
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for A: = -I- 1, and 

Z = z- - ... - a;„^„ 

= Z + aJin+i^M+i + . • • + ^n!/n j 

hence 

A + y^+i+ ... +a;„y„ 

= ■^(^1. •••. y». «».+!. •••. ««) + & 

= ylr(w„ ..., .... ?/„, a„+„ ..., a„) + 6, 


for ^ ..., n. Eliminating ..., i/n among these 

71 — yu. + 1 relations, and resolving the eliminant with regard to 
s, we have a relation 

an) + &, 

for occurs in the elimination only in the combination z — h; this 
relation is the integi'al of the original system of equations, and 
it involves n — 7??- 4- 1 constants. 


One such integral will arise for each resolved set of equations 
arising out of the resolution of the equations 

I^i — 0 , . . . , Fm = 0 , 1 == Cim-i 1 > • • • f '^hi ~ s 

the aggi’egate of these integrals includes all the integrals that are 
thus obtainable. But othc^r integrals may be deduced by other 
processes, which will form the subject of subsequent explanations. 


Ex. Consider an equation 

f= 3px 4 qj/ 4 = 0. 

An equation tc=a is required, which may coexist with /=0 : it is given by 

(/, ^0^0, 

an equation that is homogeneous and linear in u : and an integral is required 
which involves either p or or both. The subsidiary equations are 

dx _ dp _ . 

\x —Sp — 2g^x‘^ y 4 ^q^x'^ — q ’ 

one integral of these equations is 

constant ; 

and another integral is 

— a; = constant. 
xq^ 

Taking the former integral, we have to resolve the equations 

/“O, 
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EXTENSION OF THE 


where c is a constant. Resolution with respect to jt? and q is simple, giving 


substituting in 


dz^pdx-^^qd^f 


and effecting the quadrature, we find 
z—A 


which is an integral involving two arbitrary constants. 

Taking the other integral of the subsidiary equations, we have to resolve 
the equations 

f=0j 

xq^ * 

where a is a constant. Resolution with regard to p and q is possible : it is 
simpler with regard to p and y, and with respect to these variables gives the 
relations 

F=y-q^ (x^ + 2ax) — 0, + (^-pa)»=0, 

which satisfy the relation (F^ (?)=0 identically. After the investigations 
above, we take q and x as the new independent variables and Z as the new 
dependent variable, where 


Thus 

so that 
Now 


Z^z-qy. 

dZ^pdx-^ydq 

= - f 2^ (j7 + a) rfo; -• (^2 ^ 2aj7) dq^ 

y= - 2ax)y 

oq 


so that we have to eliminate q between the equations 


yssq^ (a^-^2ax)y z-qy^B- ^q^{x^-\-2ax). 

The result is 

z--B^iy^ {x^+2ax)~^y 
another integral involving two arbitrary constants. 

Later, the relation between different integrals will be considered. 


60 . Reasons were adduced in § 54 for discussing equations in 
a form which does not explicitly contain the dependent variable ; 
but it should be added that the preceding method can be applied 
also when the dependent variable does occur explicitly. In that 
case, the investigation follows the same lines as before, but the 
analysis is rather more complicated on account of the occurrence of 
z : it will be sufficient to give merely an outline. 
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Let /i = 0, = 0 be a complete system of equations in the 

n independent variables, involving the dependent variable and its 
first derivatives : then the relation 

[/.,/.]=o 

is satisfied for all values of r and s, either explicitly or in virtue of 
the equations of the system. Any other equation, coexisting with 
the equations of the system in a form u = constant, must be such 
that 

for all values ^ = 1, . . . , m. 

Suppose that the system of equations /i = 0, . . . , /^ = 0 is 
resolved with regard to z and in — 1 of the variables p, say p, , . . . , 
Pm-ii in the form 

Z — yjr = Oy Pi = 0, . . . , Pm-i ~ = 6 J 

the resolved system is in involution, for (§ 55, Note) the relations 

[z-yfr- (pi-yjr,)- ~ Pi - i^i] = 0, 

for all values of i and j from the set 1, ..., m--l, are satisfied 
identically. Let these values of pi, ..., Pm-u in terms of ..., 
Pm, •••,Pn, be substituted in n and let the resulting value be 
denoted by w ; then the equations 

(Pi - - . . . - ~ w] ^ 0, 

[Pi-fi, w] = 0, 

are satisfied in virtue of [/i, it] = 0, and conversely. 

Moreover, the system of equations determining w is a complete 
system. For if 

^1 = 0, ...,^^ = 0 

is a complete system in involution, then the identical relation 

[[>r, 9i] W] + [[>„ W] 5’r] + [[W, gr] g,] 

= - ^ 5r.] - [g., W] - [w, gr] 

becomes 

[g,; [g„ w]] - [g„ [g,-, w]] = ^ 0.. w] - ^ [gr, w], 

because vanishes identically: hence, denoting [^i, w] by 

Bi{w)y we have 

Br (B.w) - B. (BrW) = B, (w) - Br (w) 

= 0 , 
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in virtue of Br (w) = 0, Bg (w) = 0, which is the test of a complete 
system. 

As the equations 

~ i/r - a?! (Pj - ~ . . . - w] = 0, 

w] = 0, 

are a complete system, they possess a simultaneous set of integrals : 
let one such integral involving some one of the variables p^, - 
Pn be obtainable in the form 

W = w(Xu -MPn); 

then the equation 

(Vn, Pm. ...,pn) = a, 

where a is an arbitrary constant, coexists with 

Z-ylr = 0, Pi - -^1 = 0, ...,Prn-i ~ = 0. 

Let it be resolved so as to give (say) in terms of the other 
variables it contains, and denote the result by 


Pm — Xm > 

and let this value be inserted in the other equations so that they 
take the form 


^ = 0, Pi - %i = 0, ... , p^_i - Xm-i == 0. 

Then for the next stage, we proceed from the m + 1 equations 
as in this stage from the 'i)i equations. 


When 4- 1 equations have been obtained, the first of them 
has a form 


z — 0 


where 0 involves n — m. + 1 constants ; ^ is an integral of the 

original system. 


Jacobi’s Second Method, when z does not occur. 

61. The preceding investigation has been carried out after an 
initial assumption that the m equations in the given complete 
system are resoluble with regard to m of the variables pi, ...,pn: 
the selection of p, , pm was merely typical. This a.ssumption is 

not any real limitation : for if the 7)i equations 
F^=^0, ..., i^m = 0 
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are not theoretically resoluble with regard to any m of the variables 
Ply •••yPny so that all the determinants 


dFj 

dF, 

dp, ’ • 

dpn 


dF^ 

dp, ' 

dpr, 


vanish, then pi, ...,pn can be eliminated among the m equations : 
as the m equations are functionally distinct, the eliminant cannot 
vanish identically and so would take a form 

0 (it*i , . . . , = 0, 

a relation among the independent variables alone. Such a result 
is excluded : and so the m equations are resoluble with regard to 
some selection of m variables from the setpi, ...,pn> 

The forms of the resolved equations may, however, be com- 
plicated: and then it might be desirable to proceed from the 
unresolved equations. Such a process was given by Jacobi, and 
it is sometimes called his second method; naturally, it is less 
simple than the method that has just been expounded, for it deals 
with equations of a less simple form than those to which Mayer s 
method is applied. Indeed, the preceding process is really a form 
of Jacobi’s method : but it has been simplified and shortened by 
the improvements and the developments due to Lie and to Mayer. 

Thus far in the range of these discussions, we have been 
considering m equations : and though there is no intrinsic element 
in the analysis which mak(‘s m greater than unity, all the super- 
ficial appearance suggests that m is not unity. For variety, we 
shall now deal with the integration of a single equation: and 
it will be found that, in general, the process leads to the issue 
through the integration of systems. For this purpose, we shall 
use Jacobi’s method : a sufficient indication of its detailed working, 
whether for single equations or for detailed systems, will thus be 
provided. 

As already hinted, Jacobi’s method of integration (without the 
modifications and amplifications introduced by the investigations 
of Lie and Mayer) appears to be most useful when, from whatever 
cause, the equation or equations are not resolved with regard to 
one or more of the derivatives. We begin with a single irreducible 
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equation, unresolved with regard to any of the variables p and not 
explicitly containing the dependent variable : it may be taken in 
the form 

•••> P\f •••> jPn) ~ 

By the process adopted, other n — 1 equations are required which, 
speaking generally*, would suffice for the expression of jpi, ...,pn 
in terms of 

If M = constant be such an equation, then the relation 

(/. w) = 0 

must be satisfied; any integral of this equation, distinct from f 
(which manifestly is an integral) and involving some of the variables 
Vii ...,pn,will suffice for the purpose. The system of ordinary 
equations, subsidiary to the construction of this integral, is 



dXf^ 

dpi 






dpi 

dpn 

dxi 

dXn 


let /i = constant be one integral of the system, where /j involves 
one at least of the quantities pi, , pn : then we may take 

The relation 

(//i) = 0 

is satisfied identically : and the two equations 

/i = a, /=0, 

where a is an arbitrary constant, satisfy the conditions of co- 
existence. 

62. We now proceed to obtain another equation, involving 
some of the variables p and coexisting with the two equations ; if 
it be v = constant, then the relations 

(/. «)=0. (/.. t-) = 0, 

must be satisfied. These effectively are two equations for the 
determination of v ; any common integral of the appropriate form 
and functionally distinct from f and /i (both of which manifestly 
are integrals) will suffice. Now the equation (/, v) = 0 is the 

* That is to say, omitting from consideration the alternative already discussed 
in §§ 58, 59. 
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same as that for the determination of u, so that the subsidiary 
ordinary equations are the same as before: let 

= ^n, jPi, jpn) = constant, 

be an integral, which involves some of the variables ..., Pn 
and is functionally distinct from f and ; then the equation 

(/, <^)=0 

is satisfied identically. 

If is such that (/i, <f>) — 0, then we may take 

V=^(f> 

as a common integral of the two equations. 

If <j> is such that (/i, <^) does not vanish, then (/] , <l>) is either a 
constant, say c, or is a variable quantity, say <^i. In the latter 
case, <^i is an integral of the equation (/, u) = 0, by Poisson’s 
theorem (§ 52); and it is a new integral, if it is functionally 
distinct from /, /i, <^. 

Similarly, if is a new integral of (/, u) = 0, we may have 
(/i > </>i) = 9, in which case we may take 

as a common integral of the two equations ; or if (/j , (j>i) is not 
zero, it is either a constant, say c', or is a variable quantity, say <f> 2 . 
As before, Poisson’s theorem shews that <^2 is an integral of the 
equation (/, u) — 0: it is a new integi*al, if it is functionally 
distinct from f, /i, <}>, <f>i. 

Proceeding in this sequence, we have a number of functions 
<l>, <t>if ••• i and provided (/i, <f>^) is a variable quantity, it is a 
new integral of the equation (/, w) = 0 if it is functionally distinct 
from ft fly <t>t Now the number of functionally distinct 

integrals of (/, it) = 0 is not greater than 2n - 1 ; hence, if the 
series of functions either should not cease, by the occurrence of a 
zero- value for (/, <^y), or should not give a constant non-zero value 
for {f ^r)y then we must sooner or later obtain a function 
which is expressible in terms of those already found. Let 
be the first function in the sequence which either is zero, or is a 
pure constant different from zero, or is expressible in terms of the 
preceding functions. 
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Then no new distinct integrals will arise from continuing the 
construction of the functions (/i, <^). For in the first alternative 
and in the second alternative, we have (/i, <^i) = 0 : and if, in the 
third alternative 

then 


(fly + +(/l> ^i-l) 


d0 


= <^,^ +...+</.< 


dO 


which is expressible in terms of the functions anterior to (f>i ; and 
so for each succeeding function. 

Accordingly, consider a functional combination of (/>, </>i, . .. , 
represented by 

v = g(<f>, (^1, ..., (f>i-i); 

then 

(/ t^) = 0, 

whatever be the form of the function g. Also, as above, 


(f \ » ^) — <l>2 




JSL. 


hence, if g can be determined so that the right-hand side vanishes, 
we shall have (f, v) = 0. In order to determine g from the 
relation 


^9 , -0 


we consider the system of i — 1 ordinary equations 
d<f) d<f>i _ 

01 02 0i ’ 

their integral equivalent consists of i — 1 distinct integral equations 
of the form 


A,.(0, 01, •••» 0i_i) = constant, (?• = !, 1), 

whether 0^ be zero, or a constant, or be the foregoing quantity 6 ; 
and each of these functions hr is such that 


Hence, taking 


eh I eh I I — 0 

V = hr((l>, 01, 02, ..., 0i-i), 
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we have 

(/. «') = 0. {fuv) = 0; 

and thus we have i — 1 distinct integrals common to the two 
equations. 

If (pi is zero, the simplest of these integrals is 
V = <pi-i ; 

even so, it is only one of { — 1 distinct integrals common to the 
two equations. 

Also ^ is greater than zero, because we have assumed that 
(/ii which is (pi, does not vanish. Hence, if i is greater than 
unity, a common integral has been obtained ; in that case, indeed, 
we have obtained i — 1 common integrals of (/, u) = 0, (fi, u) = 0, 
distinct from f and /j. Consequently, this stage is completed 
except only when (/j, (p), though not zero, either is a constant 
or is not functionally independent of /‘/j, (p: that is, in the case 
when 1 = 1. 

In the case when i=l in connection with a quantity (p, we 
return to the equations subsidiary to (f, u) — 0 : and we determine 
another integral of them in the form 

yjr = a'n, pi, ..., jOn) = Constant, 

where ^{r is functionally distinct from /,/i, (p. We proceed with yjr 
in the same way as with (p, by forming the functions 

(/■. (/l. = •••, 

in succession ; and, as before, we obtain an integral or a number of 
integrals common to the two equations 

(/. tt) = 0, (/i, «)=0. 

save only in the case where ^lrl, though not zero, is either a 
constant or is not functionally independent of /,/i, y/r. 

Even if the integral required is not provided because of the 
double lapse of the process into this exceptional stage, an integral 
as required can be obtained by a combination of the two integrals 
<p and y/r. Take any function g ((p, yjr, fi): owing to the origin of 
(P and yjr, we have 


(/.9') = 0; 
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and 


dg , dg . 


We form the equations 

__ ^ 

^1 ■” -v/ti “ 0 ‘ 

in these equations, <f>i either is a constant or is a functional com- 
bination of fy /i, <f>y say <E>(/, /,, <^); and likewise for yjti, which 
either is a constant or is a functional combination of /, /i, yjr, say 
{fifu For our purposes, / is zero : one integral of the two 
ordinary equations is yi = ai, where Uj is an arbitrary constant; 
another integral is given by integrating 

d<f) ^ dyjr 

^(0, ai, a,y yjr)' 


Let an integral equivalent of this be 


or say 

then if we take 
we have 


u (tti y <f>, yfr) = constant, 
u (fly (f>, 1 ^) = constant : 
9i4>’ 'k>fi) = u(fu (j>, l/r), 


(/i, «) = o. 

In other words, = </>, '^) is an integral common to the two 

equations (/, w) = 0, (/i, w) = 0. 


The simplest instance occurs when = c, = c', where c and 
c are constants : then 


u = c'<l> — cyjr. 


In every case, an integral common to the two equations 
(f> u)^0y (fly w) = 0 has been obtained. It has required the 
assignment of certainly one integral of the equations subsidiary 
to (/> W')*=0 : even when the functions (/i, <^r) have to be formed, 
each of them gives an integral of that subsidiary system, and so 
does each combination of the type ...), L(6, <;6i, ...), ; 

and only one of these combinations is assigned. The most un- 
favourable association is that in which the ^-series ends with 
and a yjr-series ends with ; and then the two integr d- (f) and 
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of the subsidiary system of (/, u) = 0 must be assigned for the 
construction of an integral common to (/, w) = 0, (/j, w) = 0. 

Now the subsidiary system consists of 2?i — l ordinary equa- 
tions; its integral equivalent must consist of 2n — 1 independent 
equations. One of these is /= 0, and another consists of /i = Uj ; 
hence there are other 2n ~ 3 independent equations, which may be 
denoted by 

<f> = constant, y/r = constant, ^ — constant, ^ = constant, .... 

If (/i, <f>) = 0, then u = <f) is the quantity desired. If (/i, <f>) 
is neither zero, nor a constant, nor a functional combination of 
/, fi > then there is a (^-series : and a single combination of the 
members of the series, (which must also, in the circumstances, be 
a combination of some of the quantities <^, yjr, x> •••)> will give a 
quantity u as required. The most unfavourable set of results 
possible is that in which the <f>-seriea terminates with (/j, </>), the 
-^-series terminates with (/j, ^|r), and so on, no one of these 
quantities vanishing : then each of the quantities 


dcf) 

f df 

(/i. <^) 

J(A.ir)' 

d<i> 

f 

ifu <!>) 

HfuxY 

d<f> 

f d^ 

(/.. «#>) 



is an integral common to (/, w) = 0, (/i, w) = 0. As there are 
2/1 — 3 quantities <p, it follows that, even with the 

most unfavourable set of results, the two equations (/, u) = 0 
and (/i, w)==0 possess 2n — 4 integrals in common, independent 
of /, of /i, and of one another, and obtainable in this manner. 
Let M =/2 be one of these integrals : then the equation 

where is an arbitrary constant, associates itself with 

/=0, /i = ai. 

We thus have succeeded in associating two new equations 
and /a = Oa, with / and with one another. 

63. The next stage is the determination of a new equation 
u = constant, consistent with ’ 

/=0, /i = a„ /a = aa; 
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the necessary and sufficient conditions for coexistence are 
(/ u) = 0, (/ ,u) = 0, (/ 2 , u) = 0. 

Let w = X be an integral, common to (/, = (/i, ?0 = 0, and 

functionally distinct from f, where 

\ = Xn,Pi, Pn)' 

it may be takcm as one of the 2« — 5 common integrals, other 
than /, /i, /a. We proceed as before, and form a series of 
functions 

(^2) ^l) — ^2) • • • • 

Each of these quantities is a common inteefral of ( /’ iO = 0. 
(/,,24) = 0. For 

(/ (A, 0)) + (/; {0, /)) + {6 (/, /a)) = 0, 

(/ if. ^)) + (/. {A, A)) = 0 ; 

and (/, /a) = 0, (/i , /a) = 0, both identically, so that 

(^ (//.)) = 0, (0(f,J^) = 0; 

and therefore 

(/c/;, ^))=(/ 2 (/,^)), 

Let ^ = X ; these results give 

(/,x,)=(/2(./; x))=o, 

(/ij ^i) — {fi (/ij ^)) — 6, 

because (/, X) = 0, (/i, X) = 0, both identically satisfied; thus 
Xi is an integral common to (/, u) = 0, (/i, u) = 0. Let 0 = \; 
then the two relations give 

(/^) =(/;(/ 
if I > ^2) = iA iA > ^1)) ~ 

as before : that is, is an integral common to {f u) = 0, (/i, u) = 0. 
And so for all the functions X in succession. 

The number of independent integrals is limited : and thus the 
X-series will terminate either in a zero, or in a pure constant, or 
in a function expressible in terms of the anterior functions. 
Proceeding as before, we obtain some X-function, or some com- 
bination of X-fimctions, say A, such that 

(/2, A) = 0, 

save only in the case when {fy X) is either a constant (not zero) 
or is not distinct from f A>Af 
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In the latter circumstance, we take another integral /i, 
common to (/, ii) = 0, (/i, t^) = 0, and distinct from /, /i, /a, X. 
Proceeding in the same way, we obtain some /x-- function or some 
combination of ya-functions, say Jf, such that 


iU ^)=o, 

save only in the case when (/a, ya) either is a constant (not zero) 
or is not distinct from //i,/}, ya. 


And should the latter happen, then if 


we have 




dX 

(/^ 


f dfi 

HA.m)’ 


(A, N)=o. 


Thus in every case we obtain an integral common to the three 
equations 

(f^u) = 0, (/,,tx) = 0, (f^,u)=^0: 

and in the least favourable combination of circumstances, there 
are 2 n — 6 such integrals, independent of /, fi, and of one 
another. 


Let be one of those integrals ; then the equation 

^3 > 

where is an arbitrary constant, associates itself with 

/=0, /, = «,, /2 = a2. 


64 . We proceed in this way from stage to stage, obtaining 
equations /4 = 0^4, ... in succession which are associated with all 
the equations that precede them. The last stage of all is the 
construction of an equation = Our earlier results shew 

that, when the equations 

•••> fn-i — (^n—i 

are resolved for pi, ..., pn in terms of Xj, ..., Xn, the values thus 
obtained are such as to make 

Pidxj + ... +pndxn 

an exact differential ; after quadrature, an integral of the original 
equation / = 0 is given by 

Z - an^JiPidx^ + ... -¥pndXn\ 

involving n arbitrary constants. 
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If it is not possible or not convenient to resolve the equations 
/= 0, = On-i with regard to jpj, we choose another 

set of the variables involved and, resolving with regard to these, 
adopt the process explained in §§ 58, 59. 


Jacobi’s Second Method when z does occur. 


65 . In the preceding account of Jacobi’s method of solving an 
equation /=0, the dependent variable z has been supposed not to 
occur explicitly. If it should occur explicitly, we have already 
seen that there is a mode of proceeding by a change of dependent 
variable, associated with a unit increase in the number of inde- 
pendent variables. This mode of proceeding may be cumbrous: 
and in any case, it is desirable (if possible) to have a direct method 
for constructing an integral. 

Accordingly, let 

/=/(*! , />») = 0 

be an irreducible equation which involves z explicitly : if 
w = (^ 1 , ..., x*n, z, pi, ..., ^n) = constant 

be an equation which can coexist with /= 0, it is necessary and 
sufficient that the relation 

[/.«]=o 

should be satisfied. This equation is homogeneous and linear in 
the derivatives of u\ written in full, it is 


t=i ^ dz) dpi dxi dpi dz dp^ 


To obtain a value of w, we construct the system of subsidiary 
equations 









dxi 




¥ 

dXn 


+ Pn 


df 

dz 


dz 



which (for reasons that will appear hereafter) are called the 
equations of the characteristics ; and we take an integral of these 
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equations, choosing by preference one that is not free from pi , 
pn, if any such exist. Let such an integral be 

g(xi, ..., ...,pn) = constant; 

then the equation 

u = g{xu a?n, z,pi, ,,.,pn) 
gives a value of as required ; and the relation 

[/^] = 0 

is satisfied identically, so far as concerns g == constant, but not 
necessarily identically, so far as concerns /= 0 : indeed, it may be 
satisfied only in virtue of /=0. 


Ex. The characteristics of the equation 

pxz-{-qyz— xy=-0 


dp 


dq 


dz 


are given by 

dx _ dy 

-xz'~ -yz^ pz-y’\-p{px->rqy)~ qz-x->rq{^qx-\‘py)~ -pxz-qyz' 

An integral, as required, is given by 

zZ^xy^ constant ; 

the relation 

\pxZ’\-qyz-‘Xyy z^-xy]msO 

is satisfied only in virtue of /— 0. Another integral, as required, is given by 


^ ^ «*» constant ; 
qz-^^x 

the relation 
is satisfied identically. 


66. Accordingly, at this stage it is convenient, for the sake of 
very substantial simplification of the analysis, to resolve the two 
equations 

/=0, g = a, 

for z and one of the variables p, chosen so as to give the simplest 
resolution : let the selected variable be pi, and let the result of the 
resolution be denoted by 

= Pi-V^i = 0, 

where and y^i are functions of a?i, p&, •••,Pn- Then, after 

the explanations in § 55, Note, and § 60, we take these two 
equations in the form 
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- i/r - i) = 0, = 0 ; 

any equation w = c that can coexist with them must satisfy the 
equations 

[z-yir- ylrj), w] = 0, 

[Pi - fly H = 0- 

These two equations to determine w are, by § 60, a complete 
system. 

As any integral of these two equations is to furnish an equation 
w — constant, which shall coexist with 

Z—yjr^O, pi — fi — 0, 

it can be transformed so that, if z and pi do occur, they are replaced 
by yjr and ^jrl respectively: that is, without loss of generality, 
w may be assumed not to involve either z or explicitly. Let 

w=<f>=<l)(a;j, ...,pn) 

be an integral of the equation 

[z-ylr-00i(pi- w] = 0 ; 

then, as [z — yfr — Wi ( pi -- <f)] does not contain z or jOj , so that it 

cannot vanish in virtue of z — or — -y/ri = 0, and as it must 
vanish, it vanishes identically. Construct the function [p^ ~ 

= (j>i say. If <f>i vanishes identically, this last condition is satisfied : 
also [/?! - *^ 1 , <#>] = 0 ; and therefore w — (f) is a common integral of 
the two equations. In that case, the equation 

</> = «!, 

where Uj is an arbitrary constant, can be associated with 
Z — y{r — 0, p^ — yfrj = 0. 

Suppose, on the other hand, that </>i does not vanish identically ; 
then, as 

[[f. ’ t] ^] + [[7r, <;,]?] + [[</>, 

identically, we have, on writing 
the relation 


that is, 


[[pi - "fi. n = - [pi - <#>]. 

Wi. 
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Thus <j>i is not an integral of 

[z-'f-Xi (jpi - yft,), w] = 0 ; 

and as [<^i, f] involves derivatives of </>i, it is clear that <^i cannot 
be a pure constant. 

In that case, let 

~ > • • • j ^71) P2) ••• } Pn) 

be another integral of the equation 

- A/r - /Ti (pi - ^|r^X w] = 0, 

functionally distinct from w = (f) ; and construct the function 
— say. If Xi vanishes identically, it follows that 

w = is an integral of the two equations determining w ; and then 
the equation 

where Cj is an arbitrary constant, can be associated with 

^ = 0, Pi — y/rj — 0. 

But if does not vanish identically, then we have 
[x- ?] = -Xi. 

as before ; and cannot be a constant. Also 

[</>!> n “ ” ^i> 


so that 


and therefore 




<Pi 

is an integral of the equation 

[z--<lr-a:,(p,--<{rj), w] = 0. 

Now both <f>j and are variable: but ^ may be a constant, 


say c. Then 


[Pi-V"!. x]=Xi 

= C<f>i 

= [Pi-f2, c<j>l 

X-c<#>]=0 ; 


and therefore 
hence as 
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SO that, under the particular hypothesis, is an integral 

common to the two equations. But, in general, Wi will be a variable 
quantity. 

Assuming now not to be a constant, construct the function 
Ipi — ylti, w,], 5=;)^a say. If Xfi vanishes identically, it follows that 
w=^Wi is an integral common to the two equations for the deter- 
mination of w ; and then the equation 

where Ci is an arbitrary constant, can be associated with 

^ = 0, Pi — ~ 0. 

If Xa does not vanish identically, then 

01 

is an integral of the equation 

w;] = 0. 

If W 2 be constant and equal to a, then 

— a0 

is an integral common to the two equations. But, in general, 
will be a variable quantity. 

Assuming that is variable, we construct the function 

[jPi — 0 * 1 , ^a], =X 9 ^ before, if Xs vanishes identically, we 

have an integral w = W 2 common to the two equations. If x» = /50i» 
where ^ is a constant, then w — — I3<f> is an integral common to 

the two equations. If ^ is not zero nor a constant, then 
01 



is an integral of the equation 

[^-'^“^i(Pi~'^i), = 

Proceeding inifehis way, either we shall at some stage obtain an 
integral common to the two equations, or we shall obtain an 
integral of the equatiou 

[-2^-*^ -^i(Pi~‘fi), w] = 0 

Vhich is expresiible in terms of the preceding integrals; for the 
number of functionally distinct integrals of that equation is limited. 
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When the last alternative occurs, all succeeding integrals are also 
so expressible ; for if 

.... X> 0)> 

then, as 

bi- = 

we have 

Wm+i = ^ [pi - 1, Wm] 


^ ¥ ,9/ 


df df 


shewing that is expressible in terms of the earlier integrals : 
and so for all succeeding integrals. Now take some functional 
combination of <j!>, ..., say 

then 

if g can be chosen so that the right-hand side vanishes, then 
[^1 9] = 0, and we shall have an integral common to our two 

equations. Let any integral of the system of ordinary equations 

d4> _dx _ dwi _ _ dwm-i 

1 ~ Wi~ W, ~ ~ f{Wn-i X> 

be 

9i (</>> ••• » = constant ; 

then taking 

9=9li.^> x> •••> 

we have 

bi->p-i,Sr] = 0. 

Moreover, there are m functionally distinct integrals of the system 
of ordinary equations : hence there are m distinct integrals common 
to the two equations 

[^ - (Pi - i|rj), w] = 0, [pi-ylriyW]^0; 
and these are constructed out of m-H 1 distinct integrals of the 
hrst equation*. 

* The simplest case occurs when Wj is not functionally distinct from the 
integrals that precede it, viz. from and x* so that we then have 

0); 

if the integral of the equation 

be g (<t>, x)=con8tant, we take g (<p, x) as a common integral of the two equations. 
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Let one of these integrals be u(xi, oon, P2> 
the equation 

U (^1 > • • • > ) P2 ) • • • > Pn^ “ 

coexists with the equations 

js ^ \jr = 0 , Pi ■— = 0 . 

In every case, therefore, an equation has been constructed which 
coexists with the equations already obtained. 

67 . To proceed to the next stage, we resolve the equation 

U , .Tfif P2, . . . , Pn) “ ^2 

with regard to one of the variables p which it contains : let the 
resolved form be 

where X2 involves a^, a\, ..., ic*n, Jt>3, Pm- Let this value ofp.2 be 
inserted in yjr and and let the resulting expressions be % and 
Xi ; then we have the simultaneous equations 

^ ~ X = 0, Pi - = 0, P2 - X2 = 

Now x> Xi> involve z: hence, writing 

f ^ - X ~ (Pi Xi) “ ^2 (P2 - X2)> 7^1 =Pi - Xi> 7^2 = P2 - X2> 
and denoting by ^ any quantity which does not involve -2^, we have 
[ki> ^]?]+[[^, ? ]7ri]-f[[ r, 7ri]^] = ~[7ri, ^], 

[K, o]n+m r r, 7rj^]=--[7r„ 6i 

[[tTi, ^]7r2] + [[^, TT^] TTi] H- [[TTg, TTi] 0 ] = 0 ; 

also we have 

[f, TT,] = 0, [5', TTg] = 0, [972, TTi] = 0, 

identically. 

Let cr and p be integrals common to the two equations 

[?', «^] = 0 , [tti, v] = 0, 

obtained as in the preceding sections, and limited so that they do 
not involve z and that they are functionally distinct from 773 and 
from one another ; and let 

[772, o‘] = o‘i> W 2 , p] = Pi- 

If either ctj or pi vanishes, then we have a common integral of the 
three equations 

[f, t;] = 0 , [ttj, v]=:: 0 , [ 773 , t;]=: 0 . 
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If neither of them vanishes, we make 0 equal to cr and then to p 
in succession in the above identities. The first of the identities 
gives no condition ; the second gives 

[?■. = [?. pi] = pi; 

and the third gives 

[tti, 0-1] = 0, [tti, Pi]=0. 

Hence - is an integral common to the two equations 
[?, ^^] = 0, [tti, i;] = 0, 


unless it is a constant; and if — is a constant, say equal to a, 
then 

[f', p — acr] = 0 , [tt, , p — acr] = 0 , 

[ tts , p — aa\ = pi — aai = 0 , 


so that p- acr would be a common integral of the three equations 
determining v. 


Writing r 


— , and 
0^1 


[tTj, t]=:Ti, 

then if Tj vanishes, a common integral of the three equations 
is V = r; while if Tj does not vanish, we have 


and therefore 


= [tTi, Ti] = 0, 


“ =0, 7r„ — 

^ij L 


= 0 , 


shewing that ^ is an integral common to the two equations 
[f, ?;] = 0, [tti, v] = 0. 


We proceed as in the former stage : sooner or later, an integral 
of the two equations = 0 and [ttj, v] = 0 is obtained which is 
expressible in terms of the earlier integrals, or an integral is 
obtained which also satisfies [ttz, v] = 0. In the former alternative, 
we construct (as in the earlier stage) a combination of all these 
independent integrals of [C v] = ^ and [wj, v] = 0 which shall also 
satisfy [tts, v] = 0. Let it be 

V = v(Xi, Xn, Pi, ..., Pm); 

then the equation 

v(xi, ..., ajn, ps, = 
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coexists with the equations 

S' = 0, 0, TTs = 0. 

Let it be resolved for one of the variables say in the form 

pi ^3 ~ 

where involves Og, a?i, a^n> Paj •••, jPm; when this value 
is substituted in them become 6y Si, dg] then our 

equations are 

z-0=^Oy p2=0g, pg^Og. 

So we proceed from stage to stage. In each stage the con- 
struction of the new equation requires, in the least favourable 
combination of circumstances, the assignment of two integrals 
of the subsidiary system associated with the initial equation 

[/, n]^0. 

This subsidiary system contains 2n differential equations: its 
integral equivalent must therefore contain 2n integral equations, 
that is, it possesses 2n integrals. Hence there are sufficient 
integrals for the achievement of n stages ; at the end of the last, 
we shall have 

= function of (h* •••> 

(where Oi, On are arbitrary constants) as the integral of the 
original equation. Or at the completion of the (n ~ l)th stage, we 
can resolve the n equations then coexisting, and express -..y pn 
in terms of j, ..., iCn, ..., a^-i ; substitution in the relation 

dz = Pi dxi + . . . -i- pfi doCfi y 
and quadrature, lead to the integral required. 


Ex, Let Z denote z—pxXi 
equations 

Ff.=F^ij>u Z)~0, 

where wi < », is propounded for solution. 

We have 

dF^ dF„ , _ B/y Q 

0* ’ 


; and suppose that a set of 

(p=l, ..., m)y 


dxi dxi 


for all values of fi and of i : consequently 

[Fry F.]^0y 

for all values of r and b, so that the system is in involution. 
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To obtain other equations consistent with the system, we need simultaneous 
integrals of 

[/i, m]=0, [/■„, m]=0. 

The equations subsidiary to the solution of [i^i, w]=0 are 


dpi 


dz 


dxi dz 






dFi dFi 

but =0> and so an integral of these equations is given by 


Also 


Pi = constant. 
[Pi> 


for r=2, »i; so that u^pi is an integral common to all the equations 

[J^^, w]=0. We therefore associate the equation 


/>! = «! 

with the given set ; the new system is 

Fi—0, /%==0, 

and it is easily seen to be in involution. 

Similarly, we may associate the equations 


where 02 > •••> ®n-m+i are arbitrary constants, with the amplified system and 
with one another : and the whole system thus extended, viz. 

Fi^Oy ..., F^^Oj Pi — <^iy •••> + 

is in involution. If therefore the quantities joi, Pn can be eliminated 
from the system, the eliminant will give an integral of the original set. 


Now the w + l equations thus obtained are independent of one another, 
and they involve the w+l quantities ^ 1 , Pm Z\ when resolved with 
regard to these quantities, they give 


that is, 


Z=c, 

z — aiXi — a%x^ — ... — = c. 


where the constants aj, ..., are arbitrary, and the remaining con- 
stants an-m+2» •••) ^ Satisfy the m relations 

Fy.{ai, ..., c)=0, 

for the values fi=l, ..., m. The equation 

Z^^(X\Xi “f- • • • "I" 


with the limitations upon the constants, provides an integral of the pro- 
pounded system. 
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Charpit’s Method: integrals when the conditions in 
Cauchy’s Theorem are not satisfied. 


68 . Naturally, the simplest case of the preceding method 
arises when the number of independent variables is two. With 
the usual notation in this case, the equation may be written 


y, z,p,q) = 0; 

and the condition [/, u] — 0, which must be satisfied by u if 
u = constant is to coexist with /= 0, is 


€-4)-- 




^ 7\ or \ / 


dp \dy ^ dz) dq 


{> 


0 . 


d£du 

dp dx dq dy 

¥ , ¥\ 
Tp^^dq)^4 

To obtain an integral of this homogeneous linear equation which 
shall involve or or both, the system of ordinary equations 

dp dq dx dy dz 

¥7i¥'"¥~:w^^r^^ 


dx^^ dz 
is formed : if 


iv. j. (7 Y.. r-'_ 

dy ^ dz dp 


dq -Pdp-^dq 


u {Xy y, Zy py = constunt 


be any integral, distinct from f= 0, involving p ov q or both, then 
the equations 

f{^> y> ^>p> 9) = 0y u(Xy y, Zypy q) ^ u y 

where a is an arbitrary constant, are resolved with respect* to 
p and q. These va‘ uefi make the equation 

dz — pdx — qdy = 0 

exact. For from the equations /= 0, u = a, we find 

9(/. •>4 I „ 9(/. «) , 9(/. u) , _ 9(/. u) (dq dp\ d{ f, u) _ 
d {x, p) P d {z, p) d {y, q) ^ d {z, q) \dx dy) d (p, q) ’ 

and because u (Xy y, Zy p, q) = constant is an integral of the system 
of ordinary equations, the left-hand side of this equation vanishes, 
so that 

(^_dp\ d(f,u) 

\dx dy) d(p,q) ’ 


* Or with respect to other variables, with a modification in the rest of the 
process, similar to that in §§ 58, 59. 
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and therefore, as the Jacobian of f and a with regard to p and q 
does not vanish*, we have 

ii _ # _ 0 

dx dy ’ 

the necessary and sufficient condition! Effecting the necessary 
quadrature of the equation 

dz ~ pdx ~ qdy = 0, 

we have an equation giving z in terms of x, y, and two arbitrary 
constants. 

This mode of obtaining the integral of the original equation 
by means of a single integral of the subsidiary system was first 
devised by Charpitf. 

The method of Jacobi, whether in its original form as developed 
by himself or in the amplified form as developed by Lie and 
Mayer, and (for the case of two independent variables) the method 
of Charpit, aim at the construction of an integral containing a 
number of arbitrary constants; and the results do not indicate 
any particular suggestion of Cauchy’s existence- theorem. The 
association will be made later, partly by a modified use of the 
equations of the characteristics; and it will be necessary to 
indicate the kinds of integrals which can be deduced from those 
provided by the methods of Jacobi and of Charpit. 

69. All the examples, that follow, have been chosen, so as to 
give some initial indications of one investigation hitherto practi- 
cally omitted by mathematicians. When an equation 

f{x, y, z, P,q) = 0 

is resolved with regard to p, or is given in a resolved form, so that 
it may be written 

p=g{3:,y,2, q), 

Cauchy’s existence-theorem can be applied only if the function 
g{Xy y, z, q) is a regular function of its arguments within the 

* It would vanish if u involved neither p nor q. 

t In a memoir, presented 30 June, 1784, to the Acad^mie des Sciences, Paris; 
he died soon afterwards, aud the memoir was never printed : see Lacroix, Traits du 
calcul differentiel et du calcul integral, 2® dd., 1814, t. ii, p. 548. Lacroix indicates 
(t6., p. 567) that Charpit tried to extend his method to partial differential equations 
of the first order and degree higher than the first, involving more than two 
dependent variables. 
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domains of the initial values adopted : it ceases to apply if initial 
values are selected in the domains of which the function g (x, y, z, q) 
is regular. 

In all these examples, it is possible to choose initial values 
which make p infinite or indeterminate : the known method of 
constructing an integral has been used so as to give indications of 
the kind of integral (if any) which exists in association with such 
initial conditions. 


What is required for the full discussion of an equation 
/(^, y> Zy P> q) = 0 , 

(and, d fortiori, of an equation in more than two independent 
variables), is a classification of all the non-regular forms arising 
out of the resolution of the equation with regard to p or, what is 
the same thing, a classification of all the non-regular forms of 
g {x, y, z, q) in an equation 

p^gipc,y,z, q\ 

Each of these would need to be considered in turn, as was done* 
for the non-regular forms of an equation 


dw 

dz 


=/(w, z ) ; 


the following set of examples give a few of the simplest types. 

Meanwhile, some indications of results can be given: the 
methods of Charpit and of Jacobi are entirely independent even of 
the results given by Cauchy’s theorem. 


Ex. 1. Consider the equation 

(a;r4'6y + <J2) = l. 

It is clear that Cauchy’s general theorem will not apply to this equation if, 
when x=0. we require z to acquire the value of a function of y regular 
in the vicinity of y=0 and vanishing there; the initial value of p is infinite 
and the proof no longer is valid. 

But an integral can be obtained by Charpit’s method. One of the 
subsidiary equations is 

dp __ dq 
ap-j-cp^ ~~ bp + cpq * 

so that 

dp __ dq 
a’^cp~~' b+cq ’ 


In Chapters in and iv in Part n of this work. 
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6+co 

j =5 0 

a+c/) 

where a is an arbitrary constant. Accordingly, we combine this equation 
with the original equation, and we resolve them for p and q : substituting 
these found values in dz-pdx-qdy=^0^ we have 

a,v-\-hy+cz^ \ c^^{^cuc-^hy-\-c^ 

and therefore 

aflte+6rfy+crfz=(— ^ + aydx+ady). 

Writing 

Ms=aa?4-6y+c2, 

a simple quadrature leads to the equation 

log (c4-aw)*=^+a {x-\-ay). 

The value of z thus provided is an integral which contains the two arbitrary 
constants a and 


In order to see whether any integral z exists, which vanishes when j?=0 
and ^=0, these being values which make/> infinite initially, we note that the 
foregoing equation is satisfied by z«0, :r=0, y=0, provided 


^=-|logc. 

Assuming this value of ft we have 

_ c 

u/t . \ ® a(x-\-ay) 

+ =« ; 

and therefore, in the vicinity of the initial values assigned, we have 



a* 


that is. 


w2+... = 2c(.r4*ay) + ..., 

so that, unless c=0 (and this will be excluded), we have 
ax + -h a= w = (j? + ay)^ R {(x + ay 

where ^ is a regular function of its argument and does not vanish Nyhen 
x = 0 and y=0. 


Ex. 2. In the same way it may be proved that an integral of the equation 
(ox + iy 4- C 2 )*" ■* 1 , 

where m is a positive integer, is given by ^ 

/ u^ 

cft4«/3+x+ay, 

c^au^ ^ 
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where a and /3 are arbitrary constants, and 

u=:aa;-\-by-\‘Cz ; 

and that an integral, which vanishes when x=^0 and is given by 

3 1 

where is a regular function of its argument and does not vanish with 
X and y. 

Ex. 3. It is easy to see that the integral of the equation 
{p + a'q) {ax ■\-hy-\- cz)”^ = 1 , 

where a' is a constant and wi is a positive integer, is of the same type as in the 
preceding example : obtain the integral. 


Ex. 4. Consider the equation 

p {ax-^by~^cz-\'kq) — lf 
where a, 6, c, k are constants. 

Proceeding from subsidiary equations as in Ex. 1, we find that they have 
an integral 

? ssra, 

a-\-cp 

where a is an arbitrary constant. 


There are two ways of continuing. We may either resolve the original 
equation and the new equation for p and y, and introduce a new dependent 
variable where 

i-=z-qy, 

and then we have 


d(=pdx-ydq\ 


we substitute for p and y ; and, effecting the necessary quadrature, we elimi- 
nate q by the relation 


dq 


= “'y- 


Or we may resolve the two equations for p and y, substitute in dz-pdx'^-qdy^ 
and effect the quadrature. The result is 


1 

c 


a'ita) -cu+k(b- aa)} + 


c 

a^ka 


log {A* - CM + ^ + aa)} 


^ ^ 1 I a 

^ - cu-\-k{h-aa) 

where a and are arbitrary constants, u^oLx+hy + cz, and 
A - (cm + - akaY - 4cl: {(6 - aa) u-ca}. 

It is possible (but the analysis is somewhat laborious) to deduce, from this 
result when 1:=0, the integral of the equation in Ex. 1. 
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We can make one more inference. If it were possible that the equation 
could possess an integral such that when x—Oj the dependent variable 
acquires the value of a function of y such that z and q vanish when y=0, 
then p would become infinite for the initial values 4?=0 and y =0 : Cauchy’s 
theorem no longer applies. Now we are to have 

b + cq 
— — i==a ; 
a + cp 

therefore for such integral (if any) we have a«=^0 because initially is infinite, 
and then But g- is to vanish initially, so that 6=0; and thus 

g=0 always ; or is merely a function of Xy vanishing with x and given by 

(1 + 02 ). 

Excluding this trivial case, it follows that the given equation has no integral 
of the kind indicated, provided e is different from zero. 

Ex. 5. Integrate the equation 

p{ax^by-\-cz-\-kyq )~\ ; 

and discuss the question whether it possesses an integral which, when ^=0, 
acquires the value of a regular function of y that vanishes when y=0. 

[An integral is given by eliminating q between the two equations 

=^+^- {1 -aa (6+c'y) 

k c 

{b-\-c'qy’ -aa 

where a and /3 are arbitrary constants, and c' —c+k.'] 

Ex. 6. Obtain an integral of the equation 

in the form 

where a and (i are arbitrary constants ; and discuss the integrals of the 
equation (if any) which are such that yq and z vanish when ^=0. 

Ex. 7. As another example, consider the equation 

cq 

with a view to inquiring whether it possesses an Integral which, when ^=r0, 
can be a function of y that vanishes, when y=sO, in an order higher than 
the first, so that then q may vanish when J7=0, y»«0. 
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Forming the subsidiary equations in Charpit’s method, we find one integral 
of them in a form 

pq^a\ 

whore a is an arbitrary constant. Resolving this equation and the original 
equation with regard to p and q, substituting in 

dz^pdx-\rqdyy 

and effecting the quadrature, we find 

3ttC (2ar — (a*y* — 2c«)^ — ay ^ 

where ^ is an arbitrary constant. This equation gives an integral involving 
two arbitrary constants. 

If the equation is to provide an integral of the kind indicated, it is clear 
that ^=0. To discuss the consequent value of z when we proceed from 
the equation 

(ay — 2c^)^ sa ay - Zacyz. 

This equation certainly gives a value of z which vanishes when y=0; two 
roots are zero, and the third is 

3a* , 

which is of the required type. 

Accordingly, the equation possesses an infinitude of integrals (because 
of the parameter a) which, when ^asQ, give z and q as functions of y that 
vanish when y—O ; these integrals are provided by the equation 

(ay - %czf = (ay - Zacyz + 6aC*a?)*, 
where a is an arbitrary constant, that is, by the equation 

~ ^ (36a*c®yz - 1 2a*c^) + 36a*c^a7* = 0. 

It is easy to see that, though, when 47=:0, the integral becomes the simple 
regular function for the vicinity of y— 0, the integral itself is not a regular 
function of s and y in the specified domains. 

8. Prove that an integral of the equation 
pz—aq+s, 

where a is a constant, can be obtained by eliminating p and q between the 
equation itself and the equations 

z(/>*-l)*-|-ay+^~aa {p + i » ?=a(y-l)*, 

where a and are arbitrary constants. Discuss the integrals in the vicinity 
of ^=0. 

Kv. 9. Consider the equation 

p(aa;+by-t-cz)-h a* s: 4- h*y + dz = 0. 

Changing the dependent variable so that 
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where a*' and are constants, we can choose a*' and 5^' so that the new 
equation has the form 

p* {ax + + yz^) 4* y V =0. 

Accordingly, we consider the equation in the form 
p {ax + fcy + C 2 ) 4 -c '2 =*0 ; 

as it is homogeneous in the constants a, 6, c, c\ we can imagine it multiplied 
by such a constant factor as to make a4'c'= 1 unless a+c'«s0. 

Firstly, if a+c' = l, prove that an integral is given by the elimination of 
p between the equations 

/? (cw? + + c?) 4-c';? = 0 

+ ^ + ^ / P'°'(P + C') * " 

where A and B are arbitrary constants. 

Secondly, if a4-c'=0, prove that an integral is given by the elimination of 
p between the equations 

p {ax-\’hy-{-cz)-\‘C'z=iO\ 
^-p+^-{Ay-\-B)e~op==0 j ’ 
where A and B are arbitrary constants. 

Discuss these integrals in the vicinity of :p=0. 



CHAPTER V. 


Classes of Integrals possessed by Equations of the first 
ORDER: Generalisation of Integrals. 


The customary classification of integrals of a partial differential equation 
of the first order into three kinds was first made by Lagrange : see his 
(Euvres Completes^ t. iii, p. 572, t. iv, pp. 65, 74. A full exposition is given 
in Imschenetsky’s memoir, quoted on p. 100 : it will be found in chapter i of 
the memoir. Other expositions are given by Goursat, Legom sur Vint^ra- 
tion,,. premier ordre^ by Mansion, Theorie dee equations... premier ordre^ and 
by Jordan, Cours d A nalpse^ t. iii. 

That the theory is not complete even for the simplest case is pointed out 
by Goursat, in the book just quoted, § 18. Some further exceptions are 
indicated in the present chapter. 

70. Before proceeding to the exposition of further methods 
of integration, and partly in order to facilitate the discussion 
of characteristics in particular, it is convenient to develop the 
relations, to one another, of the different integrals that have been 
obtained or have been proved to exist. 

We have seen that, in the case of a homogeneous linear 
equation of the first order, it is possible to construct an integral 
v\rhich, on appropriate determination of its arbitrary elements, 
comprehends any integral of the equation : also that, in the case of 
a linear non-homogeneous equation of the first order, it is possible 
to construct an integral Avhich similarly comprehends any integral 
that is not of the type called special. Consequently, no further 
discussion is necessary in those cases. 

But in the case of equations that are not linear, it has been 
seen that there certainly are two kinds of integrals. On the one 
hand, there is Cauchy’s existence-theorem according to which 
an arbitrary functional element occurs in the expression of the 
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integral proved to exist. On the other hand, Jacobi’s method 
of integration, either in its original form or in any of its modified 
forms, has led to integrals which contain arbitrary constants in 
their expression. It is natural to enquire what is the relation, 
if any, between integrals of such widely distinct types and, further, 
whether integrals of other types exist. 


Variation of Parameters. 


71 . Accordingly, beginning with a single equation which 
(after the preceding explanations) may be taken as not linear, 
we shall suppose it given in the form 

/(.Ti, ..., pn) = 0; 

and we may imagine that it has been integrated by the Jacobian 
method, with a result that is given as a function of the variables 
and of 71 arbitrary constants by means of an equation 

(p (■^j iTj , • . • , , CCl , • • . ; Uyi) ~ 0. 

The values of the derivatives are given by equations 


Pin + 


00 

dr 


= 0 , 


for 1, ; thest' values of p^n> together with the value of z 

deduced from 0 = 0, will, when substituted in the differential 
equation, make it satisfied identically. Moreover, the elimination 
of the n arbitrary constants between the 7i + 1 equations 

0 = 0, 01 = 0, 0n =0 

leads to the differential equation, and to that differential equation 
alone, provided that not all the Jacobians 


f<l>, <#> 1 , • 

.... <f>n\\ 

\ «!, ... 

■ } J J 


vanish; and conversely, when there is only a single differential 
equation, the Jacobians do not all vanish. 


In the process of returning from the n + 1 equations 

0=0, 01 = 0, . . . , 0n = 0 

to the differential equation, the quantities Oj, ..., are to be 
eliminated : but no regard is paid, during the operation, to their 
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constant values; and the resulting differential equation will be 
the same, provided the w + 1 equations have the same form, when 
these quantities are made variable. We therefore make Gj, ..., On 
functions of a?,, ..., subject to this proviso. This change leaves 
the equation ^ = 0 unaltered in form : in order that = 0 (for 
m=l, ..., w) may remain unaltered in form, it is necessary that 
the equation 

^cifi 

should be satisfied, for each of the n values of m: and if these 
equations are satisfied, then <^ = 0 (with the changed values of 
Uj, ..., ttn) will still give an integral of the differential equation. 

Multiplying the n equations by dxi, ..., dx^ respectively and 
adding, we find 

d Oi 4* . . . H- dcu = 0, 


where daj, ..., dtin are the complete variations of the quantities 
tti, ..., a„; and conversely this equation, when satisfied, yields 
the n conditions. The coefficients of the differential elements are 
functions of z, Xi, ..., iPn, Oj, ..., Un in general: but z is given by 
^ = 0 in terms of the other quantities; and, as Oi, ..., Un are 
(unknown) functions of x^, ..., so the latter may be regarded in 
the most general case as functions of ai, ..., an: that is, the 
coefficients may, in the most general case, be regarded as functions 
of ai,...,an. Thus we have a Pfaffian equation: by the general 
theory of Pfaffian equations the integral equivalent consists of one 
equation or of several equations connecting the quantities Oj, . . . , an. 

In the argument, one exceptional case has been omitted: it 
may be that the Pfaffian equation is evanescent, on account of 
vanishing coefficients : we then have 


dui 


= 0 , 



concurrently with <^ = 0. 

After noting this exceptional case, we return to the integral 
equivalent of the Pfaffian equation. Let it consist of fi equations 

5^1 (®i> •••> ®n) ~ 0, ..., ..., Gfi) “ 


* See Part x of this work, pa$»im. 
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and of these solely : then the only relations among the differential 
elements are 

and the Pfaffian equation must be satisfied in virtue of these. 
Thus fjL quantities Xj, must exist such that 

^(h m J 1 1 

ddi + . . . + ddn == Xju^i -!-•••*+• ^i^dgn \ 

and therefore 

for the n values of m. These n equations, together with 
<^ = 0, ^1=0, 5r^ = 0, 

make up n + equations, involving ai, ..., On> •••> V* 

eliminating the quantities a and X, we have a single equation 
as the result, and it expresses z in terms of The value 

of z determined by this final equation is an integral of the original 
differential equation: the functional forms ...,^^are involved 
in its expression. 


72. It might appear as if there were integrals of a character 
intermediate between those of the two kinds considered. Thus we 
might have a^+i, ..., as constants, so that the differential 
relation would then be 


d(h 


ddi + ... -f ^ ddm = 0. 
OUm 


If the integral equivalent of this relation consists of cr equations in 
the form 

gi (^1 ) j ®m) — • • • > (^2 , . . . , Cl^) == 0, 


and of these only, then the same argument as before leads to 


equations 


ddi 


^9i 

da 


4* Pa 


ddi' 


for ^ = 1, . . . , m. These m equations, together with 

<^ = 0, 5r, = 0, ...,^, = 0, 

are rw + <j + 1 equations involving z, ... , Xn, aj, ... , a^, pi, pa- 
eliminating these m quantities tti, ..., and the a quantities p, 
we have a single equation between z, Xi, ..., The value of z 
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thus given is an integral of the original equation. The functional 
forms gi, g„ are involved in its expression; and the arbitrary 
constants •••» also occur. The latter can be regarded as 

given by n — m relations 

^'1 (®ni+i j • • • > ®n) == 0, . . . , /^n— m • • • > ^n) “ 

involving the n — m constants : they are such that the equations 

dh’i “ Oj * • • f dhfi — 0 

are satisfied identically. Now it is known from the theory of 
Pfaffian equations that 

cr + H “ w ^ 

so that the total number of equations among the quantities a, , . . . , 
an is greater than before : their range of value is therefore more 
restricted than in the preceding case. Accordingly, we can regard 
the present mode of satisfying the differential relation as a 
specialisation of the preceding mode or as a special instance of 
the preceding mode involving a greater number of relations some 
of which are of restricted forms. 

In this argument, as in the preceding argument in § 71, one 
exceptional case is omitted : it may be that the reduced Pfaffian 
equation is evanescent, on account of vanishing coefficients: we 
then have 

**.0 l*.o, 

C/Ui vani 

concurrently with <j[) = 0. 

It thus appears that, while the completed process leads in 
every case to a single equation providing an integral, there are 
intrinsic differences according to the circumstances of the cases. 
It is clear that distinctions will arise according to the number of 
relations postulated among the quantities Ui, . . . , an ; it is customary 
to regard a class of integrals as being defined according to the 
number of relations so postulated. When fi relations of the 
indicated character occur, the corresponding class of integrals is 
frequently called the yath class: and if 

0 < /a < n, 

the integrals of all the classes may be regarded as falling within 
the category of what will presently be called general integrals. 
Thus there will be n — 1 classes of general integrals. 
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The extreme cases must also be taken into consideration. It is 
possible that /x = w : there are then n functional relations con- 
necting the n quantities Uj, ..., a„, independent of one another; 
all these quantities are constants and, when the relations are 
quite arbitrary, the constants are arbitrary: the integral then 
provided is what will be called the complete integral. It is 
possible that /x = 0 : if the equations can be satisfied, and an 
integral is provided, we have what will be called the singular 
integral. 

Of the general integrals, the most comprehensive is that in 
which only a single functional form occurs, say 

al = ^|r(a^, ..., an), 

and yfr can be taken as the most general and arbitrary function of 
its arguments. The equations which determine the integral are 

(^ = 0, ai = 'i|r(tt2, ..., an), 

d<f> ^ 
da^ doi dum 

for r?i = 2, . . . , n ; and the integral itself is given by the elimination 
of Ui, an among these w + 1 equations. 

That it is the most extensive class of general integral can 
easily be seen by the following argument, whereby it is proved to 
include all the other classes. When fju relations are postulated 
among the n quantities Uj, ..., in the form 

gr(ai, ..., an) = 0, 

for r= 1, ..., /i, the integral is given by these equations, together 
with 

<l> = 0, 

4 -^-^ 

for m = 1, ..., n. Let 

^ (ttj , . . . , an) = Xi^i -I- . . . + 

so that the relation ^ = 0 is certainly satisfied for the integral 
in question ; moreover, the equations 

d<l> dO 
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are certainly satisfied for this integral. Now let ^ = 0 be resolved 
for Oi so as to express it in terms of aj, an in a form 


we have 


di —% {®2> •••> ®n) • 
da^ dui dom 


Hence, for the integral in question, the equations 
d<f> ^ d<f> dx ^ Q 

ddm, ddi da^ 

are satisfied : and conversely, when these are satisfied, the original 
set of equations also is satisfied. Now in the case when there is 
only a single relation 

ttn), 

yjr is the most general function possible : so that the relation 

= %(«*» •••» «n) 

is included as a special case, and consequently the equations 
3 ^ ^d4> dx _Q 

0ain Bciffi 

are a special case of the equations 

00 d<f>dylt^ 
dom daidOfn ' 

that is, the general integral in question is a special case of the 
general integral, which arises when there is only a single relation 
between the quantities ai, ..., On. The latter general integral is 
accordingly the most comprehensive. 

In passing, we may note that the general integral includes the 
exceptional case noted, in which dm+u dn are arbitrary con- 
stants and the equations 

3a, ’ ’da„ 

are satisfied. We can represent it by relations 

dfi = 0*^ (Oi , . . . , dfn\ 

for /A *= m 4- 1 , . . . , n, and by restricting the functions 0*^ to be con- 
stants ; for then 

^ = 0 



in 


72.] CLASSES OF INTEGRALS 

for t = 1, . . . , and the relation 

simply becomes 



which (for t = 1, . . . , m) are the equations for the exceptional case. 


Classes of Integrals. 


73. Three kinds of integrals may thus arise. One of them is 
given by an equation containing n arbitrary constants ; it is called 
the complete integral. Another of them is given by equations that 
involve a functional form or several functional forms, and in the 
most general type these forms are arbitrary; these integrals are 
called general integrals and often, when there is only a single 
functional form so that the widest range of variation is provided, 
the integral is called the general integral. And, lastly, the equations 


<^= 0 , 


da, ' da 


may be possible and be consistent with one another ; if the result 
of eliminating a,, ..., among them provides a single equation 
involving no arbitrary element, and if the equation determines an 
integral*, the integral thus furnished is called the singular integral. 

It must however be noticed that an integral, containing the 
appropriate number of arbitrary constants, is not necessarily the 
complete integral, any more than one which contains no arbitrary 
element is necessarily a singular integral. On the one hand, since 
an arbitrary function can be regarded as containing any number 
of arbitrary constants, a general integral may be simply specialised 
so as to contain the appropriate number of arbitrary constants : it 
will not thereby necessarily become a complete integral, for it may 


be sufficient to point out that, while the equations — = 0, . . . , = 0 are consistent 


The reason for this limitation wiU appear subsequently : meanwhile, it may 

with the existence of an integral, it has not been proved (and, indeed, cannot be 
proved) that their significance is only oo-extensive with that existence. Even 
in the case of ordinary equations of the first order, the corresponding process 
frequently gives rise to relations that do not provide integrals of the equations in 
question : and the same holds, to a wider extent, in partial equations. 
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be only a special case of the general integral. On the other hand, 
by assigning particular values to the arbitrary constants in a com- 
plete integral, the latter becomes free from all arbitrary elements : 
it will not thereby become a singular integral (even if such an 
integral is possessed by the equation), for it is only a special case 
of the complete integral. It is therefore important to devise tests 
which shall shew to what category any given integral should, if 
possible, be assigned : and this necessity raises a further question 
as to how comprehensive is the retained aggregate of integrals. 

Special Integrals. 

74. Suppose, then, that we have an integral of the differential 
equation 

/(^i, ^n, ...,Pn) = 0 

given by the equation 

d (^1 , • • . , -2^) ~ ^ j 

and let the values of z thus determined be denoted by f. Also, 
let a complete integral be given in the form 

g(^u - 2 :, ai, an) = 0; 

and let the value of z thus determined be denoted by We 
have to consider whether it is possible to associate with ^ = 0 
equations or relations which will change Z into f ; if this should 
be possible, then the character of the added equations or relations 
will indicate the character of the integral J'. 

In order to obtain the tests that may be both sufficient and 
necessary, assume that Ui, ..., are changed into functions of 
^ 1 , such that Z is still an integral of the differential 

equation and such that, if possible, it becomes the integral f. As 
the two integrals are now hypothetically the same functions of 
^ 1 , the derivatives of these functions with regard to the 

variables are respectively the same. For the integral they are 
given by 

. d0 ^ 


for m* 1, n, when z is replaced by f in these equations; and 
for the integral Z, they are given by 


0On dXm 
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for w = l, w, when z is replaced by Z in these equations. 
Consequently, we must have 

— = 0 
dz dz dx^ ’ 

a£ ^ dg 

da^dx^n "'^dandxsn ' 

for wi = 1, ..., w, when z is replaced by the supposed common value 
of f and Z, 

Now when this common value is substituted, the n equations 
dxjn 'dz dz dx^ 

are a set of equations involving the quantities a,, ..., a„. If they 
determine values for these quantities, we can proceed to the 
identification of the integral ; but they do not necessarily deter- 
mine such values, and then we cannot proceed. 

Suppose that such values are determined. If they are con- 
stants, then f is a more or less particular form of the complete 
integral : all the equations 

^ 4. 4. ^ 0 

dtli dXjn *“ dan dXtn 

are satisfied. If values are found, so that some at least have 
the form of functions of a;,, ..., a^n, there may be some functional 
relation or several functional relations among them : let these be 
denoted by 

..., an) = 0, ..., an) = 0. 

Then the other n equations are satisfied by means of the 
equations 

M4. 4.^ ^ 

for m = 1, . . . , ri, with appropriately determinate values of Xj , . . . , X^. 
All the conditions then are satisfied ; and f then is a more or less 
particular form of the general integral. If on the other hand 
the variable values found (say m in number) are such that no 
functional relation subsists among these m quantities, the n 
remaining equations can only be satisfied by having 

95' _A 
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for each of the m quantities found to be variable ; the integral f 
would then be a degenerate form of the general integral of the 
differential equation. Lastly, if all the quantities a are variable 
and if there is no functional relation among them, the n remaining 
equations can only be satisfied by having 


doi 


= 0 , 



= 0 ; 


the integral f would then be a singular integral of the differential 
equation. 


It thus appears that, subject to the determination of the 
quantities an from the equations 

^9 — = 0 

dz hz dx^ ' 

the integral f is comprehended within the aggregate of the 
complete integral, the general integral, and the singular integral. 
This aggregate is widely comprehensive : it cannot be declared to 
be completely comprehensive, because occasions arise in which the 
equations refuse to provide a consistent set of values of Oj , ...» an 
needed to secure inclusion. The whole of this theory is formal : 
it does not take account of the peculiarities of equations: and 
examples will be indicated to which it fails to apply. 


Such integrals, as do occur but are not included in any of the 
three classes, will be called special. 


Ex. 1. It is easy to see that the equation 


has an integral 


Z^dlXi '+’... 


which is a complete integral. To obtain a general integral, the most general 
possible, we take only a single relation among the quantities ai, ..., in the 
form 

Oi=/(«j, a,), 


where /is an arbitrary function of its arguments, 
are 






’ 0 . 


for ..., 71 ; these give 




(Xi x^ 


The associated equations 
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where the character of is dominated by the arbitrary form of /. Inserting 
these values of a, we have 



where F is an arbitrary function. 

This is the integral which would be obtained by the process of § 30 ; 
accordingly, the most comprehensive integral given by that process is the 
general integral. 

The equations, which would give the singular integral if it existed, are 

•^1 “ 0 , . . . , ~ 0 I 

clearly there is no singular integral of the equation, though is a 
particular case of the complete integral. 


Ex. 2. The equation 




has been discussed (§ 34, Ex. 3) ; in particular, it was shewn that the integral 


_x^ 


was not derivable from the general integral there obtained. The equation 
does not possess a singular integral. 

^2 

Is the integral 2 :=— comprehended in the complete integral ? 


Ex. 3. At the end of § 59, it was shewn that the equation 
Z'px •\-qy-\- (fx ^ = 0 
possesses two complete integrals 

« = a — ^ 6% + hx^^y, 

The general integral deduced from the first of these complete integrals is 
obtained by associating with it the equations 

where is arbitrary: the general integral deduced from the second of 
them is obtained by associating with it the equations 

where ^ is arbitrary. Clearly there is no singular integral. 

To obtain the relations to one another of the two complete integrals, we 
adopt the method in the text. When we equate the different respective 
derivatives, we have the relations 

- i ^ - i 6^ ■" ty = - iy ^ ^ (jF + jB) , 
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these relations are consistent with one another, in virtue of the single relation 
h + ^Bx) " 

When we equate the two integrals themselves, we find 
atm A- IBxy^ (x^ - 1 - 2Bx) “ 

The values of a and h are thus variable quantities ; and it is easy to see that 
they are connected by the relation 

In virtue of this relation, and of the values of a and 6, the other necessary 
relations 

dz 0a dz db 
da d.v 06 0J7** ’ 

02 da dz S6_^ 
da dy^db dy^ * 

are satisfied. 

Hence each of the two complete integrals is a particular case of the general 
integral deduced from the other : the generalising relation is 

a-A+^Bb^tmO. 

Ex. 4. The equation 

pq^^xy 

has 

^=-+ay^ + 6 

for a complete integral ; it has no singular integral : and its general integral 
is given by 

&=/(“)• 

Another integral is given by 

z—2xy + b. 

To investigate its relation to the complete integral, we proceed as before. 
Equating the derivatives, we find 

2x 

^ = 23^, 2ay^2x, 

giving 

X 

atm^ ; 

y 

with this value, the two quantities z are the same. 

The other equations 

a. - n j. - n 

da dx 06 0.r * dady"^ ^b dy ’ 

are satisfied by 

^ = 0, 6 =s arbitrary constant. 
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The new integral is a special case of the general integral ; for we have 

6=/(a), -^+y»+/' (a)=0, 

as the equations of the general integral ; and they lead to the new integral, 
when /(a) is regarded as a pure constant. 

Ex. 6. Classify the integral z^Zx^ x^ x^ ■\‘h of the equation 
^lP2iP3 = l- 

Ex. 6. Consider the equation 

{l + («-a;-y)*}p+j'=2, 

which has already (§ 34, Ex. 4) been discussed from the point of view of the 
general integral. The equation is clearly satisfied by 

the question is, does this integral fall within the three classes of integrals 
considered ? 

Proceeding to integrate by CharpiPs method, we find 

j,-\ ' 

as one integral of the subsidiary equations. When this relation is com- 
bined with the original equation, we have values of p and q\ these are 
substituted in 

dz^pdx-^qdy^ 

and the quadrature is effected : the result is 

2-b(a- l)y-f 2 (a+1) {z-~x-yf^h^ 
where a and 6 are arbitrary. Writing 

i4=2 + (a~l)y+2(a-|-l)(2~07-y)* 
the singular integral (if any) is given by 

0a 06 

the latter equation shews that the singular integral does not exist: con- 
sequently 

2=07 -Hy 

is not a singular integral. 

The general integral is given by the elimination of a between 

du . 

(a). 

If can be determined, so that the result of the elimination is to give 

z^x^yy 

the second of the equations for the elimination must become 

y=0' (a), 

and the first of them must become 

X’{‘aynm^{a). 
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The foimer of these, for any function makes a a function of y only ; the 
latter, instead of being identically satisfied (as it should l)e) if the integral 
could thus arise, leads to a relation between x and y. Any such 
relation is excluded. Hence ;s»^4-y is not a particular case of the general 
integral. 

It is clear that constant values of a and b cannot be chosen such that 
the equation leads to the equation f^x+y : hence the integral is not 
a particular case of the complete integral. 

It follows therefore that, while zsxx+t/ is an integral of the equation 

it does not belong to any of the three usual classes of integrals : an instance 
is thus provided in which the general theorem due to Lagrange does not hold. 


If the differential equation is rationalised, so that it takes the form 

the complete integral is 

{z+(a-l)y-6}2*=4(a + l)* («-x~y); 

and z^x-^-y is easily seen to be a singular integral. The explanation of the 
difference is left to the student as an exercise. 


Ex. 7. Given the equation 

Ap* 4- Bpq + Cq^ ^ />, 

where By C, D are functions of x and y only, investigate the conditions 
necessary and sufficient to secure that it possesses a complete integral of 
the form 

where u and v are functions of x and y, and a, h are constants. 

Verify that, if the conditions are satisfied, it also possesses an integral 
z^uv’\-h. 

YiThat is the character of this integral ? 


Tests for a Complete Integral. 

76. In the preceding investigation, it has been assumed that 
a complete integral of the differential equation is known, so that 
it is possible to proceed from that integral to the differential 
equation, and to that equation alone : and it has been pointed out 
that an integral, containing the proper number of arbitrary con- 
stants, is not necessarily complete. The important limitation is 
that elimination among the equations, denoted in § 7I by 
^ = 0, <^1*0, 0n = O, 

should lead to one, and to only one, equation. 
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For this purpose, it is necessary that not all the Jacobians 
should vanish : if they do vanish, then the elimination of the 
n quantities a,, ..., an will lead to at least two equations. 

Again, if all the Jacobians but one, say 

j(<f>. .... 

\^i> » ®n/ 

are known to vanish, then either that Jacobian vanishes or else 

vCli 

that is, either that Jacobian vanishes, or 4>i involves none of the 
constants. The first of these two alternatives is the preceding 
case. As regards the second alternative, we at once have 

as an equation. The constants a,, ..., may or may not be 
eliminable between <f> = 0, = 0, . . . , <^n == 0 ; so that there would 

be only one equation if they cannot be eliminated, and there 
would be at least two equations if they can be eliminated. If 
there is only one equation, the integral is complete; if there is 
more than one^ the integral is not complete. 

If a Jacobian, say 

jf 4>f <l> 2 > • 4>n \ 

, , / 

is known not to vanish, then the equations 

can be resolved for Ui, ..., a,*; their values, substituted in = 
if it involves any of them, lead to a single equation; while, if 
^1 = 0 does not involve any of the constants Oj, a,^, it is itself 
one equation involving derivatives. We have only a single 
equation: the integral is complete. 

Ex, 1. Consider an integral equation 

z = {xi - ad* + (^2 - ag )* + (xs - Og)* ; 

it is easily seen to be a complete integral of the differential equation 

the elimination being immediate. 

An integral equation 

~ ai)^+(x2 - aj)*-f - Os 
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leads to a single equation 

and no other elimination is possible : the integral is complete. 

An integral equation* 

Z = {{Xi - ai)2 + (^2 - + A'3 - Os 

leads to two equations 

it is not a complete integral of either equation, nor of an equation such as 
Ex. 2. The equation 

z—axi-^hx2-¥cx^ 


is a complete integral of the equation 


X\P\ +^* 2^2 + ^ 3 i ?3 = ‘?- 

Another integral, containing three arbitrary constants, is 

^2 

z^axi-^^x^-k-y-— . 

Xj 

To determine its significance, we equate the values of pi, p%<tP% derived from 
the two values ; and we have 


c=0, 

giving variable values for a and h. These variable values are subject to the 
two equations 

4y (a-a)4-(6--/3)2==0, c=0; 

and these, as two equations connecting the assumed variable magnitudes, 
shew that 

z^aXi-\~^2'i-y — 

Xi 

is not a complete integral of the equation, but is a special case of the general 
integral derived from the complete integral 

z axi + bxz + cx^. 

In point of fact, the equation 

z^aXi-^^2’^y — 

Xj 

leads to two equations 

a;ipt-hX2P2^Zy ps^O, 

thus verifying the conclusion that it is not a complete integral of the original 
equation. 


Me* 3. To illustrate a difierent aspect of the relations of integrals, 
consider the equation 




* This example is given by Ooursat, p. 98. 
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which occurred in Ex, 1. It possesses an integral 

21= (^i - ai)* + ( a» 2 - «*)*+(% - as)*, 
which is easily seen to be complete : it possesses an integral 

_ (o’! + “1^2 + <*2^3+53)* 
l+ai*-fa2* * 

which also is easily seen to be complete. What is the relation, if any, 
between the two integrals? 

To determine it, we first equate the values of jOi, JD2, Pz l^wo values 

of 2, and resolve the three equations for (say) ai, 02, 03; and we find the 
three variable values 

OC^ — ^ CL^ <273 fltj 

“2=— — ;r> 

fltj 

^ ^2 a2 ^ ^3 ““ 03 

03= aj — a2 — <*3 . 

Xi — ~ aj 

These are connected by a functional relation 

ai 4 * <*201 + a 3 a 2 + 03 = 0 . 

If then we construct the general integral to be associated with the complete 
integral 

2 = (^1 - aiY -f (a’2 - ( Hf + (^3 “ as)*, 

the integral 

4 " ai^2 4 * a 2^’3 4 - 03)^ 

1 4 - 01 * 4 - 02 * 

is a particular case of that general integral given by the particular equations 

01^2 “■ 02a3 — O3 ^ 

3 = (o?! - ai)* 4 - (^2 - 02)* 4 - (^3 - as)* 

0 = (^1 - Ui) ai - (a’ 2 - as) 

0 = (a?! — ai) a2 — (^3 — O3) 

when «!, 02, as are eliminated among them. 

On the other hand, if we construct the general integral to be associated 
with the complete integral 

( 4 - 01^2 4 " 02^3 + 5 ‘ 3 )* 

14 - 01 * 4 " 02* * 

the integral 

z ^{ Xi - Oi )2 4 - (^2 - 02)* 4 - (^3 ~ as)* 

is a particular case of that general integral given by the particular equations 

03 == “ O2O1 — asas “ Oi 

z — (^1 4 " 01^2 4 - 02^3 4 - 03)* 

r\ ^ ^ ari 4 -«i^ 24 - 02 a 734 - 0 s 

f\ ^ ^ .Vi 4 -aiA '2 4 - 02 a 73 4"03 

0=^3- 03-0* - 

when oi, 02, 03 are eliminated among them. 
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It thus appears that a single equation, of degree higher than the first, 
may have quite distinct complete integrals; and that a complete integral 
may be a particular case of a general integral derived from another complete 
integral, and, d fortiori^ may be a particular case of the general integral 
derived from itself. (See also Ex. 3, § 74.) 

Ex, 4. Discuss the character of the integral of 
as given by the equation 

- ai « + {(.ra ~ 02)2 + . . . + (^n - ttn )*} *• 


Singular Integrals. 


76. We have seen that, when a singular integral of the 
equation 

/(a?!, Xn, z, p,, Pn) = 0 
exists, it can be obtained from the complete integral 

<f>(z, Xi, ..., Xn, a,, ..., an) = 0, 

by eliminating a,, an between the equations 


<^ = 0 , 




But when it exists, it may also be obtained from the differential 
equation itself : the formal argument is as follows. 




The values of pj, 
» 0 are 


pn belonging to any integral given by 


d</> . 


da;r ' 


for r=l, ..., n; when these are substituted in the differential 
equation /=* 0, the latter becomes a relation between x, Xj, Xn 
and the quantities Oj, ..., introduced by the derivatives of <f>. 
When the value of x given by 0 is substituted in this relation, 
it becomes an identity ; for it is thus that the original differential 
equation is satisfied in connection with ^ = 0. Hence some value 
of X given by the changed form of /= 0 is the same as a value of z 
given by ^ = 0 ; for all such values, the two equations 

/= 0 , ^ = 0 

are equivalent to one another,/ being transformed by the intro- 
duction of the values of j»i, ..., 
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Now suppose that the integral is the singular integral, assumed 
to exist ; we know that the equations 

^ = 0 ^ = 0 
da, ’ da„ 

are satisfied. As the transformed expression for / is equivalent to 
<f> for this integral, we must therefore have 

^ = 0 -^=0- 
da, ’ ’ don 

hence, as the quantities aj, an have been introduced into this 
transformed expression solely through jOj, ..., pn> we have 

y 0£, y 0^ 


dpi dUr dpi Bar dpn Bar ' 

for r = 1, ..., 7i. 

These are an aggregate of n equations, linear and homogeneous 
in the n derivatives of f with regard to p. 

They could be satisfied by non-zero values for these deriva- 
tives, if 


/Pi. •• 

M Pn 

Ui, .. 



when this is the case, there exist m relations, where m ^ w — 1, 
connecting these derivatives of /linearly and homogeneously. As 
our purpose is the derivation (if possible) of an integral from the 
differential equation itself without assuming knowledge of the 
actual form of the complete integral, we shall omit any further 
discussion of this alternative. 

The aggregate of n equations could also be satisfied (and if 
the preceding alternative were inadmissible, the aggregate could 
only be satisfied) by 

I’" 

and these must coexist with /= 0. It may be possible that these 
n + l equations determine z^pi, •••,pn as functions of ...,a7ni 
but the value of z so obtained cannot be an integral of the original 
equation, unless the values of pi, .-.t pn are the same as the 
Bz Bz 

values of ^ , , . . , ;r- derived from that value of z. To test this 

BtCi 

possibility, suppose that the n equations 

S.o §t-0 

dp, • dp. 


derived from that value of z. To test this 


= 0 . •••. 

vPn 
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can be resolved* with regard to pi, and that the values 

of j)i, thence deduced are substituted in /s=0; the latter 

then becomes a relation between z, Xj, Xn- If the relation 
provides an integral of the original equation, then 


Pr = 


dz 


for r = l, n, the values of pn being the above values, 

^z ^z 

and the values of ^ being deduced from the integral 

relation. The latter are given by 

^ ^ s = 0 

dXr'^dz dXr i=i (0jPt V0^r ^-2^ d^Jj ' 
for r = 1, . . . , n ; hence we must have 

dXrdz^’' • 


Conversely, if this equation is satisfied, and if the initial assump- 
tion that the n -f 1 equations determine ...,^n ^.s functions of 
^ 1 , ..., Xn is justified, we have 


dz 

dXr 


= Pr. 


for r = 1, ..., n, provided is not zero. In that case, we have an 
integral of the differential equation: it is the singular integral. 
But if the values of jpi , • . . , jOn make ~ vanish, the inference 

uZ 

cannot be made : separate investigation is then required and will 
come later. We thus have the following theorem ; 


1/ the equations 


f(x^y ..., Xny Z, 2>i, Pn) = 0, 

A A 9 / 9 / A 9 / . df ^ 


are consistent with one another , and if they determine z^p^y .. , 

df 

as functions of x^y ,,,y x^y smh that ^ does not vanish identically y 


* This supposition requires that the Hessian of / does not vanish simulta- 
neously with the n + 1 quantities/, ~ . 



76.] 


EXCEPTIONAL INTEGRALS 


185 


the vahie of z thus givm is an integral of the equation^ being the 
singular integral. 

Of course, if the 2w + 1 equations are not consistent with one 
another, no integral of the differential equation can be found 
by this avenue. 

And it must not be assumed that the locus, given by the 
elimination of jpi , . . . , pn among the equations 


/=0 ^ = 0 ^ = 0 
J dp, ""’-’dpn ’ 

is the singular integral : if it exists, it will be included in the 
locus, but the locus may include other equations which do not 
provide integrals. 


Ex. Discuss in the preceding manner, so as to obtain singular integrals 
(if any), the equations 

(i) Z^PiXy-^ ... -k-pn^n-k-api ...Pn ; 

(ii) (api-z) (ap2-z) {ap^^z)^a^p^p2pz ; 

(hi) ...,Pn), 

where, in the last equation, /is a polynomial in its arguments. 


Exceptional Integrals. 


77. Now it may happen that the 2/1 + 1 equations 
/•=0 ^ = 0 ... -^=0 ^ + .. + « ^=0 


are consistent with one another, but that (contrary to the h}^)©- 
thesis in the preceding theorem) they do not determine all the 
quantities pi, ..., pn in terms of ..., they may determine 
only a number of these quantities in terms of the remainder, say 


P»* 9t {Xl y • • • > ^n> Pm+I » * • • > Pn)» 
for r = 1, ...,m. When these values are substituted in the above 
equations, each of them becomes an identity, z, p^fi, •••, Pn being 
regarded as functions of ^i, ..., In particular, /‘=0 is an 
identity ; and therefore 

2 [ y ^9r , ^ dgr 

dx, dzdx, \ dpr\^x, dz dx, „ \ 9 />» b+m 

+ 2 5 -^ = 0 . 
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But the equations 

y.o 

fpr ' 8(W. ■ 

are satisfied identically, for r « 1, m, and /a = 1, , w — m, by 

the values in question ; also 

dxg ^ dz dxg * 

for s = 1, . . . , n: hence, unless ^ vanishes for the values in 

oz 

question, we have 
for all the values of 8. 


dz 


Thus the set of 2w. + 1 equations may be replaced by a set 
Pr^grilCu ...,Xn,Z,Pm+U — > Pn), 
for r = 1, .... m: and, from their source, we have seen that 

P « = 3 — . (*==1 «). 

that is, the quantities p are the derivatives of z. Thus the set 
of m equations is a complete system : it possesses an integral 
containing n- m-\-l arbitrary constants. 

Although such an integral has affinities with the complete 
integral, it can hardly be claimed as a specialised case of the 
complete integral : and although it has affinities with the 
singular integral, it can hardly be claimed as a generalised case of 
the singular integral. It may be regarded as belonging to the, 
as yet, unclassified aggregate of special integrals. 

Examples will be given later. 


Integrals of Equations of first order in two 

INDEPENDENT VARIABLES. 

78. After the general discussion for equations in n inde- 
pendent variables, it is unnecessary to enter upon the similar 
discussion for equations in two independent variables: but the 
results are so important for the latter set of equations, particularly 
in connection with the geometry of ordinary space, that they are 
worthy of separate statement. 
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Accordingly, an equation of the first order in two independent 
variables, represented as usual by 

f{x, y, z, p, y) = 0, 

possesses a complete integral involving two arbitrary constants, 
which may be represented by 

a, 6)=:0. 

In addition, it possesses a general integral^ obtained by the 
elimination of a and 6 between the equations 


(^{x, y, z, a, b) = 0\ 


b — B (a) = 0 


d± df 

da db 


e'(a) = 0 


where 6 is an arbitrary function: frequently, the elimination 
cannot explicitly be performed, and then the three equations give 
the general integral. 


The differential equation may, but does not necessarily, possess 
another integral derivable from the complete integral If the 
equations 


*-«• s-"- S-"’ 


06 


furnish values of z, a, 6 in terms of x and y, such that z is an 
integral of the differential equation, then if 6 can be expressed in 
terms of a alone, the integral so furnished is a particular case of 
the general integral : but, if 6 cannot be expressed in terms of a 
alone, the integral is a singular integral. 

Moreover, a differential equation may possess integrals of the 
unclassified aggregate called special ; they are not derivable from 
the complete integral. 

Further, if the equation possesses a singular integral, it is given 
by the equations 


/.o ^-0 §f-0 


provided these equations are consistent with one another and 

df 

determine p, q, z as functions of x and y, such as to leave ^ 
different from zero : the value of z so determined is the singular 
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integral. If the five equations are inconsistent with one another, 
there is no singular integral. If the five equations are consistent 
with one another but are equivalent to two equations only, which 
may be regarded as determining p and q in terms of x, y, Zy then 
the equation 

dz ^ pdx qdy 

is exact after the values of p and q have been substituted: a 
quadrature leads to an equation, involving one arbitrary constant 
and providing an integral of the equation. Such an integral will 
be called special. 


Ex. Examples of the ordinary integrals that occur most frequently in 
connection with the simplest forms of equations are found freely in text- 
books. 


As an illustration of the integrals here called special, when they arise 
through the process that, if otherwise favourable, allows the deduction of the 
singular integnil from the equation itself, consider the equation 

g2 

The five equations 


/-->• 

are satisfied by e=0, which is a singular integral. They also are satisfied by 


_ xz ^ . 

1 > 2'— i > 

and they then do not determine z in terms of x and y. When these values 
of p and q are substituted in 

dz^pdx'Vqdyy 

and the quadrature is efiected, we have 




where a is an arbitrary constant. It is easy to verify that this value of z 
satisfies the differential equation, and therefore is an integral. 

In order to consider the relation of the integral thus deduced to other 
integrals of the equation, we use Charpit^s method (§ 68) for the solution of 
the equation. Writing 


and equating to ^dt each of the fractions in Charpit’s subsidiary equations 
these become 


dx 

dt 


p-xCy 


dt 




dt 



dp z 
dt'^u 



dq ^z 
dt^ u 
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after slight reduction and using the equation /=0. Hence 


and therefore 



du 

dt 


22:-- 2 fw, 



that is, one integral of Charpit’s equations, involving the derivatives p and 
is given by 



where a is an arbitrary constant. When this is combined with the original 
equation, and the two equations are resolved for p and we find 

p {cfi —XV — yaw*, 
q +y*) =yr + 

where 


u 

and these are to be substituted in 


dz=pdx-^qdy, 

which then becomes an exact equation. We have 


that is. 


- W-i-1 \ u J w-f 1 ’ 

j / 2 \ , du . xdy - ydx 


after a quadrature, we have 


— /3 — a |tan~* w* + tan““i*^| , 

which may be regarded as the complete integral, expressed in a form that is 
both transcendental and irrational. 

Writing 

x—rcoH$f y — rsin^, 

this complete integral becomes 

!)*}]• 

The general integral is expressible in the form 

The special integral, which was obtained in the form 

can be deduced from the complete integral by assuming a—O, and 

rationalising the result : it can also be obtained from the general integral by 
assuming 
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The singular integral z=:0 can be derived from the complete integral, taken 
in the form 

«»=(r*-l)[/3+ntf+otan-> {(r»- !)*}]», 

by the customary process : it can also be deduced as a particular case of the 
special integral, by the assumption a=0. 

79. A whole class of equations possessing special integrals of 
the indicated type can be constructed as follows*. Let 

/(^» q)^o 

be an equation which has a singular integral according to the 
formal Lagrangian theory: the values of z, p, q given by this 
integral must satisfy the equations 

dp * ' doo ^ dz * dy ^ dz 

Let the first two (or any two) of the last four consistent equations 
be resolved so as to express p and q in terms of the rest of the 
variables ; and let the result of substituting these expressions for 
p and q in /{x, y, z, p, q) be g {Xy y, z) : then 

g{xy y, z)=^0 

provides the singular integral of the equation 
/(^, y, -8^1 P> q) = 0 , 
on the Lagrangian theory. 

The equations 

dx ^ dz ’ dy ^ dz ’ 

are consistent with the preceding five equations. Moreover, as 
g (x, y, z) is the value of f(Xy y, z, p^ q) when the values of p and q 

given by ~ = 0 and ^ = 0 are substituted in /(a?, y, z^p^ q), we 
have 

dx^^dz dx ^ dz dx dp dx dq 
dx^^dz' 

and, similarly, 

dy ^ dz dy ^dz’ 

* The prooess was suggested to me by a remark in a letter from Prof. 
Ohrystal, dated 18 May, 1896. 
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both identically; that is, these equations are satisfied identically 
by values of p and q given by 

^ 1=0 = 0 

dp ’ dq ’ 

when in addition to these two relations, we take 
f(w, y, p, q)^g {x, y, z), 

where g {x, y, z) is the result of substituting the values of p and q 
\nf{x, y, 2r, p, q). 

Now consider the equation 

y. Py q) =fi^y V* Py q) ^ 9 i^y Vy = 0. 

If it possesses a singular integral according to Lagrange's formal 
theory, this integral must be such as to satisfy, not merely 
but also 

dp dq~^’ dx'^^ dz~^’ dy^^ dz 

The first two of the last four are 

^/=0 

dp ’ dq ’ 

when these are resolved for p and q in terms of x, y, z, the values 
of p and q are such that 

that is, the three equations 

F=^0, ^= 0 , ~ = 0 , 

dp dq 

are equivalent to two equations only, expressing p and q in terms 
of X, y, z. 

Moreover, it appears that when the specified values of p and q 
are substituted in f{x, y, z,p, g), the latter becomes g{Xj y, z): 
hence, after the preceding explanations and taking account of the 
source of g {x, y, 2), the two equations 

dx^^dz dx^^dz’ 

0 y ^ dz dy ^ dz * 

are satisfied identically, that is, the equations 
dF^ dF_^ dF ^ dF_. 
dx^Pdz~^’ dv'^^dz~^’ 
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are satisfied identically. Hence the five equations 


f-o. 


dF . dF , dF . 


dF df 


are equivalent to two equations only, expressing p and q as 
functions of x, y, z: the equation 

F^O 

has a special integral. 

Note. In what precedes, there is a tacit assumption that 
jp=0 is irreducible; if, however, F=0 can be resolved into 
distinct equations, the argument is no longer valid. 


Ex. 1. Apply the preceding process to construct from the equation 

X2 {(x + pzy + (y 4- qz)^}, 

which has 

22(i-.X*)=X2(.r24-y2) 

for a singular integral, another equation which has a special integral. 
Ex. 2. Can the method be applied to the equation 
z^px+qy-\-p^q^f 


for any value of n ? 


80 . The preceding discussion has been concerned with the 
integrals that are derivable from the complete integral of a partial 
differential equation; a distinctive property of the complete 
integral is that the number of parameters which it involves is the 
same as the number of independent variables. But integral 
equations, not distinguished by this property, may be propounded 
for consideration : thus the number of parameters may exceed the 
number of independent variables; and we have seen how an 
equation can arise as an integral of a set of simultaneous diffe- 
rential equations, and then the number of parameters involved is 
less than the number of independent variables. 

A very brief discussion is sufficient to deal with an equation 


when m>n. It may, of course, be assumed that the m parameters 
are essential*, that is, are not reducible to a smaller number; the 
necessary and sufficient test is that the equation 






* In the sense adopted in Lie’s theory of groups. 
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is not identically satisfied for any non-zero values of a,, as 

functions of Oi, Forming the equations 


.90 d<j> g. 


dz 


for r = 1, n, it usually is not possible to eliminate a number of 
constants greater than n among the n -p 1 equations 

0 = 0, 01 = 0, . . . , 0n = 0 

so that usually, on proceeding to the eliminant equation, we should 
find that it contained m — n parameters. If, however, the appro- 
priate Jacobian conditions 

Wd-iy Ug, . .. , / 

are satisfied for each selection of n 4 1 parameters from the set of 
m, then the single equation resulting from elimination contains no 
parameters. The integral equation is then a special case of the 
general integral of the partial equation. 


Ex. The equation 


leads to 


z=ax+by+c^- + g'— 


it is a special form of 


which is the general integral. 


x'p-^yq^z'. 



Classes of Integrals of a Complete System. 


81. Coming next to an equation 

4>{ZyX^y ...yXny djy , . . , = 0 , 

for which m < n, we shall assume, as before in § 80, that the 
parameters Oj, ..., are essential. We shall also assume that 
the m constants can be eliminated between 0 = 0 and the n derived 
equations 




0, 


for r = l, so as to give n — m+l equations involving z, 

• ••> ihj •••> Pn* And we assume that ^ does not vanish in 
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association with 0 = 0. We then have the case, which has already 
been considered, of a number of simultaneous differential equations ; 
these equations form a complete set, because of their source ; and 
the Jacobian method of integration has shewn how to construct an 
integral 0 = 0 containing m constants that are arbitrary. Having 
regard to the investigation in the case when m = n, which made 
the derivation of other integrals from 0 = 0 possible, we proceed 
to a similar quest and seek to derive other integrals from 0 = 0 in 
the present case when m < n. 

We proceed as before. The n — m + 1 differential equations 
are the i*esult of eliminating Oj, ..., among the equations 

0 = 0, 0,=O, ...,0n = O. 

The course of the elimination takes no account of the quality of 
Oj, ..., : it will lead to the same result if these quantities be 

changed in such a way that each of the + 1 equations is unaltered 
in form. Accordingly, subject to this limitation, we make a,, ..., 
functions of the independent variables a\, ..., and the 
limitation requires that the n relations 

5 ^ ^ 

iti dai 

for r = 1, ..., n, shall be satisfied, conditions that clearly are suf- 
ficient as well as necessary to secure the invariability of form of 
the n + 1 equations. Multiplying the n relations hy dxi, ..., dxn 
respectively, and adding, we obtain a single relation 


I M 

t=l 


da.i = 0 


in the differential elements : it is equivalent to the n relations and 
therefore, when satisfied, it suffices for the present purpose. 

This differential relation can be satisfied in various ways. 

In the first place, all the quantities do,, ..., may vanish, so 
that all the quantities Ui, ..., are constant. We then resume 
the original integral : on the analogy of the corresponding integral 
for a single equation, we call it the complete integral. 

In the second place, an integral equivalent of the differential 
relation may consist of p equations 

(flit ••• > = 0, •••t g/i. (o-i, . .. , a,n) = 0, 
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and of these only. Obviously fM cannot be greater than m. If 
be equal to m, then there are m equations involving m quantities 
a : each of these quantities is a constant, and so we fall back upon 
the preceding case. Hence we need consider only values of ya that 
are less than m. As there are fi integral equations in the complete 
equivalent of the differential relation, the only relations among the 
differential elements are 

d^i = 0, = 

and the differential relation 




dai = 0 


i=l “dcii 

must be satisfied in virtue of them. 
Xj, X^ must exist such that 


Consequently, ya quantities 


and therefore 


for 1 = 1, ..., m. 


5 00 

^ r ddi = Xj d^i “f" • • • "f* X^ dfffi 'y 
i=l 0(li 

4. 4.x ^ 

dar^doi'^ ■■■ '■aoi ’ 

These' m equations, together with 


0 = 0 , ^1 = 0 , ...,^^ = 0 , 

make up m + /a -f 1 equations : eliminating the m parameters 
cti. • • • , snd the yx multipliers Xj, . . . , X^ among them, we obtain a 
single equation among .g, a?i, . . . , The value of z thus determined 
is an integral of the original differential equation : as before, we 
call it a general integral. 


In the expression of a general integral, the functional forms 
9\y •••> 5^/4 occur; and so there are various classes of general 
integrals, which arise according to the number of postulated 
relations. It is clear that 


0 < yx < m; 

and it is customary to describe a general integral, associated with 
yx forms, as of class fi. 

The extreme case, when = m, has already been mentioned : 
the integral is then complete. The other extreme case, when 
/x = 0, will be discussed immediately. 

As in the case of a single differential equation, it might be 
supposed that a class of integral, intermediate between the com- 
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plete integral and the general integrals, would be obtained by 
taking 

ttf+i = constant, . . . , = constant, 

and then postulating a number of relations 

gi{au ai) = 0, a^^O, 

where t < % among the remaining parameters Uj, a^. Effect- 
ively, these equations amount to m -f- r — ^ relations among the 
parameters ai , . . . , , of which m — i are special in form : the cor- 

responding integral would be a specialised general integral of class 
m -4- T — 


Moreover, it can be proved, as in the case of a single differential 
equation, that the most comprehensive general integral is of the 
first class when the single relation is quite arbitrary ; on this 
account, it is sometimes called the general integral. 

There is one other mode of securing that the differential 
relation is satisfied. It is possible that the equations 

ua\ va^fi 


could hold ; the differential relation then becomes evanescent, and 
so it ceases to have any necessary influence upon the organic 
variations under consideration. The equations 


<^ = 0, 


^.0 M.o 

30, 3a. 


may coexist and may be consistent with one another : if the result 
of the elimination of Ui, ..., a^, among them provides a single 
equation involving no arbitrary element, and if that single equation 
determines an integral*, the integral thus furnished is called the 
singular integral. 


Ex. 1. The simplest cases arise when there are only two independent 
variables. Thus let 

<p^z-a^y-^ax^O\ 

the value of z thus provided satisfies the two equations 

z^px-k-p^y^ 
z^px-^qy j 

* The reason for this limitation is similar to the reason in the former case 
(§ 73). Even when the process is possible, the locus provided by the eliminant 
frequently is composite : some of its components, even all the components, may 
not be integrals of the differential equation but may be loci of singularities on the 
complete integral. 
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The elimination of o, between <j)—0 and 

leads to an equation 

It is easy to verify that the value of z given by this last equation satisfies the 
two differential equations : accordingly, it is a singular integral. 

Geometrically interpreted, the complete integral is a family of planes 
through the origin touching a cone which is the singular integral. 

Ex. 2. Obtain the simplest differential equations satisfied by the value 
of z given by 

and prove that they possess a singular integral represented by 

8y*0 4-^=0. 

Ex. 3. Discuss similarly the equation 

z^ax+a^^-ha^, 

obtaining the two simplest differential equations which it satisfies, in the 
form 

z^px + q^-{-jpq 1 
z===px-^p^p-j-p^) 

Prove that the equation 

27 ^* + z (ISx^ — 4y3) - x^^^ + 4x ^ = 0 
provides a singular integral. 

Shew also that the value of z given by the original equation satisfies the 
two partial equations 

z=px4‘P^^-\-p^) 

{z-qi/y=q{x+qy J 

Is the original equation the complete integral of these two equations ? 

Ex. 4. Integrate the equations 

P3^PlP2 

and shew that they possess a singular integral 

ZXz-\r XiX2=0. 

Ex. 5. It has been seen (§ 67) that the simultaneous equations 
P\P2 - -*^ 3^4 == 0 , PzPi- ^1^2 = 0 
possess two complete integrals 

oit JL 
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The respective general integrals are evidently given by 
a " 

Oaa - + Oe* ^ (-^ ) 

and there is no singular integral. There is a question as to the relation of 
the two complete integrals to one another. 

If they can be brought into such relation that one of them can be 
changed into the other, then (after the preceding discussion) we must have 


Pi^ 


£3 

a 





£2 

~A^ 


jp4 = flW72“= 


all of which are satisfied by the values 



In order that the two values of z may be equal, we must (with these values 
of a and A) have 

The other equations require that the relation 

dz j dz j, ^ 

g^<fa+ggrf6 = 0 

be satisfied : that this may be the case, we must have 

db^O, 

that is, b must be a pure constant. 

We thus see that the conditions, necessary to secure that each of the 
complete integrals can be transformed into the other, are not satisfied : the 
values of a and 6, which have been obtained, do not lead after substitution to 
the other integral. The complete integrals are distinct from one another : it 
will be seen, on reference to the construction of the integrals, that they 
belong to different resolutions of the original system. 

But, on the other hand, by the substitution of the values of a and Ay 
both complete integrals lead to a new integral 

z^2 (xiXaX^Xi)^ -^by 

which is a particular form of each of the general integrals. 


82. The aggregate of integrals, composed of the complete 
integral, the general integrals, and (when it exists) the singular 
integral, is widely comprehensive: but for a complete set of 
differential equations, as for a single equation in the earlier dis- 
cussion, the aggregate cannot be declared wholly comprehensive. 
The argument is similar to the argument in the case of a single 
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equation and therefore hardly needs to be repeated in the present 
connection. 


If any given integral is included in the above aggregate, the 
determination of its character is easily effected. Let 

^(Z, iVi, Wn, a,, ..., am) = 0 

be the complete integral of a given complete set of n — m + 1 
partial differential equations; and let 


ylr(z, a:,, ^n) = 0 


be any other integral of that set. If = 0 is included in the 
aggregate, it must be possible to assign values (constant or 
variable) so that the equations are satisfied, and so also that the 
values of z given by the two equations are the same. If the 
latter condition be satisfied, the values of pi, pn must be the 
same. For = 0, they are given by 


^^|r 

dXr 




for r= 1, ..., n : and for 0 = 0, with values assigned to a,, ...» 
such that the differential equations still are satisfied, the quantities 
pi, ...,pn are given by 




for r = 1, ..., w. If they are the same for the two integrals, 
we have 

00 ^ — 0 

dodr dz dxr dz ' 


for r 1, ..., 71. Hence the quantities Ui, must be such as 

to satisfy these n equations and also the condition that the value 
of z given by 0 = 0 is the same as the value of z given by •0‘ = 0. 

If these n + 1 conditions give constant values for Oj, ..., Ua,, 
the integral furnished by 0- = 0 is a particular case of the complete 
integral. 

If the 71 + 1 conditions express a, , . . . , as functions of the 

variables, such that these functions are connected by a number of 
relations of the type 

g(ai, a„)=0, 

the number of these relations being less than m, the integral 
furnished by yjr^O is a general integral. 
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If the w-Hl conditions express ai, in terms of the 

variables, the values being unconnected by any functional relation 
or relations, the integral furnished by = 0 is a singular integral. 

But as m < n, we cannot affirm that the n + 1 equations must 
certainly determine the quantities without the intro- 

duction of relations among the independent variables. In all 
instances, when Ui, ..., a^, are not determined in one or other 
of the foregoing forms, the integral furnished by ‘\[r:=0 is not 
included in the aggregate of integrals associated with 0 = 0; it 
belongs to the unclassified set of integrals previously called special. 
In such an event, the retained aggregate of integrals associated 
with 0 = 0 is not wholly comprehensive. 


Ex. 1. The two equations 

/i=;?2“P3=0 

are a complete set : for 

[/i> /2]=0, 

in virtue of /i=:0. 

A complete integral is furnished by 


■^2 + ^3 






-- log (.??2 + ^ 3 ); 


a general integral is furnished by 

where g is an arbitrary function ; and there is no singular integral. 

It is easy to verify that the two equations are satisfied by 

no definite values can be assigned to a and 6, and no definite form can be 
assigned to so that this integral can be included in the foregoing aggregate. 

Ex. 2. Discuss the character of the integral of 

Ps - Pj = 0, {1 +{*-«,- afj - *,)*} pi +;>J +P3 = 3, 

which is given by 
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Singular Integral of a Complete System. 


83 . When a complete set of simultaneous equations possesses 
a singular integral, the knowledge of the property of a single 
equation in similar circumstances makes it natural to enquire 
whether the singular integral can be derived from the complete 
set itself, without the intervention of the complete integral. It 
is possible to do so in cases when the equations possess (or when, 
without extension of their significance, they can be transformed so 
as to possess) a particular form, as will now be proved. Partly 
owing to the elaboration of the conditions even when the particular 
form is possessed, and partly owing to the fact that a set of 
simultaneous equations in one dependent variable has nothing 
like uniqueness of form, an investigation into the general case will 
not be pursued. 

Suppose that, by appropriate combinations of the members of 
a complete set oin- m 4- 1 equations, it is possible to deduce one 
equation (or more than one equation) in an equivalent set which 
involves w, and not more than m, of the derivatives. As the 
complete set is assumed to possess a singular integral, we shall 
further suppose that the equation in question is not resolved with 
regard to any of those derivatives*; and so we may take the 
equation in the form 

f{z, ..., Xn, Ply Pm) = 0, 

the remaining n — m equations involving , •••ypn> or some of 
them in each equation, as well as possibly pi, ..., Let the 
complete integral be denoted by 


4> {^y Xxy ..., Xj^y Ol, ..., tt„j) — 0 : 

the values of the derivatives are given by 


*^~dXr 


for r = l, ..., ?i; and the complete set of n — m+l equations 
results from the elimination of Gi , . . . , among the n + 1 
equations 

0 = 0, 01=0, ..., 0 n=*O. 

* It will appear from the analysis that a resolved equation of the indicated type 
would exclude the existence of a singular integral, because it would lead to impossible 
conditions. 
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In particular, the equation /— 0 selected from the set must 
result from the elimination: as it involves only p,, hut not 

Pw+i» •••» Pn> it must result from the elimination of Oi, a^, 
among the m + 1 equations 


If we assume that all the quantities (f>, <f>i, <f>m are rational and 
integral, quantities X, \i , . . . , X,» will exist such that 
y’= \<f> + Xi^i + ... + 

Now / does not involve any of the parameters aj , . . . , : hence, 

in connection with our integral, we have 


n--x A.\ ^*^‘4- 4-X 


for t == 1, . . . , m. 
with ^ = 0, by 


The singular integral is given, in connection 


dui 


= 0 , 


|i-0: 


and therefore the singular integral, in connection with ^ = 0, 
requires that the equations 


0 = 



+ 




^<l>m 

dUi ' 


for 1 = 1, ..., ?/i, be satisfied. These m equations are linear and 
homogeneous in Xj, . . . , X^, and the determinant of the coefficients is 


0 (</>!, ..., ^rn ) 

0(ai, ..., an,)* 

which does not vanish (the elimination would not be possible if 
this quantity were to vanish) ; hence the singular integral requires 
that 

Xj = 0, •••, X|„ = 0. 

Again, / involves Pi, ..., Pm> which do not occur in <f> and occur 
only individually in , . . . , <f>„, respectively : hence, in connection 
with the integral = 0, 

0Pr 

for r = l, m. Consequently, the singular integral requires 
that 
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and the singular integral satisfies 


/=0: 


hence it may be possible to obtain the singular integral by the 
elimination of , . . . , pm among these w -f 1 equations. 

The equation that results from the elimination is not necessarily 
an integral of/= 0 : if it is, the relations 


da^i 


+p>K=o. 


¥ 

9a:„ 


+ i >»|^=0 


must be satisfied, when the derived values of pi, are 

substituted. And in order that it may be an integral of the 
remaining u — equations of the system, each of those equations 
must be satisfied when the values ofpi, ...,p.n,z are substituted. 


It therefore appears that when a complete set o/ — m -f 1 
equations possesses a singular integral ^ and when an equation can 
be selected or compounded from the set involving only m of the 
derivatives in a form 

f{z, Pi, = 


the singular integral may be given by the elimination of p^ 
between the equations 

dp, ***^ dprn ^ 




/=o. 


the conditions indicated must be satisfied in order that the eliminant 
may provide an integral ; and, when they are satisfied, the eliminant 
proves the singular integral. 


Ex. 1. Consider the system 

z^pX’Vqy j 

in Ex. 1, § 81. 

An equation of the required type is furnished by 

0; 

the associated equation is 

^=2f>y+x=0. 

Eliminating p between these equations, we have 

the value of z thus given satisfies both equations of the system, and therefore 
it is a singular integral. 
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Another equation of the required type is furnished by 
the associated equation is 

Eliminating q between these equations, we have 

3c^ (;p^ + 4y2;)=0. 

The equation 47—0 does not provide an integral. The equation .r2-}-4^2=a0, 
as before, does provide an integral which accordingly is the singular integral. 

Ex. 2. Obtain all the integrals of the system 

2 ^ = Xipi + X2P2 + ] 

0 = PiP^Xz - ^iXzPz ) ' 

and shew that the singular integral can be deduced from the differential 
equations. 



CHAPTER VI. 

The Method of Characteristics for Equations in two 
INDEPENDENT VARIABLES : GEOMETRICAL RELATIONS OF THE 
VARIOUS Integrals. 

For the material of this chapter and the next, which are limited to 
equations in two independent variables, reference should be made in the first 
place to Cauchy’s discussion as given in the section of his Exercices danalyse 
et de physiqxiAi math^matique (quoted in § 84), and to the exposition of 
Cauchy’s method given by Mansion, in his treatise already quoted (p. 100). 

A considerable portion of the chapter is devoted to the geometrical 
interpretation of the analysis, particularly to the interpretation of results by 
the geometry of ordinary space. For this portion, reference should be made 
to Darboux’s memoir, Mhn. des Sav. Etrang., t. xxvii (1880), dealing with the 
singular solutions of partial equations of the first order ; ample use has been 
made of the memoir. Reference may also be made to Monge’s treatise, 
quoted in § 97 ; to Goursat’s treatise, (quoted on p. 55), particularly 
chapter ix which is based upon Darboux’s memoir; and especially to a 
memoir by Lie, Math. Ann.^ t. v (1872), pp. 145 — 256. 

84 . It has been seen that, in the method of Charpit as 
applied to any equation of the first order in two independent 
variables, and in the method of Jacobi for any equation in n 
independent variables, the first step towards the solution of the 
equation consists in the construction of an integral of a simultaneous 
system of ordinary equations. 

As introduced by these methods, the system of ordinary 
equations is subsidiary to the integration of a homogeneous linear 
partial equation of the first order ; there are, however, other ways 
in which they can arise. Two of these will now be expounded ; in 
presentation, and in significance, they seem distinct firom one 
another, but they will be found to be fundamentally the same. 
Partly for the sake of simplicity, and partly because of the associated 
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geometry, we shall begin with equations that involve only two 
independent variables; the discussion of equations involving n 
independent variables can be made briefer, after the explanations 
in the simplest case. 

The method adopted* by Cauchy for the construction of the 
equations was originally propounded f by Ampere ; it is based upon 
a change of independent variables, chosen so as to simplify relations. 
Let these be changed from x and y to x and u ; then y, z, p, q can 
be regarded as functions of x and Uy and, whatever be the differential 
equation, we have 

dz dy 


du 



As u and x are independent variables, it follows that 


_0 

du 

du 



substituting in the former relation and using the latter, we have 
du ~ dx du du dx ' 


When the proper values of y, as functions of x and u are 

substituted in a differential equation 


/(«. y.^.p, 3) = o, 

it must become an identity ; hence, writing 

9 / 9 / 9 / 9 / 

dx’ dy’ dz’ dp’ 
respectively, we have 


g = Y,Z,P,Q, 


dx 




dx 


Y^y_ 

du 


+ Z 


du 


dx 

du 




* Exercicei d'analyte et de ^physique mathimatiquey t. ii, pp. 288 — 272. This is 
dated 1841 ; but the memoir, which contained a first exposition of Cauchy's theory, 
was published in 1819. 

t In his memoir of 1614, to which references will be given subsequently. 
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Inserting the above values of ^ and ^ in the second of these 
° du du 

equations, it becomes 

As the variable u is thus far at our disposal let it be chosen, if 
possible, so that 




dy 


then, as y cannot be a function of x alone so that ^ cannot be 

ou 

zero, and as cannot be a permanent infinity, we have 

F+5Z + P^ = 0. 


Inserting in the first of the two derived equations the above value 

of ^ , and the wi 
ox 

obtained, we find 


of and the values of ~ and ^ given by the equations just 


Hence there are four equations involving derivatives of y, Zy q 
with regard to x alone : they can be taken in the form 

i>| — (Jr+yn 
P^-pP+iQ. p|.-<r+,Z). 


These do not contain derivatives with regard to u nor do they contain 
u itself ; hence, if we take these equations in the form 

dx _dy _ dz dp __ dq 

P^~Q^pP^^-(X+pZr^{Y+qZ)^ 


and obtain their integrals, the arbitrary elements that arise in 
those integrals will be functions of u in the most general case. So 
far as these equations are concerned, the arbitrary elements may be 
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made arbitraiy functions of u : but other equations must be satisfied, 
viz. 

f(a,,y,,,p,q)=0, 
and these may impose limitations*. 

It will be noted that the above set of ordinary equations is the 
same as the set in Charpit^s method (§ 68). 

86. To satisfy the requirements, we proceed from the known 
theory of ordinary equations. If P is not an identical zero for our 
problem, that is, if it does not vanish for all values of five argu- 
ments X, y, z,p, q, tied by a condition 

/(^, y, p, q) = 0 , 

then values Xq, yo, Zq, can be assigned to the arguments such 
that P does not vanish, provided 

/(^o, 3/o, -^o,Po, ^o) = 0. 

Further, suppose that P,Q, X, Y, Z are regular functions of x, y, z, 
p, q in the vicinity of these values. Then it is known, by Cauchy’s 
theorem t on the integrals of ordinary equations, that a unique 
system of integrals exists ; they give y, z, p, q as regular functions 
of X and these acquire values yo, z^, po, q^ when x — Xq. 

If P is an identical zero in the sense explained, then we con- 
sider Q. If Q is not similarly an identical zero, we proceed as 
above making y the independent variable for the ordinary system : 
and with the same hypotheses, we obtain a set of integrals. 

If Q is an identical zero in the sense explained, then we should 
proceed to consider X -f- pZ, making p the independent variable ; 
and if that were to fail, we should consider Y + qZ, making q the 
independent variable. We should obtain a set of integrals save 
only in the case, when all the equations 

P = 0, Q = 0, = Y-^qZ^O 

are satisfied for values of x, y, z, p, q, which obey the relation 
f{!e,y,z,p,q) = Q. 

* The equation 

dp __dq dy ^ ^ 
du dx du dx du 

imposes no additional limitation : it is satisfied in virtue of the equations retained, 
being a mere deduction from them, 
t See vol. XI of this work, oh. n. 
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This case is obviously exceptional : it provides what has ah'eady 
been recognised as the singular integral, and consequently it will 
be set aside from the present investigation. It may or may not 
occur : when it does occur, its relation to other integrals will be 
considered subsequently. 

If then, setting this case aside, we take yoy Zq,Pq, as functions 
of u satisfying the relation 

/(««. y„, p«, 9o) = 0, 


we have a set of integrals of the system of ordinary equations ; and 
these are further to satisfy the equations 

Let 



du* 


so that E is to be zero ; thus 


dE ^ d^z d^y dq dy 
dx dxdu ^ dxdii dx du ' 


But the quantities already obtained satisfy the equation 


and therefore 


Hence 


Now 


so that 


dx 


dz dy 

d^z _dp d^y dq dy 
dxdu du ^ dxdu du dx ’ 

dE ^ dp dq dy dy dq 
dx~^ du^ du dx du dx ' 

_ Y+qZ 
dx^P^ dx'^ P ’ 




du 


du 


h) 

duj * 


Our quantities are required to satisfy f (a?, y, z, p, q) = 0, and 
therefore 


du 




du 


h 

du 


0 ; 


hence 


dE 1 


dy dz 
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Now after the earlier explanations, we may assume that P is not 
identically zero, that it does not vanish for the values Xq, ZoyJpQy 
qo of the variables, and that Z and F are regular functions of the 
variables in the vicinity of those values : hence, if 

i-fjd,, 

the quantity I is regular in the vicinity of the arguments, and it 
vanishes when x = Xo. If we denote by jE'o the value of E for the 
values Xq, y^y Zo, Po, qo of the variables, then 

E=Eoe-^. 

Now jE^ is to vanish, and does not vanish : hence we must have 


that is, we must have 


^0 = 0, 


^ = 0 
du du 


86. This equation can be satisfied in two ways. First, suppose 
that 3/0 is not independent of u: as u has not hitherto been made 
precise, we take 

yo== w. 

Let Zo = <f) {u)y where <f> is an arbitrary function of u ; the equation 
will be satisfied if 

q^ = (f>'(u); 

and the value of is then determined by 

/(^a, yo, ^0, po, go) = o. 

With these values, the equation = 0 is satisfied. 

In the second place, suppose that 3/0 is independent of u: as it 
is a value of y when x = Xq, we take it to be an arbitrary constant. 

* ^z 

The equation is then satisfied if vanishes, that is, if Zo is 

similarly an arbitrary constant. Then can be any function of 
u ; and po is given as a function of u satisfying the relation 

/(a?o, 3/0, 2^0, Po, 3'o) = 0. 

With these values, the equation .S' == 0 is satisfied. 

Now the integrals of the system of ordinaiy equations are 

y^yiXy X^y Z^yP^y q^)y 

z^z {XyXo,ZoyPo, qo\ 

P^p{XyX^yZ^yP,y ^o), 

q^q (jz, Po> 
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In the former of the above cases, when u is eliminated between 
the first two equations, a relation is obtained involving x, y, z and 
an arbitrary function; if it gives an integral of the original 
equation, the integral so given is general. In the latter of the 
cases, when po and are eliminated between the first two equa- 
tions and /{xq, yo» Po* 3^o) = 0; a relation is obtained involving 
X, y, z and two arbitrary constants : if it gives an integral of the 
original equation, the integral so given is complete. 

It therefore remains to prove that the relations thus obtained 
actually satisfy the equation 

/(^, Vy Zy Py Q) = 0 . 

Now 2/ and z, obtained above as functions of x and % satisfy the 
equations 

dz dy dz dy 


hence, when u is eliminated so as to give a single relation between 
X, y, z, the quantities p and q are the derivatives of z with regard 
to X and y respectively. Further, the values of x^ 3/, z^ p^ q are 
such that the equation 

x+r^+zp+p^^+Q^.o 

OX ox ox ox 
is satisfied identically, that is, 

a/. 


dx 


= 0 . 


Also, as A' = 0 , we have 




dE 

and as ^ == 0, we have seen that 
ox 




du 


du du 


that is, 


or 


rp+zi.+pp^.Qp.o. 

ou ou ou ou 


Hence f is constant: its value when x^Xq is zero: hence its 
value is zero always, that is, the quantities so obtained satisfy the 
equation 
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We thus obtain the general integral and the complete integral 
in the respective cases. In the course of the proof, it was seen 
how the singular integral could arise exceptionally : when it arose, 
it was recognised: and the analysis proceeded with the alterna- 
tives. Moreover, it was assumed that X, F, Z, P, Q are regular 
functions; if this is not true, the results are not necessarily 
applicable to the equation and then integrals may arise which are 
special integrals, though these are not the only special integrals 
that may arise*. 

Darboux’s modification of Cauchy’s method. 

87 . The preceding exposition is substantially due to Cauchy : 
a modification in the treatment of the ordinary equations has been 
introduced! by Darboux, which has the further advantage of 
permitting an easier discussion of singularities. The equations 
are taken in the form 

dx _dy _ dz __ dp __ dq 
P^Q + gQ “ - (Z + ~ ( F+ qZ) ~ 

and they are regarded as determining the five variables x, y, z, p, q 
in terms of t, the arbitrary quantities that occur being made 
functions of a variable u, as before. The establishment of the 
results is simpler than in the Cauchy treatment. 

We assume that, whenj < = 0 , the five variables acquire values 

yo, -s'o, po, ^oi subject to the relation 

/(^o, yo, -^o,Po, go) = 0 , 

and that, in the vicinity of these initial values, the functions 
P, Q, pP + yQ, X-^pZ, Y-\-qZ are regular. Then, by the 
theory of systems of ordinary equations, a unique set of integrals 
exists, being regular functions of t and acquiring the assigned 
initial values when ^ = 0 : let them be 

x=^x (t, Xoy yo, ^0, Po, qoX 

y = y yo, -2^0, Po, 70), 

z^zity x^y yo, ^ 0 , Po, yo), 

p = P (<, Xfiy Po, Zfyy Po, yo), 

y = y (<, x^y yo, ^^o, Po, yo). 

* See, for instance, § 34. 

t **M6moire snr les solutions singuli^res... premier ordre,** Mem. de VInst. de 
France, t. xxvii (1880), § 24. 

t No generality is gained by taking to as an initial value for t: the only 
difference is that comes in place of t. 
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Moreover, we have 




on substitution : thus 

f {x, y, z, p, q) — a quantity independent of t 
= its value when ^ = 0 

=/(-«o, y», ^0, Pt,, qo) 

= 0 , 

so that the above values are connected by this relation. 

If this is to be equivalent to the original differential equation, 
then p and q must be equal to the derivatives of z with regard to 
X and y: the requirement is met as follows. Let the quantities 
^ 0 , 3 / 0 , Zf,, Pq, qo be functions of u, a new parametric variable, so 
that X, y, z, p, q are now functions of t and u. So far as variations 
with regard to t are concerned, the system of equations gives 


a< ^ dt'^^ dt' 

^ dz dx dy 
^ du 

?_ + a ^ 

)u ^ dtdu du dt du dt ’ 


dt dtdu ^ ( 


d^y dp dx dq dy 
dtdu dt du dt du 


_ dp dx dq dy dp dx dq dy 
du dt du dt dt du dt du 


on substituting from the equations. But 

X^f+Y^^ + Z^ + Pl^- 

du du du du 


because the values of x, t/, z, p, q satisfy the equation 
f(x, y, z,p, q)^0; 
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hence 


so that 


dt ~ V 3 u ^ du 


-2 


duj 


= -ZE, 


E = EtC 




where denotes the value of E when ^ = 0. Now Z is a regular 

function of t in the vicinity of ^ = 0, and therefore f Zdt is finite. 

Jo 

Hence it is necessary and sufficient that the equation 

Eo ==0 


should be satisfied in order that E may vanish, that is, 


dzQ dxQ 






88 . This equation may be satisfied in three distinct ways. 
In the first of these ways, both and involve u \ in that 
case, let 

«o=/(m), yo=s'(M). •^o = ^(«X 
SO that the relation 

A'(m) =Po/' (m) + q<,9' (w) 

becomes an equation which, with yo,Zo>Po> = 0, determines 
^0 and In the second of the ways, only one of the variables 
Xq and yo involves v, say y©: in that case, let Xq^^ol, y^^Uy 
ZQ — g{u)) then 

S''(m) = 9 o, 

and the equation /(^o, yo> Po, <?o) = 0 determines po. In the 
third of the ways, neither of the variables Xq and yo involves u : in 
that case, let a?o = then Zq does not involve u, and we may 

write Zo = 7, where a, yS, 7 are constants, and /(a, y8, 7, po, = 0. 

In all these cases, we have = 0 and therefore E = 0 ^ that is. 


and we had 


dz dx 


^y_. 

dv’ 


dz dx 


dy 


These relations shew that, when z is expressed in terms of x and y 
consistently with the relations obtained, its derivatives with regard 
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to X and y are p and q. Moreover, we can prove, exactly as in § 86, 
that the equation 

/(«. !>.?)= 0 

is satisfied : thus we have an integral of the original equation. 

Consider the three cases in turn : for all of them, we have to 
make the respective substitutions in 

x = x{t, ^0, yo, -^0, Po, q^)y 
y = y{t, ^0, yo, q^\ 
z=^z{t, ^0, yo, -2^0, po, q^)- 

In the first case, we eliminate t and u between the three 
equations: there results a single relation between x, y, z. The 
assigned initial conditions are such that x=^Xq, y = '2' = ^o> 

functions of a variable parameter u: or getting rid of u by 
elimination, we can say that, when some relation 

<f)(x, y) = 0 

is satisfied, then z becomes some function of x and y. No limita- 
tion except regularity has been imposed upon the functions : thus 
z becomes an assigned arbitrary function of x and y, when these 
are connected by any assigned relation <f> (Xy y) = 0. The integral 
is general. 

In the second case, for the initial conditions, we have a? = ar® = a, 
yz=:y^=^u,z = ZQ — g {u)y that is, when ^ = a, z = g (y). Here g can 
be an arbitrary function. We have a special form of the first case, 
obtained by writing <f>{Xyy) = x — a. The integral is general. 

In the third case, we have to eliminate three quantities ty qo 
between the equations 

x=^x{ty a, 7,po> S'o), 
y^y{ty a, /S, %Po, ^o), 
z=^z{ty a, /S, 7, poy qoX 
0=/(a, AxPo, 3o). 

The resulting equation involves a, j 3 y 7 arising as values of x, y, z. 
One of these may be taken as an initial value : the other two may 
be arbitrary. When they are quite arbitrary, the integral is 
complete. 
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As regards the derivation of the result, it is to be noted that 
the values of po and are given by 

/(a^D, Vo, ■®o, i>o, go) = 0, 


du du 


du ’ 


if / be a regular function of its arguments, the two equations can 
be resolved for and provided the magnitude 

dpo du dqo du 

does not vanish. We may assume this to be the case for the first 
two of the three alternatives, because we have excluded the 
hypothesis that Pq and Qq are zero : it does not arise for the third 
alternative. 

Again, the equations for x and y may be resolved for t and u in 
the vicinity of ^ = 0 and u = Uq, provided 

dx dy dy dx 
dt du dt du 


does not vanish there, that is, provided 


p 

"du 



does not vanish : this is the above magnitude, assumed not to 
vanish. The values of t and u so obtained are substituted in the 
expression for z, which becomes the integral. 

It might of course happen that Pq = 0, Qo = 0, without Xq -{-PqZq 
and Fo + qoZo vanishing : the possibility is discussed later (Chap- 
ter VII, § 109) and will be seen to provide a singularity. 


89 . The preceding analysis and argument are valid in estab- 
lishing this result, save in one set of circumstances controlling the 
hypotheses adopted. It has been assumed that P, Q, X -f pZ, 
Y-^qZ are regular functions of their arguments in the vicinity of 
the values Xq, y^, Zq, po, q^; but if, for all sets of values satisfying 
the necessary relation 

/(^o, yo, ^o,JPo, ^o) = 0, 

it should happen that 

P — 0, Q 0, X -f* pZ ss= 0, F -|- qZ =* 0, 
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then the only regular integrals of the system of ordinary equations 
are 

^ = ^0, y = q-qoy 

and the results can no longer be established. 

The case, as before, is usually that of the singular integral : it 
is put on one side, for it admits of other treatment as follows. The 
equations 

/=0, P=-0, (3 = 0, F+9Z = 0 

coexist. If it is possible to eliminate p and q between them, there 
will result an equation between Xy y, Zy which is the singular 
integral. If it is not possible to eliminate p and q, then, /being 
supposed irreducible, they .will serve to determine p and q : the 
values of p and q are substituted in 

dz —pdx + qdyy 

and quadrature leads to an integral involving one arbitrary con- 
stant : it may (§ 78) be regarded as a specialised or particular form 
of the complete integral. 

Further, if P, Q, X + pZy Y+qZ are not regular functions of 
their arguments, the inference as regards the ordinary equations 
cannot be made and so the result cannot be established. Special 
integrals can thus arise: but it is not the only source of such 
integrals. 

90. One other exceptional case requires special mention, viz. 
that in which 

pP + qQ = 0y 

though neither P nor Q vanishes : it is a case which occurs when 
/ is homogeneous in p and q of any degree. An integral of the 
ordinary equations is then 

z = quantity independent of t 

and if it should happen that we are dealing with conditions leading 
to a complete integral, it is clear that the equation z=^Zq cannot 
be used for purposes of elimination. 

As in corresponding difficulties (§§ 58, 59), we use a Legendrian 
transformation, introducing a new variable z by the relation 

z'sstz^ pxy 
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and assigning other associated variables in the form 

The quantity jo'P' which occurs in the modified system is 
obtained from 

x(X ■hpZ)-hqQ, 

by making the above substitutions ; this does not vanish in general, 
and so the process can be applied to the modified equation: the 
integral of the original equation can be deduced as before. 

Note 1. Both in Cauchy's method and in Darboux’s modi- 
fication, an integral has been obtained which has been declared a 
general integral. Its expression certainly contains an arbitrary 
function in the least restricted case ; but this property is not, of 
itself, sufficient to secure the character in the customary form. 
A general integral is given by the elimination of a between the 
equations 

g {a;, y, z, a,f{a)] = 0, 

g|+^/'(«) = 0 , 

that is, one of the equations is the derivative of the other with 
regard to the parameter which is to be eliminated. Of course, when 
the elimination can be actually achieved, this relation between the 
two equations disappears ; usually, however, the expression of the 
general integral must be left in this form. 

In particular instances, the result can be verified by bringing 
the last two equations into an equivalent form which exhibits the 
relation characteristic of the general integral. 

Note 2. The general integral that has thus been obtained is 
the integral specified in Cauchy’s existence-theorem. 

Taking the simpler form, we have an integral such that y = t/o 
and z = Zq ^ <f> (yo), when where ^ can be any function 

subject to the conditions involved in the existence-theorem for 
ordinary differential equations : in other words, the integral is 
such that z acquires a value <^(y), when x—Xq. The conditions 
have relation to the regularity of the coefficients in the ordinary 
equations and of the integrals of those equations; they are the 
same as those set out in Cauchy’s existence-theorem, and so need 
not be repeated here. 
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Of course, it must not be assumed that, if all the conditions 
required in the proof of the theorem are not satisfied, the integral 
does not exist : in such a case, we merely are not in a position to 
affirm its existence. 

Ex. 1. An example is given by Cauchy*: he discusses the equation 
pq-xy^O. 

The initial values must be such that 

The subsidiary system of ordinary equations is 

dx ^dy _ dz dp__dq 
q p ^pq y X * 

and a unique system of regular integrals satisfying all the conditions is 
given by 

?=?«(l+ , 

the same branch of the irrational quantity being taken in as in y. We have 

(2-Zo)go=^o(^^-^0^)y 

{Z - Zof =r (y2 _ ^^2^ (^2 _ ^^^2) . 

when we take, in accordance with the preceding theory, 
yo = w, 2o = <#> {u), qo «= </>' (mo), 

we have a general integral given by the two equations : and when, also in 
accordance with the preceding theory, we take 

yo=a, 2 o=A 

where a and ^ are arbitrary constants, the second equation becomes 

(z-^)^=-{y-a)^(x-Xo}% 

giving rise to a complete integral. And there is no singular integral 

If the subsidiary equations are treated by Darboux’s method, they can be 
taken in the form t 

^ ^ 

q p ^ 2pq y x 2pq {^2xy)‘ 

* L.c.y t. n, p. 249. 

t The new variable t is at our disposal, and any modification tending to simplify 
the equations may be adopted; accordingly, is chosen instead of dt, as the 
common value of the fractions in the subsidiary equations. 
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Integrals of these, which give yo> S'o ^ the values of jp, y, jp, 3^, 

when f=0, are 


0 = + 


p'-«’+‘g. 

»■->.•« g. 

The first three equations give 

(2-2o)yo=yo(^-V). 

the assumptions 

yo=:w, zo=<l>{u\ 3o *</>'(«), 

lead to the general integral as before, on the elimination of u: the 
assumptions 

yo=-a, «o=A 

lead to the complete integral as contained in the second of the two equations. 
Ejh. 2. Discuss similarly the equation 

2xz -px^-\-qxy + qH' = 0, 

obtaining its complete integral and its general integral. Are there any 
limitations upon the initial conditions caused by the form of the equation ? 

(Mansion.) 

Ex. 3. Integrate the equation 

pqy -pz'\-aq=0^ 

where a is a constant. (Mansion.) 

Ex. 4. As a slight variation in the details of working in any particular 
question when a Cauchy integral is required, we obtain the integral of 

xzp-^yzq—xyy 

which is such that z becomes </> (y), when x=-Xq. 

The ordinary equations are 

dx ^dy ^ dz ^ 
xz yz pxz^qyz ~ ’ 

both y and z can be expressed in terms of Xy on using the original equation, 
by integrals 

^ ~ constant, z* - ay « constant. 

We take y — « and (w), when a?=a?o : thus 

X Xq * 


z^-xy^{<l> (w)}®*“-»o^* 
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Eliminating -w, the relation is 



which gives the integral in question. 

In this case, there is no limitation upon the form of the function <^. 


Geometry of the Integrals. 


91. It is found convenient, particularly for equations involving 
two independent variables, to associate geometrical considerations 
with the analysis. A slight use of this association has already 
been made (§ 21), by way of interpn^ting an integral of an equation: 
we shall now proceed to greater detail, particularly in order to 
indicate the significance of the various equations, to illustrate the 
relations of different integrals to one another, and to discuss some 
at least of the singularities which have received no more than 
passing mention in the preceding sections. The differential 
equation, when there are two independent variables, is taken to be 
f{m, y, z,p,q) = 0 ; 
its complete integral is taken to be 

(f> (x, y, Zy a, b) = 0, 

where a and b are arbitrary constants ; and other integrals can be 
deduced by methods already explained. 


The equation ^ = 0 is the equation of a double family of sur- 
faces. All these surfaces are such that /= 0 is satisfied ; con- 
sequently, they are said to satisfy the differential equation. Also, 
/= 0 is given by the elimination of a and h between the equations 




Through any point of space Xy t/, Zy there passes a simple 
infinitude of the surfaces. The tangent planes at the point can be 
represented by the equation 

z -z=p(af-x) + q(y’-y), 

where x\ y', z' are current coordinates; and the normals to the 
surfaces are given by the equations 

a/ — a? _ — y 

— 


P 
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All these normals lie on the cone 


/ 



y 



this cone of normals will be denoted by N. The reciprocal of the 
cone of normals is the envelope of all the tangent planes at the 
point to the surfaces satisfying the differential equation : this cone, 
the envelope of the tangent planes, will be denoted by T. 

The equation of the cone T can be simply constructed as 
follows. The tangent plane is 

z' - z = - x)->r q{y' -y)\ 

we require the envelope of this plane, subject to the condition 
f{x, y, Zy p, q) = 0 , and therefore we have 

0 = — x) dp -f- {y — y) dq, 

so that the equation of the cone T is given by the elimination of 
p and q between the equations 

z' -z^p {x' - ^ ( 3 /' ~ y) 

T'V 

dp dq 
y> p>q) = o 

The result will obviously be of the form 




K^)=o. 

X — x) 


Moreover, the equations of the generator of T, which lies in the 
tangent plane in question, are 


af -a; _ y'-y 

~W W~ 

dp dq 


P 


dp^^dq 


this generator is the line along which the tangent plane touches 
the cone T, and it obviously is perpendicular to the corresponding 
normal on the reciprocal cone N, 

Again, take any plane 

= 00?' + ^y' -H 7 

in space : if this plane touches an integral surface 

<l> (Xy yy Zy tt, l) = 0, 
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the point of contact is given by 

+ = ( 
dx dz 


0 s=s 0, 




The coordinates of the point of contact satisfy the equation 


f{x, y, z, a, = 0, 

whatever a and h may be : and, of course, as the point lies in the 
plane, we have 

2: = aa? + + 7. 

But the two equations 

2 r = a^ + ^y4-7, /(a?, y, a, ^) = 0, 


determine a plane curve : owing to its source, it is the locus of 
points of contact of integral surfaces with the assumed plane. 
This curve lying in the plane will be denoted by C. 

Moreover, as this plane touches a surface at the point x^ y, z, it 
touches the cone T which is associated with the point ; we may 
therefore regard the curve C as the locus of those points in the 
plane at which the plane touches the associated cones T, And, 
conversely, a cone T associated with a point is the envelope of 
those planes whose curves G pass through the point. 

Consequently, the integral surfaces which satisfy the differential 
equation can be regarded in two ways. On the one hand, all those 
which pass through a given point have their tangent planes 
enveloped by a cone T : on the other hand, all those which touch 
a given plane have their points of contact with the plane lying 
upon a curve G in the plane. Each of these is obviously deducible 
from the other by reciprocal polars. 


Ex. 1. Shew that if the curve (7 is a degenerate curve, composed of a 
number of straight lines, and if the (Legendre) transformation 

C^px^qy’-z 

is applied to the partial differential equation, the transformed differential 
equation is linear. 

(Goursat.) 

Ex. 2. Shew that, if integral surfaces be given by an equation 
^ = 2aar -b 26y + 2<», 

where 

(oa + -f cy - 1)2 = (a**f + c*) + y®), 

a, y being given constants, and a, 6, c arbitrary constants subject to this 
condition, the curves € are circles. 

(Goursat.) 
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Characteristics: their properties. 


92 . Now consider a general integral as deduced from a com- 
plete integral ; it is given by the equations 


= i:, a,^(a)j = 0, 


d<t> _d(l) ^ 
da da 


^9 


g'(a) = 0, 


where g (a) is an arbitrary function : the surface, represented by 
the general integral, is obtained by eliminating a between the two 
equations. The equation <;^ = 0 is one of the surfaces included in 


the complete integral ; the equation 


^ = 0 then determines a 
da 


curve on the surface </> = 0, being in fact the intersection of <^ = 0 
with the surface that arises from a consecutive value of a; the 
curve thus given, for any value of a, is called a characteristic of the 
surface = 0. The general integral, arising from the elimination 

j j 

of a between = 0 and ^ ~ locus of the character- 


istics of the surfaces <^ = 0, which arise for any one function g and 
for all values of a. 


On any surface represented by a complete integral, there is an 
infinitude of characteristics : they arise because g (a) is an arbitrary 
function which can be assigned in an infinitude of ways. Through 
any ordinary point on such a surface, there passes certainly one 
characteristic : for, at that point, there are two independent equa- 
tions to determine a and g (a). Moreover, through any ordinary 
point there passes only one characteristic in general : because the 


two equations, ^ = 0 and 


d<f} 

da 


= 0, in general give unique values for 


the ratios dx\dy: dz. 


At any point on a characteristic of <^ = 0, the curve is touched 
by the tangent plane there : it is also touched there by the tangent 
plane at that point to the consecutive surface, because it lies on 
that surface. Hence the tangent line to the characteristic is the 
intersection of the tangent planes to two consecutive surfaces 
through the point, that is, it coincides with the generator of the 
cone T along which the cone touches the tangent plane to ^ = 0. 
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The general integral touches the surface </> = 0 along the 
characteristic. On the surface ^ = 0, the tangent to the surface 
is determined by the values of p and q which are given by 


dx ^ dz 


dy 


0 , + = 


dz 


At that point on the general integral, the value of a is given, in 

terms of x, y, z, by ^ — when this value of a is substituted 

in ^ = 0, the values of p and q determining the tangent plane 
to the general integral at the point are given by 


d<f) 00 dcj) da 
dx^ ^ dz^ da dx 


0 , 


00 00 d<j> da _ 

dy ^ dz da dy 


that is, they are the same as for the tangent plane to 0 = 0, 

because ^ = 0. As the tangent planes are the same at every 

point, the general integral touches the surface 0 = 0 everywhere 
along the characteristic. 


Further, if two integral surfaces touch at a point, they touch 
everywhere along the characteristic through the point: for each 
of them touches the general integral everywhere along the 
characteristic. 


Again, general integrals arising from the assumption of 
different forms of arbitrary function represent different surfaces, 
being the loci of the characteristics: it is natural to enquire 
whether two different surfaces representing general integrals have 
any characteristics in common. It is obvious that the equations 

4>(w,y.z,a,b) = 0, b = g(a), |^ + |f/(a) = 0, 

d/k dtk 

4>(a:,y,z,a,c) = 0, c = h(a), + 

will represent the same curve on the two different surfaces for 
each value of a, which satisfies the relations 

g{a)=‘h(a), g' {a) = h' (a) ; 

and that, if there are m such values of a, the two surfaces will 
have m characteristics in common. 

Now pass to the limit when these m characteristics coincide : 
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then the common value of a is a root of multiple order w + 1 of 
the equation 

g{a) = h{a), 

SO that we have 

g(a) = h{a), g'{a) = k'(a), 5 rl"*i(a) = A»(a). 

Then along this common characteristic the two surfaces repre- 
senting the general integral have contact of order m. The 
derivatives of z, up to and including those of order m, belonging 
to the surface 

^{x,y,z,a,b) = 0, b=g(a), ^ 5^' (») = 

involve derivatives of g(a) of order not higher than m; and 
similarly for the derivatives of z, given by 

<f) (a?, y, a, c) = 0, c-h (a), g” + (^) = 

derivatives of h (a) of order not higher than m occur. Owing to 
the relations between g(a) and h{a), the derivatives of - 2 ^ at a 
common point are the same for the two surfaces up to order m ; 
and therefore the two surfaces have contact of order m along the 
characteristic. 

It is an immediate corollary that, if two integral surfaces have 
contact of order m at any point, they have contact of that order 
along the whole characteristic through the point. 

Ex. 1. These properties are used by Darboux to determine the integral 
surface or surfaces which pass through any given curve K. 

We may assume that K does not lie on the singular integral, If any: 
otherwise, a single surface is at once given ; and other surfaces will occur 
among those which represent complete integrals or general integi*als. 

We may also assume that K does not lie on a complete integral : otherwise, 
a single surface is at once given ; and, if A’' be a characteristic, an infinitude 
of surfaces satisfies the required condition. 

Accordingly, take any point P on the ciu*ve K and draw the tangent PQ 
to the curve at the point P : through the line draw a plane to touch the 
cone T associated with the point. Then, for the point, we have values of 

.y» h Pt ^be two latter being given by the tangent plane: by means 
of the integrals of the equations of the characteristics, we construct the 
complete integral having these for initial values. This complete integral 
touches the curve K at the point P. Through this point P draw the charac- 
teristic on the complete integral ; it touches the curve K at the point. 
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Now let P travel along the curve : for each successive position, we have 
a characteristic ; the locus of these characteristics is the integral surface 
required, and (being such a locus) it is a general integral. It can also be 
obtained as the envelope of the complete integrals touching K. 

If only a single tangent plane can be drawn through PQ to the cone T, 
the general integral thus obtained constitutes the whole of the surface 
required. If several tangent planes can be drawn, the general integral 
consists of a corresponding number of sheets. 

Ex. 2. Shew that, if the curve K lies on a surface representing a complete 
integral though it is not a characteristic on that surface, no other integral 
surface can be drawn through K. 

(Darboux.) 

93. It is convenient to consider the developable surfjice 
circumscribed to an integral surface along a characteristic : it is 
called the characteristic developable. 

To obtain the simplest properties, consider less particularly 
any two surhices S and S': let a plane^ touch them in A and A' 
respectively ; then the developable surface circumscribed to S and 
S' is the envelope of such planes. A generator of the developable 
is the intersection of two consecutive planes: hence A A' is a 
generator, because a plane, consecutive to the supposed plane, 
touches S in A and S' in A'. 

Take a plane P and, in that plane, the curve C which is the 
locus of its points of contact with integral surfaces. Suppose that 
the two preceding surfaces S and S' touch the plane, and let their 
points of contact be Q and Q', being points on C ; then QQ' is a 
generator of the developable circumscribed to S and S'. Now let 
S and S' be consecutive surfaces : the circumscribed developable 
becomes the characteristic developable circumscribed along the 
characteristic which is the ultimate intersection of S and S': the 
points Q and Q' coincide, and the line QQ' becomes the tangent to 
C. Hence the generator of the characteristic developable through 
a point on the characteristic is the tangent to C at that point. 

Moreover, the cone T, being the envelope of the tangent 
planes at the point to all the integral surfaces through the point, 
touches P at the point : the generator along which it touches P 
is, as seen above, the tangent to the characteristic line. 

Take the characteristic, being the intersection of two con- 
secutive surfaces, and draw the tangent planes along it : the 
envelope of these is the characteristic developable, and the 



228 


EQUATIONS OF THE 


[93. 


generator of this developable at any point is the tangent there 
to the curve G. Accordingly, at any point on the characteristic 
line, draw the tangent : construct the plane which touches the 
cone T along this tangent : in this plane, obtain the curve G : the 
tangent to G at the point is the generator of the characteristic 
developable through the point, being the intersection of two con- 
secutive tangent planes to the surface along the characteristic. 

94 . On the basis of these geometrical properties we can 
obtain the differential equations of the characteristics : these will, 
of course, be a set of ordinary equations, because each characteristic 
is a curve and therefore admits of only one independent variable. 

The tangent line to the characteristic at any point x, t/, z, is 
the generator of the cone T lying in the tangent plane; the 
equations of this generator were obtained (§ 91) in the form 

x' — X y — y 2^ — z 

0g Pdp^^dq 

and therefore the direction of the tangent to the characteristic 
satisfies the equations 

dx dy dz ^ 

dp dq ^ dp ^ dq 
say. Next, the curve G in the plane 

z'-z=p(x-x) + q(y- y) 


satisfies the equation 

/(«'. y', p, q) = 0, 

where p and q define the plane : hence the tangent to G at the 
point is given by 

dz=^phx-\‘qhyy 


so that 


|fa + |8sr + |&-0: 


This direction is to be the same as the intersection of the tangent 
plane at the point with the tangent plane at a consecutive point 
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on the characteristic: at this consecutive point, the tangent 
plane is 

/-(z-j- dz) = (p -f d'p) [x' - (a? + dx)] +{q + dq) {y' - (y + dy)}, 
and therefore, along the intersection, we have 

— dz — (x' — x) dp —pdx -¥{y — y)dq — q dy. 

But, along the characteristic, 

dz = pdx 4 - qdy ] 

and therefore 

{x'-x)dp + {^-y)dq=0, 

that is, 


Hence 


hxdp ->thydq — 0. 
dq 


dp _ 


dx ^ dz 


¥ 


= dVy 


dy^^tz 


say. Also, the variations along the characteristic must be subject 
to the equation 

f{x,y, z, py q) = 0, 


and therefore 


%'i‘^^%/V + %d. + f^dp + ^^dq = 0. 

Substituting, we find 


du-^dv = 0; 


consequently, the equations of the characteristic are 


dx dy 
dp dq 


dz 






dp ^ dq 



But these are the equations which occur in Cauchy’s method of 
integration, whether in its original form or in Darboux’s presenta- 
tion : accordingly, it is usually described as the method of charae- 
teristics. 


The integration of these equations gives an integrated form of 
the equations of the characteristic, coupled with the assignment of 
initial values satisfying 

/(«. y. 9) = 0, dz=pdx + qdy ; 
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these initial values are regarded as functions of a variable u: 
when this variable is eliminated between the equations 

-^0,^0, ^o)) 

z {x, a?o, yo, - 2 ^ 0 , po, yo)) ' 

the result is a single equation representing a surface which, 
whether the integral be general or be complete, is a locus of 
characteristics. 

Ex. Denoting any integral of the partial equation 
f{x,y, z,p, q)^0 

by z, the derivatives of x^ y, e, with respect to a variable t by a*', y\ z\ and any 
arbitrary function of t by T, verify that the conditions, necessary and 
sufficient to secure a stationary (zero) value for the integral 

W T{px^-\rqy'-sf)dt, 

J to 

are the equations of the characteristics of the partial differential equation. 
Apply this method to deduce the condition that two equations 
/ (^. y, 2, P, ?) = 0, g{x,y,z,p,q)=0, 

may possess a common integral. (Hilbert.) 


96, In the preceding investigation of the equations of the 
characteristics, they have been associated analytically with the 
original partial differential equation: it is desirable to associate 
them also with the integral of the differential equation. 

The differential equation f{x, y, z^ y) = 0 is the result of 
eliminating a and h between the equations 


</> = <#» (^, y> a, 6) = 0 \ 
= 0 


dx ^ dz 


. d<f>^ d<t> 


= 0 


and / = 0 is the only equation which results from that elimination. 
The only independent relations, that connect differential elements 
dx, dy, dz, dp, dq, are 

= 0 , d<\>i = 0 , = 0 ; 


and d/’=a=0 is a relation connecting these differential elements: 
hence quantities \, p, p, free from differential elements, must exist 
such that the relation 


'\id(fi H" pd(j)\ d* pd(^ 
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is satisfied*, and therefore we have 

f=\i>+fi4i+p4>i, 
because /,<!>, <f>i vanish together. 

As a and b do not occur in / and do occur in we have 

9 </> d<f>i d4>i „ 

0 <^ 001 002 ^ 


db 


db 


0X . . 0/A ^ ^ 0p 


parts such + vanishing, because of the integral 

equations under consideration. Moreover, p occurs in 0 i, but not 
in 0 or 02 : and q occurs in 02 , but not in 0 or 0 i ; hence 


Again, 


0 / 00 

dp ^dz’ 


df dA 

iq^Pdz- 


0/ . ^ . f \ 


hence 


\dwdy ^ dxdz) ' 




+ p 


d^A . d^A . a*d. , 


3 / , 9 / f^<l> , . ^<t> , ^<f>\ 




^ 0!/2 ^ 01 / 02 ? 
Now the integral equations of the characteristics are 
0 = 0 (a;, y, z, a, 6 ) = 0 , b^g{a), 

^-s + ‘'s -“• 

* The equation 

/=X0 + ^ + p0j 

can also be obtained by the ordinary theory of elimination. 
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We have, from foregoing equations, 




and therefore, along any characteristic. 


that is. 






But as >|r = 0 permanently along the characteristics, we have 


that is, 


and therefore 


y^dx+fdy+^-fdz = 0, 

OX dy ^ oz 


.9a- dz. 




dx ^dy ^ 

p * 

say, where dx and dy are elements of a characteristic. Conse- 
quently, 

(I I) = © +p» g) da, 


+ V9^9^ + « ^ ^ ^ j 




— ^ip. 

dz 


because the relation <^ = “-|-jp^ = 0 is satisfied in connection 


A. \.J A%JVV M.M. 0 * 0 

with our equations; and similarly 




¥ 9^ J 9/ 9^ , 


Also 
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dx ^dy ^ 


dz 


dp 


dg_ 


These equations are satisfied along the characteristics; and they 
have been derived from the integral equations. 


Ex. As an illustration of the elimination process, consider the equation 

by^-ab=0: 

then 

<^i=^-2flU7=0, 

and so 

Now it is easy to verify that 




identically : and therefore 


=2 ~ dx^ - by^ —ab — ^(^-\-x^ (jo ~ 2aa?) 

- i {^ + y ) (? - %)- 4^ (? - 2ow) (j - ihy), 


/=<#> - i (I + - i g + y ) <^2 - 4^ 

Thus 

- ^ (i ~ 

which are satisfied in virtue of the equations <^i=0, <^ 2 = 0 : these, together 
with </>=0, lead to /=0. 


96. In these discussions the surface, which is connected with 
a complete integral, has been given by a single equation 

<^(^, y, a, 6)=0. 

In the general theory of surfaces, it often is convenient to have 
a parametric representation, whereby x, y, z are expressed in terms 
of two independent parameters ; when this mode is adopted for the 
representation of the complete integral, we should have equations 
of the type 

x=^h(u, Vy a, 6), y — h (w, w, a, 5), z^l (w, v, a, 6). 
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The single equation of the complete surface would be obtained by 
the elimination of u and v between these three equations ; hence, 
taking 

y, 2 :, a, h)^a{x-h) + p{y--k)-^r^{z-l), 

we have 

da;~ ’ dy~^’ dz~^’ 

^ dh dk dl 


da * 9a ^ 9a ^ 00 . ’ 

d6 dh ^dk dl 

-f = “96 + % + T^F6- 

The characteristic is given by 

hence 


dh dh j,\ ^ 


dk dk , 






Accordingly, the equations of the characteristic are 

x = h, y = k, z = I 

6=/(a) I. 

d(h,kj) d{h,k,l) {’ 

diYYa) 9 («. r , by 

the form earlier considered would be given by the elimination of 
u, V, h among these five equations. 

As regards p and we have 

dz = pdx qdy 

for all variations; hence p and q are given by the equations 

dl ^ dh dk^ 
du ^ du^ ^ du 

V . 

dl dh dk 
dv ^dv^ ^ dv > 

The differential equation 

f{x, y, z, p,q) = 0 
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results from the elimination of u, v, a, h between these two equations 
and 

x^ky y^ky z^l. 

Taking 

f{Xy y, Zy p, q)=^A (x-h) + B(y - k) + C {z ^-l) 


j>y ( oh ok ol\^„(dh dk dl\ 


and noting the explicit occurrences of variables, as well as the 
disappearances of parameters and constants, we have 

¥ A ¥ ¥ n 

n — + F — 

ip iu iv ’ 


_ n ^ a. 
dq~^ du'^^ iv’ 


A A D n T\ ( 


. / d^h d^k d^l\ 

„/ d‘h d^k dH 
\P iuiv ^ iuiv iuiv) 


A vfv n 


^ dudv"^^ dudv dudv) 

d^h d^k d^l\ 
dv'^ ^ ^ dv^ dv^) ' 


A A n , n f 


A A^k r)Ok ^ cl ri / d^h 


iuda ^ duda duia/ 

„( d>h , d^k d‘1 \ 
^ dvda ^ dvda dvda) 

^ d^h . d^k dH \ 


dudb duab 


, „ [ d^h d^k d^l \ 

The last four equations determine the ratios A : B : G : D : E. The 
equations of the characteristic, being 

dx dy ^ ^9 

pf^~ - {A + pG) ~ -(B + qC) 
du dv du dv 


du dv 
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on substituting for “ 
du dv 


_ ¥ ¥ ¥ 
dy* dz* dp* dq* 

dp 


take the simple form 
dq 


j) E ^\A^pC)^ --{B^qC)* 

when the values of x, y, z are inserted. While these are the 
general equations of the characteristic, it is clear that the direction 
of the characteristic at any point on the surface is given by 


du ^ dv 

D^~E* 


where the quantity D\E given by the preceding equations and 
where the magnitudes p and q, which occur in that quantity, are 

P 2 l_ 

d (i, k) d (A, 1) , a(^, k ) ' 
d (u, v) d (u, v) d (u, v) 


Edge of Regression: Integral Curves. 


97. Returning now to a complete integral surface 
(f) (x, y, z, a, b) = 0, 
we have the characteristics given by 

<^ = 0, b^g(a), # = g+|^/(a)=0. 


As has been seen, these equations represent the general integi-al 
surface when a and b are eliminated, this surface being the locus 
of the characteristics. When a and b are not eliminated, the 
equations represent the characteristics which lie on this general 
integral surface. 


Now take a characteristic on the general integral determined 
by a value a, and a neighbouring characteristic determined by 
a value a + da, where da is infinitesimal : the equations of the 
former are 


<^ = 0 , 



and those of the latter can be taken 
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keeping Ba sufficiently small; hence the ultimate intersection of 
two consecutive characteristics is given by 


da^ 


= 0. 


The three equations determine the point of intersection, giving its 
coordinates as functions of a. When a is eliminated between the 
three equations, the two resulting equations give a curve, which is 
the locus of the ultimate intersections of the characteristics. This 
curve lies on the surface 


<#> = 0 , 


d<f} 

da 


= 0 , 


which represents the general integral ; on the analogy of develop- 
able surfaces, Monge called* it the edge of regression of the general 
integral surface. 

This locus may be regarded as the envelope of the characteristics 
on the general integral : for it touches a characteristic at its point 
of ultimate intersection with its neighbour. To verify this state- 
ment, we note that the curve passes through the point : for it is 
the locus of such points. Further, to obtain its tangent at the 
point, we assume that, for it, a is determined as a function of 
X, y, z by means of the equation 

= 0, 


da^ 


and that the value of a is substituted in the other two equations : 
the values of dx : dy : dz, derived from them, are then given by 

where 

and so for the others : that is, the values are given by 

d</> = 0, 


which are the equations determining the ratios dx : dy : dz for the 
characteristic at the point: hence the two curves touch at the 
point. Thus all the characteristics on the general integral touch 
the edge of regression. 

* Application de V Analyse a la G^omitrie, § vi : the last edition was edited by 
LiooviUe in 18d0. 



238 PROPERTIES OF [ 97 . 

Ex. The simplest example of all arises when the complete integral is a 
double family of planes 

h). 

The general integral is of the form 

0=:.r^(a)+y<#»(a) + V'(a) ] 

(a)) 

being a developable surface, for it is the envelope of a plane whose equation 
contains one parameter. The characteristics are the generators: they are 
the intersections of consecutive planes, and each is the curve of contact of a 
plane with the general integral. The enveloj^e of the generators is the edge 
of regression of the developable surface. 


98 . We have seen that the tangent to the characteristic at 
any point P is a generator of the cone T associated with P; hence, 
as the equation of this cone is 


y'-y \ _ 


F[x,y,z, 

V ^ X X 


P being the point x, y, z, the tangents to the characteristic, and 
therefore the characteristic itself at the point, satisfy the equation 


tx, 


Curves satisfying this equation are called integral curves. 

It is clear that characteristics are included among these integral 
curves: it is equally clear that they are not the most general 
integral curves, because P = 0 is only a single equation involving 
two unknown quantities and one of these can be assumed arbi- 
trarily, the equation then determining the other. Properties 
sufficient to distinguish characteristics among integral curves have 
already 92, 93) been given. 

The edge of regression of the general integral is easily seen to 
be an integral curve : for, at any point on it, the tangent is the 
same as that of the characteristic which touches it there. The 
latter at the point satisfies P = 0 : hence, also, the equations of the 
edge of regression satisfy P= 0. 

Conversely, every integral curve can be obtained as an edge of 
regression. Owing to the equation, the tangents to the integral 
curves through the point are the generators of the cone associated 
with the point. Taking any integral curve, its tangent is a 
generator of the cone, and the direction of the generator deter- 
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mines a characteristic through the point, which characteristic 
accordingly touches the integral curve at the point: moreover, 
it is the only characteristic which can be drawn through the point. 
Now it has been proved (Ex. 1, § 92) that a general integral 
passing through a curve is generated as the locus of the character- 
istics drawn through the points of the curve : and the result is not 
affected by the angle of intersection between the curve and the 
characteristic. Hence in the present case, taking the aggregate of 
the characteristics tangent to the integral curve, we have a general 
integral surface: on that surface, the integral curve is the envelope 
of the characteristics and therefore is an edge of regression. 


Hence we may take 

<#) = 0 , 




as the comprehensive integral curve satisfying the equation F = 0. 

The contact relations of the various integral surfaces with one 
another will be discussed later: it is worth noting the contact 
relations of these integral curves with the surface <JE> = 0. 

At a point along the integral curve determined by the relations 


d(i> 




we have 


that is. 


-f ^ c?a = 0, 

^. 0 . d^.o. 


Again, because d<f) — 0, we have 

d(d<^)«0, 

,d<l>\ 


that is, 


and therefore 




d‘<l> = 0. 

Consequently, along the integral curve, we have 
^ ss 0, d<f> = 0, d^fj) =» 0 : 
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shewing that the integral surface « 0 is cut in three consecutive 
points by the integral curve. Thus the edge of regression of the 
general integral has contact of the second order with the complete 
integral surface from which it originates. 

The edge of regression of a general integral is given by the 
equations 

*-»• 'i-o- 


the quantity b is any function of a, and the equations involve 
b', b'\ the first and the second derivatives of b. As there thus 
arises a curve associated with any assumed function, there thus 
will arise an infinitude of such curves associated with all forms 
of the function. 

Let those curves among this infinitude be selected which are 
such that 

^ = 0 - 
dao 

that such curves do, in general, exist can be seen as follows. For 
variations along any edge of regression, the ratios dx : dy : dz 
satisfy the equations 

d<f> + ^da = 0, 

hence, if the edge of regression be such that 


its direction at the point is given by 

# = 0 , d^ = 0 , d^ = 0 . 

^ da da' 

Between these three equations and the equations 

*-»■ E-"’ 

we eliminate a, 6, h\ and we have two resulting equations 
involving dx : dy : dz. The two differential equations (which will 
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be algebraical in form when is algebraical) define curves: so that 
curves of the specified type do exist in general. Further, along 
such a curve x, y, z, dx : dy : dz are expressible in terms of a para- 
metric variable, say t : hence at the point, the foregoing equations, 
when resolved, will express both a and h in terms of t and so, on 
the elimination of t between the expressions, will give h in terms 
of a. 


To find the order of contact of this curve with the integral 
surface from which it originates, we proceed as before. Along the 
curve, we have 

rfg.C, dg-0. 


dd^ 


Also, since d<l> = 0, we have 
that is. 


tmd therefore 


And, since d ^ = 0, we have 


d {d<l>) = 0, 
d^tf, + (d^)da = 0, 
d^<t> = 0 . 


that is, 
so that 




da 


And, sinAft d^<l> = 0, we have 
that is. 


so that 


d = 0, 


d^4> = 0 . 

Hence along the curve in question, we have 

<^== 0 , d<l>^0, = = 


at the point: consequently, the curve in question meets the 
integral surface in four consecutive points : that is, the curve has 
contact of the third order with the surface. 
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Ex, 1. The equation of a sphere, that is absolutely unrestricted, contains 
four arbitrary independent constants : hence, when it is made subject to two 
independent conditions, the equation will contain two arbitrary constants 
and may be regarded as giving the complete integral of some partial diffe- 
rential equation. 

To obtain a general integral, we select a family of these spheres and 
construct their envelope. The characteristics, being the intersections of 
consecutive spheres, are circles: each sphere touches the envelope surface 
along a circle. The edge of regression on the envelope surface, which is the 
general integral, is itself the envelope of the characteristic circles; and the 
earlier investigation shewed that, where the sphere meets this edge of 
regression, it meets the edge in three consecutive points. 

But there is one general integral for which the contact is closer. By an 
appropriate choice of a functional relation between the two constants in the 
complete integral, we obtain the envelope of one selected family of spheres : 
each sphere, where it meets the edge of regression on this envelope surface, 
meets it in four consecutive points, and therefore is its osculating sphere. 
The characteristics are the circles which are the intersections of consecutive 
spheres : hence, for this general integral, they are the osculating circles of the 
edge of regression. 

Ex. 2. As a particular instance of the last example, construct the various 
equations of the complete integral, the general integral, and the selected 
general integral, when the edge of regression is a regular helix ; and obtain 
the partial differential equation satisfied by the integrals. 

Ex. 3. In the explanations in the general theory, all the surfaces and 
curves concerned are unrestricted in properties ; it has been assumed that 
the various contacts are possible. 

Consider, in particular, a plane. Its equation involves three independent 
constants when completely unrestricted: if the plane be subject to one 
condition, two independent constants will remain in the equation, which then 
can be regarded as giving the complete integral of a partial differential 
equation. To obtain a general integral, wo make one of the constants an 
arbitrary function of the other and proceed to obtain the envelope of the 
planes so selected. As their equation involves one arbitrary parameter, this 
envelope is a developable surface: the characteristics are the generators, 
being the intersections of consecutive planes ; and each plane osculates the 
edge of regression of the surface. 

But it is not possible to select a general integral so as to have closer 
contact between the plane and its edge of regression : because not more than 
three consecutive points of a curve can lie in a plane, unless at a singular 
point, or unless the curve be a plane curva 

In this case, the selected general integral of § 98 does not occur. 

99 . In discussing the selected general integral, and its edge 
of regression with which a complete integral has triple contact, 
the complete integral is supposed known ; and the equations of the 
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edge of regression in question are deduced from that of the 
complete integral. It is, however, possible to deduce equations of 
the particular edge of regression from the original differential 
equation. 

For the purpose it is sufficient to note that, at a point on the 
particular edge of regression, there is triple contact between the 
curve and the complete integral surface ; and therefore, when the 
equations 

f{x, y, 2 , p, q) = 0, dz=pdx + qdy, 

are regarded as determining p and q in terms of x, y, z, dx, dy, dz, 
(supposed known, as belonging to the required curve), they must 
provide a triple root. Hence, on writing 


the equation 



y = 


dy 

dx* 


f(x, y, z, z'-qy\ q) = 0 


must provide a triple root ; so that 

dq^ ^ dpdq ^ dp^ 

The elimination of q, between the last two equations and 


f(x, y, z,z-qy\ 9 ) = 0, 

leads to two equations which are the (ordinary differential) 
equations of the curve in question. 

It is clear that, if the equation is rational and integral in p and 
qy it must be of at least the third degree if the curve in question 
is to arise. 


Ex. 1. Prove that, if such a curve exists, it touches the edges of regres- 
sion of the cones T and that its tangents are perpendicular to the planes of 
inflexion of the cones N. 

(Darboux.) 

Ex. 2. Discuss the various loci, indicated in the preceding sections, to be 
associated with the partial differential equation, the complete integral of 
which is 

(1 - a*) a? 4- (1 + a*) + 2ay -f 6 =0, 

where a and h are arbitrary constants, and ^ is a pure constant. 


(Gtoursat.) 
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Discuss also the integrals of the equation which has 

for its complete primitive. 

Ex. 3. It has been proved that every integral curve (§ 98) can be 
represented as an edge of regres-sion of a general integral : it has also been 
proved that an integral surface touching an edge of regression has contact of 
the second order: hence every integral curve, touching an integral surface, 
has contact of the second order with that surface. 

Verify this proposition directly from the equations. 

(Lie.) 


Lie’s Classification of Equations. 

100. In the discussion of the characteristics, regard has been 
paid chiefly to their association with the surface represented by 
the general integral : but they can be considered also in their 
association with the surface represented by the complete integral. 
It is in this connection that Lie has considered them*, in 
particular, classifying partial differential equations according to 
the nature of the characteristics as curves upon the complete 
integral surface. Some of his results can be obtained very 
simply as follows. 

Among the various curves that can be drawn upon a surface, 
three of the most important classes are asymptotic lines (being 
the lines touched by the principal tangents of the surface at 
successive points), lines of curvature, and geodesics ; and, accord- 
ingly, Lie investigates those partial differential equations of the 
first order, the surface integrals of which have characteristics 
belonging to one of these three classes of curves upon the surface. 

(i) The directions of the asymptotic lines upon a surface at 
any point, being the directions of the principal tangents at the 
point, are given by 

pdx qdy ^ dzy 
rda:^'^2sdxdy 0, 

in the usual notation : as 

dp — rdx^ sdy, dq = sdx -f tdyy 
the latter equation is 

dpdx + dqdy = 0. 

* Math. Ann. t. v (1872), pp. 188—200. 
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If these are the characteristics of the surface integral of an 
equation 

f{x, y, z, p, q) = 0, 

they must accord with the ordinary differential equations of the 
characteristics (§ 94). Hence 




¥] 9 / 


, 9/ 


dzjdg ’ 


and this condition is sufficient, as well as necessary, to secure the 
property. Accordingly, any function J', which satisfies this con- 
dition, will lead to a differential equation possessing the property 
that t/ie characteristics are asymptotic lines upon the integral 
surface. 


Ex. Verify that a complete integral of the foregoing equation, which 
must be satisfied by /, is 

f=ax+by-^^^z+g{cp+q) + h, 

where a, 6, c, h are arbitrary constants: obtain other integrals of that 
equation: and discuss the surface integrals of the equation /=0 for the 
respective forms of /. 


(ii) The directions of the lines of curvature at any point of a 
surface are given by 

pdx -t- qdy — dz, 

{dx +pdz) dq = {dy -f q dz) dp. 

If these are the characteristics of the surface integral of an 
equation 

f{x,y,z,p,q)=^0, 

they must accord with the ordinary differential equations of the 
characteristics ; hence (§ 94) 
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and this condition is sufficient, as well as necessary, to secure the 
property. Accordingly, any function /, which satisfies this con- 
dition, will lead to a differential equation possessing the property 
that the characteristics are lines of curvature upon the integral 
surface. 

(iii) The determination of equations such that the integral 
surfaces have geodesics for their characteristics is, at first sight, a 
problem leading to equations of the second order. Geodesics are 
given by the equations 

^ ^ 

p ds^ q ds^ ’ 

and these can be replaced by the equations 




dz _ dx dy 

fd^x dy d^y dx\ 

\dt^ dt dt^ dt) 



where t is any variable. When the partial differential equa- 
tion is 

/(®. y, 9) = 0 , 

the characteristics are given by 

+ 

dt dp * dt dq* dt ^ dp ^ dq' 

dt dx ^ dz^ dt dy ^ dz' 

The first of the two equations for the geodesics is satisfied 
identically; when substitution is effected in the other equation, 
it becomes a partial differential equation of the second order — a 
result to be expected, when the curvature property of the geodesic 
is used. 


But an equation of the first order can be obtained, by using the 
known properties of geodesic parallels and their orthogonal geo- 
desics*. The element of arc upon the surface is given by 

ds® == (1 4-p®) da^ + 2pqdxdy 4- (1 + 9*) dy* ; 

* Darbouz, TMorie ff4n4rale de* surfaces^ t. n, pp. 424 et seq. 



247 


100.] ACCORDING TO CHARACTERISTICS 


if B be an integral of the equation 

i (|)'= ^ + 5’- 

containing a non-additive constant a, the geodesics are given by 

^ = constant. 
oa 

On the basis of this property, the equation of the required surfaces 
can be constructed. 


Let y, z) denote any function of x, y^ z\ and let the 
(unknown) value of z of the surface be supposed substituted in 
so that it becomes the foregoing function 6 ; then 

W __ d<f> d(l> dd __ d(f> 
dx dx ^ dz * dy^ dy ^ dz ' 

When these values are substituted in the above equation, it 
becomes 




dy) 

or, what is an equivalent form. 


When a value of z is obtained so as to satisfy this equation, and 
when it is substituted in the assumed function <f>(x, y, z), the 
latter becomes a quantity 0, such that 6 = constant gives a family 
of parallel curves. The orthogonal geodesics on the surface are 
given by 

de 

;:r == constant 
da 

= 0 , 


say, for one geodesic, where a is a non-additive constant in 6, 
Now 

<f>{x, y, z)=e{x,y, a), 

and the quantity a has entered only through z, as given by the 
integral of the foregoing equation : hence 

d6 dz dd ^ 
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SO that, as ^ is not zero, we have 

^ = 0 - 
da ’ 

and this gives a geodesic on the surface. But 
^ = function (^r, y, a), 
dz 


da 


= 0 , 


are the equations of the characteristic : hence the surfaces, obtained 
by integrating the equation 

where </> {x, y, z) is any function of x, y, z, have geodesics for their 
characteristics*. 


Ex. 1 . Shew that, if the normals to a surface touch the sphere 
its equation satisfies the partial differential equation 

(^2 - f . y 2 4. ^2 _ 1 ) ^ ^2 4. 1 ) =: (2 -px ~ qyf \ 

integrate this equation, discussing the characteristics and the edge of 
regression. (Monge.) 


Ex. 2. If the characteristics of a non-linear equation are straight lines, 
the equation is of the form 


z-^px^-qy^f{p, q). 

Ex. 3. Shew that the characteristics of the equation 


(Goursat.) 


p-¥a={q^b)f{x,y,z) 

are curves in parallel planes; and indicate how to form the equation of 
surfaces whose characteristics are plane curves. 


* These results are due to Lie, who gives other properties in his memoir quoted 
on p. 244. The method of establishment differs from Lie’s, which is based upon 
properties of complexes of lines and curves. 



CHAPTER VII. 

Singular Integrals and their Geometrical Properties: 
Singularities of the Characteristics. 


The authorities used in the construction of this chapter have been quoted 
at the beginning of the preceding chapter. 

101. We now proceed to consider the relations of the Singular 
Integral (which will be assumed to exist) with the various integral 
surfaces and curves that have been discussed. That Singular 
Integral is given by the equation, which results from the elimi- 
nation* of a and b between the equations 

4> (a;. y< Z, a, b) = 0, ^ = 0, = 0, 

or by part of that resulting equation ; the value of z must be such 
that the differential equation is satisfied. In that case, the 
resulting equation (or the part of the resulting equation) repre- 
sents the envelope which then is possessed by the family of 
complete integral surfaces : as the values of p and q are the same 


* It is to be borne in mind that the singular integral is assumed to exist, 
80 that it will arise as indicated in the text. The result of the elimination in 
general is not to give an integral of the equation ; the eliminant contains the locus 
of conical points (if any), the locus of double lines (if any), and other loci, which 
are not integrals of the differential equation. For a discussion of such matters, 
which are not our concern at this stage, reference may be made to a memoir by 
M. J. M. Hill, Phil. Trans. A (1892), pp. 141—278. 

Moreover, it is assumed that the elimination is possible, so that the three 
equations are independent of one another. This condition, however, is not always 
satisfied ; and it is easy to construct exceptions of the type 


which would make the three equations equivalent to two only. Again, such 
matters are not our present concern : we assume that the elimination is possible, 
and that it leads to the singular integral. 



250 


CONJUGATE 


[ 101 . 


at any point, common to the envelope ana the complete integral 
surface, the latter surface is touched by the envelope at a common 
point. Let the envelope be denoted by E. 

The three equations are equivalent to the equation of E and 
to values (or to sets of values) of a and h: by each such set of 
values of a and 6, there is given a point on E where it is touched 

by <^ = 0. 


Take any point P on E, and let the values of a and 6 at P be 
denoted by a» and 6,. A characteristic through P is given by 

<t> («, y, a., l>o) = 0, b„ =/(Oo), 






but these equations are satisfied, whatever be the form f{a^)y 
because the equations 

da, db. 


are satisfied at the point ; hence an infinitude of characteristics 
passes through any point on the envelope. Moreover, all these 
characteristics through P touch E there : for they pass through 
P as a point on the complete surface which touches E at the 
point. 

Take any two curves FT and PT on E passing through P ; 
let T and T' denote points consecutive to P on those curves 
respectively ; also let a® -h dao, 5© + d6o be the values of a and h for 
Ty and ao-f ^ao, 5o-f 35© be their values for T\ Then along PT, 
the values at P of the differential elements dx, dy, dz are given by 




0 = 
0 = 




daodx 

d^<t> 


doody 


dz-i-^ dao -f db, 

oaodz dao“ ottodOo 




,, „ + dy + ^dz + ^,~da,- 

dbodx ob^oy ^ oh^oz daodOo 




db,; 


and the last two terms in the first equation vanish. Now the 
complete integral touching E at T' cuts the complete integral 
touching P at P in the characteristic whose equations are 


^ = 0 , 


d4> 

duo^ Boodho ’ 
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and the direction of the tangent to this characteristic is given by 
the two equations 


0 = 
0 = 




d4> 


dx 




dz 


d‘<f> 

da^dx 


d*<j> 


+ + dz 


da^dz' 


da„dy 

, Sbo /d^</> , d^A , ,\ 

Sa„ Uo^* db,dy dhdz ' 


If then this characteristic touches PT at P, the last two equations 
giving the ratios dx \ dy \ dz must be satisfied by the values of 
dx, dy, dz belonging to PT : hence 


that is, 


da, + j^db,-\- P? + S db) = 0, 

vOf-O CCt^^hQ vQ/q \0C£'o0^O 05o / 

da,Sa„ + {dbM« + da,bb,) + db^Sb, = 0. 


Moreover, this relation is symmetrical between the two sets of 
differential elements that are associated with T and T' respectively. 
Hence we have Darboux’s theorem* : 


If we take any direction PT' through a point P on E which 
represents the singular integral, and if PT he the direction of the 
characteristic which is the intersection of the complete integrals 
touching E at consecutive points P and T', then PT' is the direction 
of the characteristic which is the intersection of the complete integrals 
touching E at consecutive points P and T. 


Characteristics, in directions such as PT and PT' at P, may be 
called conjugate : obviously, any characteristic has a conjugate. 


When a characteristic coincides with its conjugate, so that it 
may be called self-conjugate, its direction at the point on the 
envelope is given by 


0ao* 


da^ + 2 



da^dh^ + Ip = 0. 


Hence, in general, there are two sets of curves upon the envelope 
such that, at every point upon each of them, the tangent 
characteristic is self-conjugate ; such curves may be called asym- 


L,c., p. 60. 
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ptotic curves. The two curves through any point touch one 
another, if the equation 

^ ^ ^ / d^if) Y 
dao^ dbo^ [daodboJ 

is satisfied at the point. If the equation is satisfied everywhere 
upon the envelope, then there is only one asymptotic curve through 
a point, and there is only a single set of such curves upon the 
surface. 

These results are the analogue of the results in the ordinary 
theory of surfaces : the singular integral corresponds to a surface, 
the complete integrals correspond to the tangent planes, the 
characteristics to the tangent lines, conjugate directions to con- 
jugate directions, and asymptotic curves to asymptotic curves. 


102. These properties of the singular integral have been 
derived from the complete integral with its associated curves 
and surfaces: they can be used to bring the singular integral 
into relation with the original partial equation 

/(^, y, jp, ^) = 0. 

We have seen that, through any point on the singular integral 
surface, there passes an infinitude of tangent characteristics : the 
direction therefore of a characteristic through such a point, as 
given by 

da! dy dz 

W~¥~^¥+,¥’ 

dp dq ^dp^^dq 
must be indeterminate, and so 

!-»• 

Moreover, the equation must be identically satisfied when the 
values of z, p, q belonging to the singular integral at the point are 
substituted; hence 


^ ()z dp dq 


dx 


dy ^dz^ dp dq ' 

that is, in connection with the former equations, we must have 

I., 1-0. 


dx ^dz 


dy^'^dz 
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We thus have the former aggregate of equations : every singular 
integral must satisfy the equations 


It does not follow that these equations definitely determine 
a singular integral. We have already indicated one class of 
exceptions, when the five equations are satisfied in virtue of two 
only, so that p and q cannot be eliminated among them. But, as 
pointed* out by Darboux, there may be other exceptions. Thus, 
suppose the five equations do determine p, q as functions of x 
and y ; then, along the surface expressing z in terms of x and y, 
the equation 








is satisfied, that is, in virtue of the five equations, we must have 


{dz — pdx — qdy) = 0. 

If ^ does not vanish, by virtue of the values of Zy p^ q in terms of 
X and y, then 

dz - pdx — qdy = 0 ; 

the relation between Zy Xy y is then a singular integral. But if 

rif 

^ does vanish by virtue of these values, we are not justified in 

making the inference; the general case then requires separate 
consideration, though in any particular instance the test of 
satisfying the equation can be applied immediately. 


Ex. 1. Prove that the normal to the singular integral surface is a double 
line on the cone E' of normals at the point. (Darboux.) 

Ex. 2. Obtain the partial differential equation of the first order which 

has 

{z + ax) (z + by) = _|.y 2 

for a complete integral. Does it possess a singular integral 1 

Discuss the characteristics: and, in particular, prove that there is 
a rectilinear edge of regression of the type indicated in § 97. 

[The edge of regression in question is given by 
ax^^y^yz, 


L.c.y p. 67 ; see also § 76, ante. 
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where 

y2(a2 + ^2)4-4/3y=0, 
and the relation between a and h is 

(ay+a) (6y4*^) 

Ex. 3. Discuss the integrals of the equation 

and indicate the character of the integral 

(x-a)^. (Darboux.) 

Ex. 4. If an equation of the first order possesses singular integrals and 
can be expressed in a form 

aw”* + hv^ + cwP = 0, 

where wi, w, p are integers, the singular integrals satisfy the equations 

u — 0^ i;=0, w^O. (Darboux.) 

103. The relation between the surfaces represented by the 
general integral and the singular integral respectively can be 
indicated simply. In the equations of the singular integral, 
which are 

y. z, «, 6) = 0, ^ = 0, |j = 0, 

the quantities a, b are functions of x,y,z: if, therefore, we take 

h^fial 

where f is any function, we are selecting a curve through a point 
on the singular integral. At every point on this curve, the 
equations 

♦ ‘■-/w S 


are satisfied : as these are the equations of the general integral, 
the curve lies upon the surface represented by that integral. At 
any point on this curve common to the two surfaces, the values of 
p and q are the same, being given by 


dj> 

dx 






together with the other equations : hence the two surfaces touch 
along a curve. 


It may happen that the equation 


6 -/( 0 ) 
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determines not a single curve alone but a number of curves on the 
singular integral : in that case, each of the curves is common to 
the singular integral and the appropriate general integral deter- 
mined in connection with the above equation, and the two surfaces 
touch one another at every point on each of the curves. Hence 
the general integral and the singular integral touch one another 
along a curve or curves : or, what is the same property, through 
any curve on the surface, represented by the singular integral, 
there passes the surface, represented by the general integral which 
is the envelope of the complete integrals that touch the singular 
integral along the curve. 


Order of Contact of the Singular Integral with the 
General Integral and the Complete Integral. 


104. We have seen that the singular integral, when it exists, 
is the envelope of the complete integrals, each of which touches it 
at one or more points : it also touches the general integrals along 
a curve or curves. We have to consider the order of the contact, 
a matter already (§§ 92, 98) discussed for characteristics and com- 
plete integrals. 

The assumed singular integral is given by the single equation 
which results from the elimination of a and h between 


{x, y, a, h) = 0, 



db 


= 0 ; 


let this single equation be supposed resolved with regard to z, so 
that it has the form 

z = ^lr(x, y). 

We introduce a new dependent variable f, defined by the equation 

y); 

the complete integral now is 

Vf 5'+'^, a, 6) = 0. 

Derivatives of the first order (and of all orders) with regard to 
a and h are the same as before : hence, when the elimination of 
a and h is performed between the equations 


da 


= 0 , 



<#> = 0 , 
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and the eliminant is resolved with regard to f", the resolved 
equation of the singular integral is 

r=o. 

Now it may be that, in both forms, there are several branches of 
the singular integral leading to resolved equations; in that case, 
one of them is certainly 0 in the second form ; and though this 
will not simultaneously represent all branches of the singular 
integral, it will suffice for the discussion of the order of contact 
at the point. Accordingly, without loss of generality for the 
immediate purpose, we may take the singular integral in the form* 

2 : = 0 . 


The values of p and q, in general, are given by 




dz 


for our present purpose, z = 0, so that ^ == 0, q = 0 : and therefore 

?i.o. »i.o 

OX oy 

Thus we have, at all points of the singular integral taken in the 
form z — 0, the five equations 

A = 0 ^ = 0 ^=0 -^ = 0 ^^ = 0 

^ ’ da • db ’ dx ’ dy 

But we do not have ^ = 0, in addition : for the point would then 

be a singularity, conical or otherwise, on the complete integral : 
and circumstances would be exceedingly special if such a singularity 
of the* complete integrals were to lie on the envelope of those 
integrals. 

Take, first, a general integral in the form 

{x, y, z, a, 6) = 0, h =/(a), 




06 


it touches the singular integral z = 0 at one point and along a curve 
through the point. Consider variations in the vicinity of any such 
point. On the singular integral z = 0, they will be represented by 
dx and dy ; the variations da and dh, as determined for the singular 
integral by dx and dy, are not at once required for the present 
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purpose. On the general integral, they will be represented by 
dz, da, and by the same values of dx and dy as for the singular 
integral : and the order of contact of the two surfaces at the point 
will be measured by the order of dz, expressed in terms of the 
small quantities dx and dy. Thus, for the general integral, we 
have 

^^dx + ^^dy\-^-f-dz+^da 

dx dy ^ dz da 

where the unexpressed terms are the aggregate of terms bilinear 
in dx, dy, dz, da. But at the point of contact of the singular 
integral and the general integral, we have 


d<f> 

dx 


= 0 , 



P-O. 


so that dz is at least of the second order of small quantities ; hence 
dz is given, accurately to the second order of small quantities 
inclusive, by the equation 


fdz + 

dz 


+ 


But, because 


^ 4 (S) + 2 1 (g) dady + g 

^ = 0 for the general integral, we have 


da^ 





dy \da 


do? 


accurately to the first order of small quantities : thus 




dz 


da? 


dxdy 


df- 


d^<f> 

da^ 


da^ 




dxdy 


df 


1 

d^<f) (057 \(^a/ 
da? 




accurately to the second order inclusive. 

When the contact between the surfaces is of the first order, 
dz is of the second order in the small quantities dx and dy. The 
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right-hand side of the above expression for dz does not vanish for 
all values of dx and dy, except under special conditions; and 
therefore the contdct between the general integral and the singrdar 
integral at any point is usually of the first order. There are 
apparently two directions, given by 


t 

where t satisfies the quadratic 


dy 

di^ 


dxdy 



along which dz is of the third order ; but these two directions will 
later* be proved to be the same, a property that can be verified by 
means of the analysis that follows. 


105. When the contact between the surfaces is of the second 
order, dz is of the third order in the small quantities dx and dy ; 
and therefore the right-hand side of the expression obtained for 
dz, being generally accurate up to the second order, must vanish 
up to that order for all values of dx and dy. That this may be the 
case, we must have 


__ / d'(f> . 

da* dx^ \dadx dhdx) * 

da* dxdy \0a9a? dbdx) \dady dbdyJ * 

d*<t> d*4> ^fd*(f> ,, Y- 

da* dy* \dady dbdy) ’ 


so that, if we take 


we must have 


d*<f> 

da^ ^ dxdy ’ 


and also 


dxdy ^ dy* * 


^4> ...d*<l> 

dadx dbdx 


d*<f> 

^dady 


+ 


6V 


d*<t> 

dbdy' 


We can prove that the last equation is satisfied in virtue of the 
other two, as follows. 

♦ S«e § 125. 


I 
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Consider the variations along the singular integral in the 
immediate vicinity of the point of contact ; the quantities dx and 
dy determine variations da and dh along the singular integral, and 

= 0 and ^ = 0 
dy 

the relations 


, these are subject to 


conversely: and because ~ 




d‘<i> . , ^<l> j , ^4> 

dxdy^^ 9y» dady ^ ^ dbdy 


db = 0. 


Multiplying the second equation by and subtracting from the 
first, we have 


Jdadx ^ 


dady) 


da + 


' d^(l> d^4» 


,dhdx ^ dbdy 


'jdb = 0. 


In order to take all directions through the point, we must keep 
dx and dy independent of one another ; and therefore da and db 
are independent of one another, so that 


Hence the equation 


8^0 

dadx ^ 


d^<f> 

dady 


- 0 , 


dbdx ^ dbdy 


I h' 

dadx dbdx ^dady ^ dbdy 
is satisfied for all values of 6': and this holds in virtue of the 
equations 

d^^ d^ 8 ^^ ^ 
dx^ ^ dxdy * dxdy ^ dy^ " 

Consequently, if one generul integral has contact of the second order 
with the singular integral, all general integrals have contact of that 
order with the singular integral. 


Ex. 1. Prove that, if the equation 

dj^ dy^ "" \^xdy) 

is satisfied at any point on the singular integral, then the equation 
^ ^ _ / d^ \« 

0a* db» ~ \dadbj 

IS also satisfied : and conversely. (Darboux.) 

0*«h 

Ex, 2. Discuss the preceding proposition in the text when vanishes. 
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106. Now consider the order of contact between the complete 
integral and the singular integral at a point. In the vicinity of 
the point, variations along the complete integral are given by 
dx, dy, dz alone; for a and h are constants along the complete 
integral. As its equation is 

{x, y, a, h) = 0, 
those variations are given by 




+ i 






But ^ ^ ^ point in question : hence, accurately 

to the second order inclusive. 


The expression on the right-hand side does not in general vanish 
for all values of dx and dy, except under very special conditions : 
hence the contact between the complete integral and the singular 
integral is usually of the first order. There are however two 
directions given by 

dx~^’ 


where t satisfies the quadratic 


dx^ dxdy 



= 0 , 


along which dz is of the third order ; the point is usually a double 
point on the curve of intersection of the two surfaces, and these 
directions are the tangents to this curve at the point. 


Special interest attaches to the case when these two directions 
coincide: the two surfaces are then said to osculate. In that 
case, we have 

da^ ^ dxdy ’ dxdy ^ df ’ 

and conversely, if these conditions hold, the two surfaces osculate. 
Taking account of the earlier result relating to general integrals, 
we have the theorem: if the complete integrals do not osculate the 
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singular integral, then no integral has contact of the second order 
vrith the singular integral : but if the complete integrals do osculate 
the singular integral, then all the general integrals have contact of 
the second order with the singular integral. 

Ex. Prove that, if the complete integral osculates the singular integral, 
all the characteristics passing through the point of contact have the same 
tangent. 

Illustrate this property by reference to the spheres that osculate a 
surface. (Darboux.) 


Singularities on the Characteristics. 

107. In the preceding discussion of the surfaces and curves 
associated with the integrals of the differential equation 

f{x, y, z, p, q) = 0, 

we have been concerned mainly with regions that are devoid of 
singularities for those surfaces and curves; the effect of possible 
singularities must now be considered. Also, it will be convenient 
to consider at the same time the exceptional cases of the preceding 
investigations that were noted (§§ 85, 89) but not discussed. We 
shall proceed, as before, from the characteristics. 

It may be assumed that the equation /=0 has been trans- 
formed so as to be free from irrationalities ; and we shall discount 
the loss of generality in assuming, as will be done, that / is a 
regular function of its arguments. Take the tangent plane to any 
integral surface as the plane z = 0, and the point of contact for 
origin : then at that point p — 0,q = 0 ] in the vicinity of the 
point,/ is a regular function of x, y, z, p, q, which vanishes at the 
point. The equations of the characteristic are 

dx dy _ dz _ dp _ dq 
P "Q ~ pP ^qQ ~ - (X -^pZ) “ - (Y^Z) ■“ 

we propose to discuss the form of the characteristic in the vicinity 
of the origin, according to the varieties of form of /= 0. 

If P vanishes but not Q, the axes of x and y can be changed to 
another set such that neither the new P nor the new Q shall 
vanish at the point : similarly, if either X + pZ or Y + qZ should 
vanish but not both, a change can be made such that neither of 
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the quantities in the new position shall vanish. Also, taking 
account of earlier exceptions, we thus have the following cases : 

I. All the denominators are different from zero at the point : 

II. The quantities P and Q vanish at the point, but not the 

others : 

III. The quantities X -f pZ and Y + qZ vanish at the point, 

but not the others : 

IV. All the denominators vanish at the point, but Z is not 

zero : 

V. All the quantities X, F, Z^ P, Q vanish. 

Of these, the first is included in order to make the set complete : 
it is the assumption that was made in the earlier investigations 
and, as there, it will be found to constitute the origin an ordinary 
point. The second has been left over from § 88, and the fifth 
from § 78; and the fourth has given a singular integral, if such an 
integral exists. Let 

/= aa: + b^-hcZ’i'qp’hhq+ .... 

108. Case I. As X + pZy Y + qZ^ P, Q do not vanish at the 
origin, a, 6, h are not zero. Hence, assuming that t vanishes at 
the origin, we have, in the immediate vicinity, 

dx _ dy _ —dp _ —dq _ 

5r + ... ~” A + ... a+ ... “ 6 + ... “ ' 

dz—pdx + qdyy 

and therefore 

= ...» y = ht+...y 

p — — at+..., q=^-bt-^ ...y 

dz^ — {ag H- 6A) 4- . . . , 

so that 

z^ — \ {ag + 6^) + . . . . 

Hence, in the vicinity of the origin, the characteristic is given by 



ag + bh 




the origin is an ordinary point on the characteristic, which 
touches the plane z^O there. This, as already indicated, is the 
former result. 
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109. Case II. As F and Q vanish at the origin, we have 

^ = 0 , ^ = 0 . 

Let 

/= GW? 4- + (a'x + b'y -f c'js) p 4- (a"x 4- h''y 4- c"z) q 

+ i + 79’) + <l> («. y> P, 9). 

where ^{x, y, z, p, q) contains terms of the second degree in 
X, y, z alone, and all other terms in all the quantities of higher 
degree in the aggregate. Two of the equations of the character- 
istic now are 


so that 


— dp __ — dq 


a 4“ ■ 


-dt, 


p — — at q — — ht-^..., 
in the vicinity of the origin ; and the other equations are 

~ = a'o? -h 6'y -{- 4- a;) 4- 4- . . . , 

^ 4* 4- c"-2: 4 4- ... , 

dz ^ dx dy 


(A) First, suppose that neither of the quantities aa + fib and 
4 * 76 vanishes ; this is the most general case as it involves no 
restricting relation between constants. Then we have 

a; = — J (tttt 4- ^b) 4 ... , y = - i {Ba 4- 76) 4- , 
dz 

^ = (aa« 4- 2/3a6 4- 7i>0 ^' + • • • > 

so that 

z — \ (aa* 4 2fiab 4- 76*) 4- . . . ; 

and therefore, in the immediate vicinity of the origin, the charac- 
teristic is given by 

8 

y = /xa?4- ..., z-pfF 

where /x and y! are determinate constants. The origin is a cusp 
on the characteristic; the tangent at the cusp lies in the plane 
= 0 , along the line y = fix. 

It thus appears that, when f—0, P — 0, Q — 0, while X-^pZ 
and F 4- qZ are not zero, and when they allow the elimination of 
p and q between the three equations (which is the most general 
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case, as not involving relations among the equations), the surface 
given by the eliminant is a locus of cusps of the characteristics. 
Hence, in gemralt the surface obtained by eliminating p and q 
between the equcutions 

/=0, P = 0, Q = 0, 

is a locus of cusps of the characteristics; through every point of the 
awrfajce there passes a characteristic having a cusp at that point. 

If it should happen that aa* + 2^ah -h 76® vanishes though 
aa + fib and fia + yb do not vanish, the only difference is that, in 
the vicinity of the origin, 

& 

y — IJLX+...y 4 * 

the origin is still a singularity on the curve in general, of an order 
higher than a cusp. 

Ex. Prove that the tangent piano of the characteristic developable is 
given by 

z + cUx -f yb^) =0, 

keeping the most important terms, and that therefore the point is an ordinary 
point for the developable. (Darboux.) 

(B) Next, suppose that one (but not both) of the two 

quantities + /8a + 76 vanishes: let 

/8a 4- 76 = 0. 

Proceeding as before, we have 

a; = - i (aa 4 - /86) 4 - . . . , 

y=:X«»4-..., 

^ = J(aa 4 -/ 06 ) a^* 4 - 

and therefore, in the vicinity of the origin, we have 

I 

y = /i^ 4 -..., z-px 4 ".... 

The origin is a cusp on the characteristic ; the tangent to the cusp 
is the axis of y. 

If X = 0 , or if a =* 0 , or if both X and a vanish, the origin is still 
a singularity on the curve of an order higher than a cusp: the 
curve still touches the plane of z at the origin, 

(C) Lastly, suppose that 

oa 4- ^6 = 0, /8a 4- 76 = 0 : 
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then, in the most general case, that is subject to these conditions, 
we find 

-f* , , . , y "1" . • • , ^ — "!'•••> 

so that, in the vicinity of the origin, 

y = + .... 

The origin is a singularity on the characteristic : and the tangent 
to the characteristic lies in the plane of z = 0 along the line y = fix. 

Similarly, for other special relations among the constants, we 
obtain a corresponding result : in every case, the equation obtained 
by eliminating p and q between /= 0, P = 0, Q = 0, when X 
and Y + qZ do not vanish, is a locus of singularities on the charac- 
teristics. 


110. Case III. As X -\-pZ and Y -f^qZ vanish at tne origin, 
we have 

a = 0, 6 = 0; 

but P and Q do not vanish there, so that g and h are different 
from zero. Hence 

/= cz+gp-h hq 4- (a'x -h h'y + c'z)p -f {a"x 4- b"y 4- c"z) q 

+ i (op* + i + 2Pa?y 4- Cy^) 4- yjr (x, y, z, p, q\ 

where -v/r contains terms of the third and higher orders. The 
equations are 

3 , i-*+ .... 


SO that 
also 


that 


x:=^gt+ ..., y = 6^4- ...; 

-^ = (c4-a');>4- a" q 4- A a? 4- Py 4- . . . , 


dq 

dt 


= h'p 4- (6" 4- c) 4- Pa? 4- C'y 4- 


Hence 


P = — i (Ay 4* Bh) P 4* . . . , 
y = *” i (Py 4" CK) P 4- .... 

dz ^ dx dy 

= — ^ (Ay* 4- 2Bgh 4- Ch^) 4- . . . , 
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and so 

z \ {Ag^ Ch^)i? .... 

Consequently the characteristic, in the vicinity of the origin, is 
given by 

..., z = po(? 

the point is an inflexion on the characteristic, and the inflexional 
tangent to the characteristic lies in the plane of z along the line 
y- fix. 

Ex, Prove, by means of reciprocal polars applied to Case II or otherwise, 
that the surface, obtained by eliminating p and q between the equations 

/= 0 , Y-\-qZ—0^ 

is a locus such that, at every point on it, the characteristic developable of 
the equation /=0 has a singular plane. Sketch the characteristic developable 
in the vicinity of the point. (Darboux.) 


111. Case IV. Here we have 
7=0, P = 0, Q-0, 

while Z is not zero. These are five equations, which involve five 
quantities <r, y, z, p, q : hence if /, already supposed regular, be a 
polynomial function of its arguments, there would in general be 
only a limited number of sets of values of the five variables, and 
therefore only a limited number of such points. 

Taking the origin to be such a point, we assume (as before) 
that X, y, z, p, q all vanish there : hence 

a=i0, 6=0, y = 0, A = 0, 

and the equations of the characteristic, in the immediate vicinity 
of the origin, are 

^ = a> + 6'y + c ^ + . . . , 


^ = a'x + h"y + c"-? + + 75^ + . . . , 

+ (c + a')j[> + ..., 




dz dx dy 


+ yp + (6" + c) y + 
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As the only regular integrals of these equations, which vanish 
when ^ = 0, are 

x = 0, y = 0, 5 = 0, ^ = 0, 5 = 0, 

it is simpler to make x the independent variable of the character- 
istic and omit t completely. It is clear that 5 is of a higher order 
of small quantities than or y in the vicinity of the origin ; hence, 
retaining only the most important terms within this vicinity, the 
equations may be taken in the form 

dy ^ a''x -I- h''y 4- fip + yq 
dx a'x -f h'y ap /3q 
dp _ A x + By (c a') p 4- a"q 
dx ax 4 - h'y ap + Bq 

dq _ Bx + 4 - h'p 4 - (h" 4 - c) 5 

dx a'x 4 - h'y -^-ap^- Bq 

Then* there are integrals of these equations of the form 

y^x{p -{-7)), 

jp = ^ (o* 4* tt), 

5 = «; (t + /c), 

where p, o-, r are constants, and 77 , tt, k are functions of x that 
vanish with x. As regards the constants, they are given by the 
equations 

a" 4 h"p 4- fia 4“ yr 
^ a' + h'p 4 - ao- 4“ ' 

+ Bp + {c + a') or a'V 
a' 4- h'p 4- cro- 4- ySr ’ 

^ ^-K7p4-6V-f (6"4 -c)t 
a' -f* h'p 4- a<r 4- 

Writing 

0 = a' + h'p + a<r + y0T, 

we have 

p$ = a'' 4 - b"p 4 - + yr, 

aO A Bp -i- (c + a') <r a"r, 

== B + Cp -i- h'<r + (h" 4- c) r. 

Hence ^ is a root of the equation 


a'-e, 

v , 

a 

B 

= 0 

a" , 

b"-0, 

B 

, 7 


A , 

B , 

c + a' - 

- e, a" 


B , 

G , 

V 

, b" + c-d 



* See Part in of this treatise, chapters xi, xn. 
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when 6 is known, any three of the earlier equations determine 
Py <^y r. 

For the quantities t;, tt, /c, we have 

“f h" 7) -f ^TT -f yic 
^ ^ ^ dx ^4- l/rj + 

so that 

, {h" -ap)ir-¥{y - Pp)i€ 

dx ^ 6 -\r h'r) 4- CtTT -h 

= g {(*•" -b'p-O)ri + {0- ap) TT + (7 - /3p) /<}, 

to the order of quantities retained ; and similarly 

= i {(j5 — h'a) 7 ; + (c 4- a' — acr — ^) TT 4- (a" — /3<r) a:}, 

1 

^ ^ g {(<> — 7? + — ar) TT 4- (^>" + C — /c} ; 

and the quantities 77 , tt, /t are to vanish with a?. The characters of 
these functions depend upon the roots of the critical cubic 

6" — 6 p — ^ ff — ap , y — fip = ^ 

B — h'<r , c 4 a' — a<r — ^ — /X, a" — /8<r 

C ’-h'r , 6' — ccT , b" + c—/3t — 6 — p 

in /x: and these can be expressed in terms of the roots of the 
preceding quartic. 

Let $ 1 , ^a» ^ 8 » ^4 he the roots of that quartic : of these, suppose 
that 61 is the root of the quartic chosen, and that the corresponding 
values of p, <t, t have been obtained. Multiply the columns of the 
quartic determinant by 1 , p, <r, t and subtract the sum of the last 
three from the first : the determinant is 

b' , a , B 
p (0,-^0), 6"-^, By y 
<r (^1 — ^), B , c 4- a' — Oj a" 
riO.-’Ol (7 , , 6"4-c-^ 

Multiply the first row by p, cr, t in turn and subtract the products 
from the second row, the third row, and the fourth row in 
respective succession: the determinant is 

$1’-$, b' , a , B y 

0 , b"-b'p-0, B-^p y Bp 

0 , B — h'<r , c 4“ a' — o<T — a" — B^ 

0 , (7-6V , i'-ar , V'-hc-Br-^ 
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and it is equal to the determinant in the quartic equation. Hence 
the roots of 

h" -^Up — 6y — a/> , ^ 

B — h'ar , c 4 - tt' — a<r — a" — /9 <t 

C — 6 't , 6' — ar , 6" + c — fir — 6 

are 6^^ 0^, 64,. But the cubic in fi is 
b" -b'p-6i-fiy ^-cLp y 7-^P 

B — b'a , c H- a' — a<r — ~ /i, a" — ^<r 

C-b'r , ft'-ar , 6"+ c - /9 t- 0i 

hence the roots are 

/A 4- 01 = 02, 08, 04, 

that is, the roots of the cubic in p. are 

02-01, ^ 3 -^ 1 , ^ 4 -^ 1 , 

where 0 i is the root of the quartic selected for the case under 
consideration. 

We shall denote these roots by /Uj, /Xg. 

112. Of the various sub-cases, it will be suflScient to mention 
some of the more important. 

(i) Let the three roots of the critical cubic be unequal to one 
another, no one of them being a positive integer; then the pre- 
ceding equations possess integrals, expressing 77 , tt, k as unique 
regular functions of x which vanish with x. For this characteristic, 
we have 

y=ip-^v)^y 

-s' = i(o'4"pT)«^4* ... ; 

the point in question is an ordinary point on the curve, which has 
its tangent lying in the plane z — 0 along the line y = px. 

Further integrals may be possessed by the equations, on the 
preceding assumption as to the roots: but the integrals are not 
regular functions of x. 

If the real parts of Piy p^ are positive and are such that no 
one of the quantities 

(mi - 1) /ii 4- mj/ig 4- -h m4, 
mi/^i 4 - (ma ~ 1) ft* 4- rn^Pt + m4, 
mifti 4- mafia 4- (m 3 — 1) ft, 4- m 4 . 
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vanishes for positive integer values m,, 7?i2, mg, m^, such that 
m, + m^ -f mg + m 4 ^ 2, the equations possess a triple infinitude of 
non-regular integrals that vanish with x: these integrals are 
regular functions of .r, There is thus a triple infinitude 

of curves through the point : it is easily seen to be a singularity 
on each of them. 

If the real parts of /Xi and be positive, if that of /ig be 
negative, and if no one of the quantities 

(mi - 1) /ii + mg/Ag + mg, mi/x^i + {in^ — 1 ) /la + mg 

vanishes for positive integer values mi, mg, m.,, such that 

mi + mg -I- mg > 2, 

the equations possess a double infinitude of non-regular integrals 
that vanish with x\ these integrals are regular functions of x, af-\ 
af-K There is then a double infinitude of curves through the 
origin : it is easily seen to be a singularity on each of them. 

If the real part of be positive, and if the real parts of and fx^ 
be negative, the equations possess a single infinitude of non-regular 
integrals that vanish with x ; these integrals are regular functions 
of X and There is then a single infinitude of curves through 
the origin ; the point is easily seen to be a singularity on each of 
them. 

If the real parts of /Ai, /^g, /ig be each negative, the regular 
integrals first indicated are the only integrals of the equation 
which vanish with x. As already proved, the origin is then an 
ordinary point upon the sole characteristic, which passes through 
it touching the plane ^ = 0 at the point. 

(ii) Let the three roots of the critical cubic be unequal to one 
another, and let one (but only one) of them, say /^i, be a positive 
integer. 

Unless a particular condition among the coefficients in the 
equations be satisfied, the equations possess no regular integrals 
that vanish with x. When that condition is not satisfied, they 
possess a simple infinitude of non-regular integrals that vanish 
with X, being regular functions of x and x log x, if the real parts of 
/Ag and /Ag are negative : they possess a double infinitude of non- 
regular integrals that vanish with x, being regular functions of 
a?, X log X, and a^», if the real part of /Ag is positive and the real part 
of /A, is negative ; they possess a triple infinitude of non-regular 
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integrals that vanish with x, being regular functions of x, x log Xy 
x^\ if the real parts of /I2 and are positive. Eveiy curve 
passing through the point has the origin for a singularity. 

When the particular condition among the coefficients in the 
equation is satisfied, the equations possess a simple infinitude of 
regular integrals that vanish with x: each of these gives a 
characteristic touching the plane <2r = 0 along the same tangent 
y = pxin that plane, and the point of contact is an ordinary point 
for each curve in the infinitude. Further, when the condition is 
satisfied, the equations possess either a double infinitude or a single 
infinitude of non-regular integrals according as the real parts of 
and /Z3, or of only one of them, are positive, these integrals being 
regular functions of Xy of-* and xf^*y or of x and either or 
af-*y according to the respective cases; for each of these curves, the 
origin is a singularity. But if the real parts of and are 
negative, the equations are devoid of non-regular integrals. 

And so for other cases : the results depend upon the characters 
of the integrals of the equations for 77, tt, /c : and these characters 
are known by the critical conditions* as regards the roots /^i, f/ai 
/Ag. Regular integrals make the origin an ordinary point on the 
corresponding characteristics : non-regular integrals make the 
origin a singularity on the corresponding characteristics. 

113. At the beginning of the discussion, it was pointed out 
that the five equations 

/=:0, P = 0, Q = 0, = Y + qZ = 0 

will, in general, give a finite number of determinations of sets of 
values of the variables involved : so that, in general, there will be 
a finite number of points in space at which the characteristics 
must be considered for the present purpose. The preceding 
discussion is typical of the discussion to be effected at each such 
point for any particular equation of the assumed character. 

But the five equations may be of such a form, or they may be 
so related, that they do not determine a set of values or a limited 

* These are set out for equations of the form in question in n variables, in 
§ 187, chapter xii, vol. m, of this treatise. They were proved in full detail for all 
the cases, that arise in a system of two equations, in my memoir, On the integralt 
of Bystems of differential equations, published in the Stokes 1899 Commemoration 
volume (vol. xviii, 1900) of the Transactions of the Cambridge Philosophical 
Society. 
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number of sets of values for the five variables involved. In that 
event, there are three possible alternatives, always on the adopted 
hypothesis that the equation /= 0 is irreducible : 

(a) they may determine four of the variables in terms of the 

remaining one, say, y, z, p, q, in terms of x ; there then 
is a curve-locus in space, and values of p and q are 
associated with each point on the curve : 

(b) they may determine three of the variables in terms of 

the remaining two, say z, j), q in terms of x,y \ there 
then is a surface-locus in space, and values of p and q 
are associated with each point on the surface : 

(c) they may determine two of the variables in terms of the 

remaining three, say py q in terms of x, z \ values of 
p and q are then associated with each point of space. 

The third of these alternatives has already been discussed 
(§§ substitution of p and q in 

dz^pdx-^-qdyy 

followed by a quadrature, leads to a surface integral of the equa- 
tion. A characteristic through any point on such a surface lies in 
the surface. The second of these alternatives leads to a singular 
integral of the equation, unless we shall come to the 

consideration of the characteristics through a point on the surface 
after the discussion of the first alternative, which can be discussed 
briefly after the earlier analysis. 

114. Suppose, then, that the five equations 

/=0, P = 0, Q = 0, X+pZ^Oy F + = 0 

determine a curve-locus 

y^u (x)y z = v {x)y 

together with values of p and q as functions of x in the form 
p^trix), q=:K(x). 

Take any point on this locus, say a? = > transfer the origin to 

that point, and let 

TT (ajo) ** tto, k (a?o) = /Co. 

Then the form of /must be such that the five equations give 
y = 0, z^Oy p^TTo, q^/Co, 
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when 00 = 0. As may easily be verified, we have 

/= c (^ — odttq — yKo) + higher powers of x, y, z 

+ (p - TTo) R {x, y,z,p- TTo, q - /Co) 

+ (9^ - /Co) /Sf (^, y,z,p- TTo, g - /Co), 

where R and S are regular functions of their arguments : these 
functions must vanish when a; == 0, y = 0, z = 0 , p^ttq, q = KqI 
and there must be limitations on the form of / sufficient to make 
the five equations equivalent to four only, though the precise form 
of the limitation is not necessary for the present purpose. What 
is required is the nature of this point as a point on the charac- 
teristic. 

The point is the origin : as usual, we take the tangent plane 
to the integral surface to be .0 = 0, so that p = 0, 9 = 0 at the point 
on the characteristic. Let 

Xo = R (0, 0, 0, tTq, /Co) tTqRq , 

S (0, 0, 0, TTo, /Co) TToRq KqSq , 

where Rq\ Rd\ Sd, Sd' are the values of when 

dp oq dp dq 

Xy y, z, p, q all are made zero : then, in the vicinity of the origin 
along the characteristic, we have 


; = Xo 4* . • 




as two of the equations. Also, let R^y R^, ^1, denote the values 


,dR dR dS dS 


, when Xy y, Zy p, q all vanish : then two other 


vrji y , »» Wy ^y Vy y ^ V T1 V/ UUd. 

equations of the characteristic are 

— ^ = -‘C7ro — ttqRj — KqS^ = po> say, 

~ = — c/Co - ttqRz - K0S2 = (To, say, 

in the immediate vicinity of the origin. Hence in that vicinity, 
57=5X0^4*..., y = /io^ 4 ‘..., 

= (Po\ 4 - Po(To) ... 

are the most important terms in the equations of the charac- 
teristic. It is clear that, unless X© and Mo both vanish, the origin 
is an ordinary point on the characteristic, and that its tangent lies 
in the plane along the line Xoy — po^ = 0. 
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The inference cannot be made if \o = 0 and (Xq — 0. The 
further consideration, in this event, will not be undertaken ; in the 
complicated analysis that would be necessary, particularly as 
regards the forms of the integrals of the differential equations, 
the details would be substantially similar to those which have 
been given for the case when the five equations determine sets of 
values for the five variables. 


116. Coming to the remaining alternative, in which the five 
equations determine z, p, q, as functions of o) and y, and assuming 
(as has been assumed throughout) that Z does not vanish for such 
relations, we know (§ 78) that the equations define a singular 
integral; and our quest is the examination of the characteristics 
at and near any point on this integral surface. 

Let the singular integral be given by ^ ^ (a;, y) ; then, when 

a new variable f is defined by the relation z — 6 {x, y) = the 
singular integral will be given by f=(), as in § 104. Hence we 
may take the plane = 0 as the singular integral. Moreover, Z does 
not vanish on account of 2 ^ — 0 and it does not vanish identically : 
consequently, we may take the differential equation in a resolved 
form 

f=z-<f)(x, y,p, ^) = 0 . 

Take any point on the singular integral 


and make it the origin ; moreover, as z is steadily zero along the 
singular integral, the associated values of p and q are 

^ = 0 , = 0 . 

The singular integral, thus defined by 


z — Qy p = 0, ^ = 0, 

is to satisfy the equations 

/=o = o = o ?^-p=o 

•' ’ dp ’ dq ’ dx P dp ^ ’ 

, . , dd> dd) 0<f> 9<f) -11 t 

that IS, 6, — , ^ must vanish when p = 0, o = 0 ; and 
^ dp dq dx' dy ^ ^ 

therefore d> is of the form 


(a H- aa? + a y -f .Ap -f J 4- . . . ) 

4- 2pq (;8 4- 6a; 4- 6'y 4- . . .) 

4- 5^* (7 + + o'y 4- Op 4- C'q 4- ...)• 
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We require the equations of the characteristics in the immediate 
vicinity of the point ^ = 0, y = 0, = 0 on the singular integral : in 
differential form, they are 

dx dy ^ ^ 

2ap + 2^q + ... 2fip‘\-2yq + p-{‘ q 

integrals of which for the immediate vicinity of the origin are 


p= /cq + 

X- 2{a/c + 0)q-^ ..., 

3/ = 2(^A: + 7)g+ 
tc being an arbitrary constant. Also, as 
dz = pdx -{■ qdy 

— 2 {a/c^ + 2^fc + y) qdq + 

we have 

z = (aK^ -f 2f^fc -{-y)q^+ 

Hence the equations of the characteristic in the immediate 
vicinity of the origin are 

(aK + fi)y = {$K + y)x | 

4 (^7 — /3^) z = yx^ ~ + ciy^) ' 


where k is an arbitrary quantity : and the solution is satisfactory 
unless ay — 13^ vanishes. Now the curve touches ^ = 0 at the 
origin, and the tangent to the curve lies in this plane along the 
line 




when K is arbitrary, the quantity ^ also is arbitrary unless 

ay — fi^ vanishes: and therefore a characteristic can be drawn 
touching every line in the plane. We thus have the former 
result : — 


When an equation has a singular integral, then through any 
point on it there passes an infinitude of characteristics unless 


ay df f df Y 

dq^ \idpdq) 


vanishes at the point; each characteristic touches the singular 
integral there and has the point for a/n ordinary point, and no 
two characteristics have the same tamgent. Moreover, all these 
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characteristics lie m a surface which touches the singular integral 
and has the point of contact for an ordinary point For, in order 
to obtain this integral surface from the equations of the character- 
istics, all that needs (§ 84) to be done is to make the initial values 
satisfy the equations 

/=0, dz =pdx + qdy. 

In the present case, both of these equations are satisfied at the 
point by taking 

a/c^ + +-7=0. 

Hence, in the immediate vicinity of the point of intersection of the 
surface with the singular integral, we have 

a; = 2(a/c + )(3)9' + ..., 

3 / = 2 (^/^ + 7)9 + 

on the surface ; and therefore 

+ y = 0, 

the point of intersection is an ordinary point on the surface, and 
the two surfaces touch there. 


If however a 7 — == 0, without a, /S, y separately vanishing, 

we may take 

7 — 

We still have an infinitude of characteristics through the point, 
given by the equations 

p = fcq-{- 

x = 2(k + $)aq-\- 
y = 2^(/cH-^)ag+ ..., 
z — a(fc-\-0yq^ -h ; 

they touch the plane ^ = 0 at the origin, and the tangents are 
given by 

y^dx, 

that is, the infinitude of characteristics have a common tangent at 
the origin : and as 

^iOLZ = -h . . . , 

the origin is an ordinary point for each of the characteristics. 

This infinitude of characteristics still lies on a surface (which 
of course gives an integral of the differential equation). To 



115.] 


SINGULAR INTEGRALS 


277 


obtain its equation from the equations of the characteristics, we 
make the initial values satisfy the equations 

/ = 0, dz — pdx + qdy. 

In the present case, both of these equations are satisfied at the 
point by taking 

/If + ^ = 0. 

With these initial values, we have, for the characteristics, 
p=^Kq + 

^=[^AK^ + {2A'+4,B)K + 2.B'+G]q+ ... 

= + . . . , 

^ = ((4' + 25) + (45' + 2(7) * + 3(7'} q+... 

= tiq+ ..., 

and therefore 

1X^2 4. 

2:= J(/cX + /i) q^ + .... 

Hence, at the point of intei’section of the singular integral and 
the surface that is the locus of the characteristics, we have 

Z = (TX^ + . . . , 

along the surface : and therefore the point is a singularity on the 
surface that is the locus of the characteristics. The two surfaces 
touch at the point which, on the assumptions implicitly made that 
neither X nor p nor /tX 4- ya vanishes, is a cusp on the locus con- 
taining the characteristics through the point. 

Even if ot, y be zero, the same kind of result holds : for it is 
sufficient in that event to make /c = 0 : we merely have different 
values of X and p. Hence we have the result : 

When an equation has a singular integral, and when the relation 
dp^ dq^ \dpdq) 

is satisfied at any point of it, an infinitude of characteristics passes 
through the point having a common tangent that also touches (or lies 
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in) the singular integral. All the characteristics lie m a surface 
which touches the singular integral at the point and has the point for 
a si^ngularity. 

Ex. 1. Prove that, when an equation f{x^y^z^py<f)^0 possesses a 
singular integral in the form 

z^<^{x,y\ 

such that ^ does not vanish at all points on the surface represented by that 

integral, the general integral which touches the singular integral along a 
curve can be represented in the form 

where f is a regular function of x and y, and the complete integral can be 
represented in the form 

Z — <l>{Xy + 

where u and v are regular functions of x and y. (Darboux.) 

Ex. 2. Shew that the characteristics of the equation 
{pz- xY-q^{x^-^z^- 1) 

are plane curves, and that the locus of their cusps is 

3:24.220=1. (Goursat.) 

Ex. 3 . Discuss the various integrals of the equation 

{p{x^’\-z^—\)-k- qxyY = ( 1 - (a:2 4-y2 4-^2 _ 1 

(Goursat.) 

116. Case V. Here we have 

/=0, P = 0, Q = 0, Z-0, F=0, Z=0. 

These are six equations involving five variables: hence they can 
coexist only if connected by certain relations. If so connected, 
they may be equivalent to five equations, or to four, or to three, or 
to two : on the assumption that /= 0 is irreducible, they cannot all 
be satisfied in virtue of one equation alone. We shall assume that 
/ is a pol 3 niomial function of its arguments. 

When the six equations are equivalent to five, the equations 
determine a limited number of sets of values for the five variables. 
Taking any one of these, we have to consider the form of the 
characteristic at the point. As before, we take the point for origin, 
and the tangent plane of the complete integral is made the plane 
j = 0 : so that we have 

37 = 0, y=*0, ^ = 0, p = 0, 

at the point. It is clear that there can be no terms of the first 
order in /: so that the constant c, of § 110, is zero. In other 
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respects the analysis of §§111, 112 applies in the present sub-case : 
and the nature of the point on the characteristic is the same as for 
the corresponding alternatives in that discussion. 

When the six equations are equivalent to four, determining 
y> 9 ^ functions of the discussion of § 111 will suffice for the 
present sub-case. When they are equivalent to two only, their 
significance is similar to that of the corresponding equations 
already (§ 109) discussed. 

It remains therefore to discuss them when they are equivalent 
to three equations only, expressing z, p, q as functions of x and y : 
we have seen that it was not possible* definitely to declare that 
the relation between x, y, z a. singular integral, because of the 
vanishing of Z. The method of § 104 is not applicable : for the 
equation f—0 cannot be resolved with regard to z because Z^O: 
indeed, it cannot be resolved with regard to any of the variables 
so as to give a regular equation because X, F, Z. P, Q all vanish. 
Suppose that 

/=0, P=0, Q = 0, 

are three independent equations giving z, p, q as functions of x and 
y : and that these values make X, F, Z all vanish. When the 
values are substituted, they make /=0, P = 0, Q = 0 satisfied 
identically : hence i" 

0P dP dp dP dq dP ^ _ q 
dx ^ dp dx^ dq dx dz dx ’ 

dy dp dy"^ dq dy dz dy 
dP 

If then ^ does not vanish when the values of z, p, q are sub- 
dz 

stituted in it, it will be sufficient that the equations 

^ dPdq d^ 

dx dp dx ^ dqdx dz^ ’ 

dy dp dy dq dy dz^ ’ 

shall be satisfied in order to secure that the relation between 

X, y, z is an integral of the partial equation. The equation Q = 0 

* Except, of course, by direct substitution in the partial differential equation, 
f The equation /— 0 gives no further information when thus treated, because 
P, Q, A, r, Z all vanish for the values in question. 
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7)0 

can be treated similarly, and will give a similar result if ^ does 

not vanish for the values in question. 

But the obvious tests, which really are the equivalent of sub- 
stituting in the differential equation, are that values of p, q, z 
should satisfy 

if these relations are satisfied, the relation between cc, y, z is an 
integral. 

The subject, in the case when Z = 0, admits of considerable 
expansion: but it will not be pursued further in this place. 
Darboux has given some discussion* of a limited class of equations ; 
there seems plenty of opening for further investigation. 

Ejc. 1. Consider the equation 

/= (px + - 2)2 + 

which already (§ 78) has been discussed. The equations 

/==o, z-0, r=o, Z=0, P=:0, §=0 

are satisfied in virtue of the two relations 

i . 

^ y 1 » 

and these lead to an integral 

£2=a2(.r2+y2_i)^ 

which is not a singular integral as it certainly is not the envelope of the 
complete integrals of the equation. But, though it satisfies 

Z«0, 

it is an integral of the original equation. 

Ex. 2. Consider the equation 

64 (p2 4-<y2)3 = 2722. 

The equations 

/=o, z=o, r=o, z=o, p=.0, §=o 

are satisfied by a relation 

2 = 0 

(with p=0, ^*=0), which is an integral: and the complete integral is 
- a)2 + (y - 6)2}3 = 272*. 

What is the relation between the two integrals ? 


In § 35 of his memoir. 
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Ex. 3 . Consider the equation 
The six equations 

/=:0, z-o, r=o, p=o, §=o 

are satisfied by 

2=0, JO— 1=0, 5^-l=0: 

but 2=0 is clearly not an integral of the partial differential equation. 

The same holds of any equation 

/(;>+«, 

where the constant m is greater than unity, a and h are constants which do 
not vanish, and / is a regular function of its arguments containing no terms 
of order lower than two in jo + a and 9+6 combined. All the six equations 
are satisfied by 

2=0, jo-ffls— 0, 2'4-6=0: 
but 2 = 0 is not an integral of the equation. 

Ex. 4 . Discuss the relation of the locus 2=0 to the complete integral and 
to the general integral of 

at {(^-. 1)2 + (^_ 1 ) 2 }=, 22 . 

Ex. 6. Shew that all the integrals of 

pq=z\ 

which touch the integral 2=0 along the axis of y, are given by 

g(n«+4a;y)^ 

A^xf^ - 

where A and 7 i are arbitrary. (Darboux.) 

Ex. 6. Obtain the complete integral and the general integral of the 
equation in the preceding example. Is 2=0 a singular integral ? 

Ex. 7 . Integrate the equations : 

(i) jo2+9'®+22/?5'=2^: 

(ii) 

(hi) pq{p^q)^z{f-\‘q^)^z\ 

discussing, for each of them, the relations between the integral 2=0 and the 
other integrals. 



CHAPTER VIIL 


The Method of Characteristics in any number 
OF Independent Variables. 


The present chapter gives an account of Cauchy’s method of characteristics 
as applied to a single equation in n independent variables : and the account 
is made brief, because the process and the results are a generalisation of the 
process and the results for two independent variables, as expounded at con- 
siderable length in the two preceding chapters. Moreover, as the geometry 
of ordinary space has been amply used for illustration of the simpler case, it 
is not deemed necessary to enter at any length into illustrations of the more 
general case derived from the hypergeometry of dimensions. 

Reference may be made to the works of Cauchy and of Darboux, quoted at 
the beginning of chapter vi. Many of the results towards tlie end of this 
chapter are believed to be new: and the subject admits of considerable 
development. 


117 . The method of characteristics can be employed when 
there are n independent variables Wj, ..., Adopting Cauchy’s 
use of Ampere’s practice, we change the independent variables so 
that they become Wj, Uni the new variables are functions 

of iCa, ..., Xn (and, it may be, of also) which are independent of 
one another, and they will be chosen so as to simplify relations. 
Conversely, .... Xn, 2 ;, p^, pn can be regarded as functions of 
it’i, U 2 , Wni ttnd, whatever the differential equation may be, we 
have 


dz ^ « 

dXj f.~2 


dXr 




(^=:2, ..., n). 


dz 

dui ,.-2 

Differentiating the former with regard to ih and the latter with 
regard to x ^ , and subtracting, we find 


^ — V fiPz ^ 

dUi dUi dxj * 


holding for f s* 2, . . . , n. 
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When proper values of x^, Zy pi, in terms of 

x^y U 2 y ,.,yUny are substituted in the differential equation, which 
may be taken in the form 

f(x,y Xny Zyjhy . . . , = 0 , 

it becomes an identity : hence, if 


dir " dpr '' 


for i and j = 1, . . . , n, we have 

s-2 




^ dxi 


I PiP-=0, 


dUyi g=z2 duyj^ j-— 1 


dUyj, 


the latter holding for /x = 2, n. Substituting in the latter for 
^ and y and rearranging the terms, we find 




= 0. 


Thus far, the new variables v^y ..., Un are at our disposal: let 
them, if possible, be chosen so that 

p _ P = o 


for r = 2, . . . , n, these n — 1 equations being formally independent 
of one another. On the choice thus made, the foregoing equation 
becomes 



and it holds for fi — 2, . . . , n. There is thus a set of — 1 
equations, homogeneous and linear in w — 1 quantities; the 
determinant of their coefficients, being 



does not vanish, and therefore the quantities themselves vanish, 
that is, 



GENERAL EQUATIONS OF 


for r « 2, . . . , n. Substituting the values of Xa, . . . , X„ thus given, 
dz 

and also the value of ^ , in the equation 

uOOj 

x, + z^+ i x.^*+ i Pi^S=o, 

O^l'i «=;2 0^1 i=l 


and reducing, we have 


Consequently, the equations 

for r = 2, ..., n, and t= 1, n, are satisfied: it will be noticed 
that they involve no derivatives with regard to u^y 

Now this aggregate of 2n ~ 1 equations can be taken in the 
form 

dx^ dx^ dxn dpi dpn 

which are a set of ordinary equations ; so far as they are concerned, 
the arbitrary quantities that arise in the integration can be made 
functions of the variables U 2 , ...» Wn, which do not occur explicitly 
in the set. If we equate each member of the above aggregate to 

dz 

the equation 

dz " dxr 

dxi ^ y=2 

will be satisfied by the integrals of the set; no limitation will 
thereby be imposed upon the arbitrary functions of 1 ^ 3 , ..., Wn that 
occur in the integrals. But the equations 
dz _ " ^ 

have also to be satisfied ; these will obviously impose limitations 
upon the arbitrary functions oiu^y 

118. Accordingly, we take the equations in the form 
dwiSg dXf^ dz 

~ ~ ~ PiPi + ••• -^PnPn 

_ dPi _ ^Pn __ 


■(X, + ^pO 


-(Xn4-^P«) 
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introducing a new variable t so as to secure the general symmetry 
in Darboux's presentation of Cauchy's method: t is the inde- 
pendent variable for the system of ordinary equations. Let 

= = Pi = 7ri, ...,JPn = 7rn, 

be a set of initial values assumed by the variables in the aggregate 
of ordinary equations, subject at this stage to the sole condition 

/(fi, •••, t *3^1, •••> 7rn) = 0. 

We shall suppose that not all the quantities Pj, P^, X, 

. . . , Xn + Zpn vanish for these initial values and that each of these 
quantities is a regular function of its arguments in the vicinity 
of the initial values. From the theory of ordinary equations, it 
is known that the equations possess a unique set of integrals 
which are regular functions of t and are such that, when ^=0, 
they acquire the assigned initial values respectively : let these 
integrals be 


II 

> y C *^1 ) • 

■, 7r„), 

Xn — Xn (tf ^if . • 

y y ^y y • 

• y 

II 

• y ^ny Ky y • 

•y ^n)y 

II 

•, fn, ?, ’T), . 

• y *3^ri)> 

Pn = Pnit, ?i. •• 

* y y *^1 > * 

•> ■n’n)- 

When in the expressions thus obtained we make the quantities 
fi, •••> fn, tti, •••, functions of ..., Wn, at present arbitrary 

subject solely to the condition 

•••> ?n) •••> TTn)- 

= 0, 

it is necessary that they should satisfy the relation 

dz dxi 

dXn 

+ -.+Pn^\ 



(which the differential equations in the ordinary system shew to 
be satisfied), and the relations 


dz _ dxi 

dUft, ^ dUft, 



for /i = 2, . . . , n, if the above integrals thus modified are to 
provide integrals of the original partial equation. Let 


dz dxi 


dxn. 
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then, as 
so that 

we have 


dt' 


dxi 

= l>x-g^ + ...+2)„ 


dt 


dtdu. 


= 2 (. 

r=l \ 


dpr dXj 
^^dtdUu duu dt 


dLfj, ^ d'^z 

dt dtdu. 


n / 

-S L 

r=l V 


d’^Xr dpr dXr 
dtdUfi dt dUfi. 


__ y /dpr dXr ^dXr dpr 

r=l - 

The quantities must satisfy the equation 

f(x„ ..., Xn, ZyPu ...,Pn) = 0, 

when their values are substituted : hence 


and therefore 


z^ + 


y dz , y ^ 


dtiu 






so that 

Lft, = 

where is the value of when ^ = 0. Now Z is a regular 

function of t in the vicinity of ^ = 0, so that [ Zdt is finite. 

Jo 

Consequently, in order to satisfy the relation 

Lfj, = 0 , 

it is necessary and sufficient that the relation 


should be satisfied, that is, 


A^ = 0 


ar 


4.^ 

Qr“ + ... + TT^ : 


and this must hold for /u,= 2, n. We thus have n — 1 further 
conditions imposed upon the quantities fi, fn, '?ri, ..., 7r„, 
regarded as functions of t^a, ...» 
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Further, when these conditions are satisfied, and when the 
quantities are substituted in f{oc^, z, jOi, p^) = 0, the 

equation is satisfied identically. For we have 

^ y I V Y T P 

dt “^rri *■ a< 

= 0 , 

from the differential equations that led to the construction of the 
variables as functions of •••> Also, as = 0, we have 

dz _ dxi 

dUfj, ^ dUft ’ 

and as now 


and as always 


dL, 

dt 


= 0, 




we now have 


that is, 


and therefore 


Thus 


S (p/^ + Xrp)^Z 2 p.^ = 0, 
,=1 V OU^ duj r=l du^ 




^ „ 3a;, 

3w,. ^ du 


J^ = 0. 


0M, 


9/=0 = 0 -^ = 0 

dt ’ du, ^ du„ 

and therefore 

/(^I, ..., Xn, ZyPi, ...,^n) = constant 

==/(?!> •••> fn, TTi, ..., TTn) 

= 0. 


Consequently, the expressions obtained for Xi, ..., x^, Zy pn 

satisfy the equation 

f (Xlf . . . , X<f^y Zy Ply . , , , = 0 

identically when their values are substituted, provided only that 
the relations 

A2 = 0, An = 0 
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are satisfied. Moreover, they are such that 

3< 

dUy, 

and therefore, ii z,pi, , pn can be expressed in terms of 
alone, on the elimination of u^y ..., «n> the n quantities p are the 
derivatives of z with regard to the n variables x, that is, the relation 
between Zy Xi, ..., x^, provides an integral of the original partial 
equation. It therefore is sufficient that the initial quantities 
fi) •••) •••> '^n should satisfy the n — 1 relations 

dUfj, r^l ^ 

together with the condition 

/(fi, C *^n) = 0; 

and then the integral will be given by the elimination of the 
parametric quantities among the n -}- 1 equations 

^1=^1 fi, •••> fn, TTi, ..., TTn), 

•••» fn) •••> '^n)} 

Z Z (ty ^i, •••, ^n* *^1) ••*) ’^w)* 

119 . The conditions as regards the initial values may be 
satisfied in various ways. 

In the first of these ways, all the quantities f f involve 
Wa, ..., Unl the n — \ relations, together with 
/(fl, •••, fn, t TTi, 7rn) = 0, 

become n equations for the determination of ttj, TTn. These 
n equations can be resolved for these magnitudes, unless 

III, •••> Hn 

^ a_fn 

dU2* *”* du^ 


dUn 

should vanish, where 

TT •**» ^n» C *^1? •••i *^n ) 

dTTr 
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SO that Tly is the initial value of We shall assume that this 
quantity does not vanish, recognising that an exceptional case 
occurs when ITi, Tin all vanish. 

As the quantities fi, ..., fn involve the n — 1 variables 
1 ^ 2 , ..., Wh) then on the elimination of ..., u^y we have two 
relations which may be represented in the form 

in other words, the initial conditions are such that, when a relation 
0 (^1 > • • • > ^ n ) = 9 

is satisfied, z is to acquire a value g{xiy ..., a^n). All the require- 
ments are now satisfied, without any further restrictions : so that 
g can be taken quite arbitrarily, as also can <\>, 

The integral thus obtained is the general integral. 

In the second of the ways, some (but not all) of the quantities 
Ki •••> ?n involve the n — 1 variables u^y ..., u^. Suppose that 
•••» ?n not involve any of the variables: then we clearly 

have 

^t+i ~ • ♦ • > ~ 

where the quantities are constants. The relations are 

0 ^ 1 * 

for ft = 2, . . . , rt ; these shew that some functional relation exists in 
a form 

r=5'(ft. -.fo. 

and they determine the values of tti, ... , tt^ : and then ..., Wn 
can be taken as arbitrary functions of Wj, ...» subject to the 
equation 

• • • > • • • > • • • » "^n) ~ 9* 

All the requirements now are satisfied, without further re- 
strictions; so that the function g can be taken quite arbitrarily. 
The initial conditions are such that, when 

z is to acquire a value ^ (a?i, ...» x^. 

The integral is of the general type : clearly it is a specialised 
case of the general integral. 
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In the third of the ways, all the quantities fi, fn ^^^.y 
be independent of the variables : they then are constants. Among 
the w -h 2 equations 

Xi^ Xi(t, ^it ..., ^n* 'Xlf 

Xn^ Xn(tf fi, ..., fn, f, TT^, ..., 7r,i), 

{ty fi, ..., ?, TTi, ..., TTn), 

0=/ ( fi, “M fn, TTi, ..., TTn), 

we eliminate the w + 1 quantities ty ttj, tt^. The eliminant is 
an integral. 

As there are n + 1 constants, which are values of the variables, 
one of them may be looked upon as an initial value, and the rest 
of them may be regarded as arbitrary. The integral so obtained 
is a complete integral. 

It is clear that the integral, provided by the second of the 
ways, is intermediate in character between the complete integral 
and the general integral. If in its expression, i = n — 1, it effectively 
is the general integral ; if, on the other hand, % = 0, it effectively is 
the complete integral. 

As regards the possibility of giving (or even expecting) an 
explicit form, by the elimination of ...yU^ among the n -f 1 
equations 

= a?! (t, ^ly ..., ^n> 

Xfi = Xfi (t, ^i, . . . , ^n> Ki > • • • > '^n)> 

Z^Z {tf ..., ^Hy ^y '^ly •••> '^V^y 

we may resolve the first n of the equations with regard to t,v^, ..., 
tin, substitute the values so obtained in the last : the resulting 
form will be the integral. This process is theoretically possible, 
unless the quantity 


dxi 

dx„ 


■’ dt 

dxi 

dXn 

dOi* 

’9m, 

dasi 

9«» 

dun’ 
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vanishes identically, that is, unless the quantity 

Pi, P» 

du^ 

0^1 0^tt 

0Wn' * ' 

vanishes identically. In assuming this, we make no new 
assumption : for if it vanishes identically, its value, when ^ = 0, 
is zero: and this has already been assumed not to be the fact. 

120. Various assumptions have been made which, as in the 
case of only two independent variables, restrict the application of 
the theorem and the process. 

Thus, it has been assumed that the quantities Pj, ..., P^, 
X|+piZ, + are regular functions of their arguments 

within the vicinity of the assigned initial values. If, therefore, 
any, or some, or all, of these quantities are characterised by 
deviations from regularity, whether by singularities or by algebraic 
irrationalities or by places of indeterminate values (to mention 
only the more familiar examples), then the theorems relating to a 
set of ordinary equations no longer apply of necessity : and the 
further inferences are then not necessarily valid. 

Again, it has been recognised that, if Pj, ..., Pn vanish simul- 
taneously for the initial values, the argument is not completely 
effective: as in the case of two independent variables, deviation 
from regularity can be caused thereby : and the equations require 
further consideration. 

Again, it has been assumed that Pj, ..., P^, ..., 

Xn-\‘PnZ do not simultaneously vanish for values of the variables 
connected by the relation /= 0 ; but instances are known in which 
this assumption is not justified, the equations 

/=0, P, = 0, ..., Pn=0, Zi-l-pi^==0, ..., Z„4-pn^=0, 

being consistent with one another. In such an event, there are 
two alternatives. Either the quantities Pi , . . . , Pn can be eliminated, 
and the eliminant is a relation between z, Xi, : this relation 

then provides the singular integral of the equation. Or, though 
the elimination is not possible, the equations are satisfied (/*« 0 
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being irreducible) by proper values for at least two of the quantities 
p in terms of the remainder : let there be m such equations, where 
then these equations form a complete system, and they 
have an integral involving n — m + \ constants, which integral is a 
specialised case of the complete integral. 

Moreover, there is no guarantee at any stage that every possible 
integral of the equation can be derived by the processes adopted : 
and it has, in fact, been found to be the case that a partial equation 
can be satisfied by an integral of the type called special, not falling 
within any of the indicated classes. 

121. As in the case of two independent variables, so in the 
case of n independent variables, one exceptional instance requires 
consideration. It may happen that, though no one of the quantities 
P, , . . . , Pn vanishes, still the relation 

PiPi + ••• +Pn-Pn = 0 

might be satisfied : it would, for example, be satisfied if f were 
homogeneous in the derivatives p. One of the integrals of the 
ordinary equations then would be 

z = quantity independent of t 
= ■ 2 ^ 0 , 

a relation which would be useless for purposes of elimination if the 
complete integral were being sought. 

In such an event, we adopt (as in the case of two variables in 
the corresponding event) a Legendrian transformation of the type 

z=z--p,x,, 

or of some similar type. For the particular transformation, the 
associated variables are 

= iTa, ..., Xn, X^ = p^, 

p^^Jh, ...,Pn' = Pn, 

the quantity p/P/ -f . . . + pnPn in the transformed system is then 
obtained from 

iTj (Xj + Pi^) +PsPa+ ... +PnPn» 

that is, from 

by making the above substitutions. This quantity does not vanish, 
and so the process can be applied to the modified system; the 
integral of the original equation can be deduced as before. 
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This general method of integration has been illustrated for the 
case of two independent variables ; it is unnecessary to illustrate it 
in detail for the general case. 

Ex. Integrate, by Cauchy’s method, the equations 

(i) = 

(ii) (;?1 - z) {p^ - z)...(Pn - z) =PlP 2 i 

(iii) + 

obtaining in each case an integral z which acquires an assigned value 
(.172, • • • > ^n)i when Xi — . 

122. The ordinary equations subsidiary to the integration of 
the partial equation can also be obtained as follows. In space of 
71 + 1 dimensions, the integral represents a hypersurface, which 
can be regarded as the envelope of its tangent planes. The 
equation of any tangent plane is 

^ (fi ~ ^i) + ••• + Pn (?n- ^n) i 
when the envelope of this plane is formed, subject to the law 

f{x^, ..., ^n, ...,Pn) = 0, 

we have 

0 = (fi - X^) + ... + (fn - ^n) 

and therefore 

A Pn ' 

that is, in the vicinity of the point 

dxi dXf^ 

a:’ 

= dtt 

say, giving equations for a direction through the point. Moreover, 
as this direction belongs to an integral which satisfies the equation, 
the equation /= 0 will be satisfied identically when the proper 
values of pi, ..., p„ are inserted: so that 

for r = 1, w. Thus 

{Xr+Zpr)dt + ^dx,-{-...+^dx„=0. 
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Now 


and therefore 


dpn _ _ ^Pr , 

dXr dXrdXn dXn ’ 


SO that 


+^P!idx -^-Sxdx + +^dx 

= dpr, 

(Xr + Zpr) dt + dpr = 0 , 


for r = 1, ..., w. Also 

dz-pidXi-\-,.. ^Pndxn) 


hence, gathering together the various equations, we have 

dxi _ _ dxn _ dz _ “ 

Pi Pn j9iPi 4- ... +PnPn X^-^p^Z Xn-^PnZ 

= dt, 

which are the equations in question. 

Next, consider the various integrals. There is a complete 
integral, which may be taken in the form 

4>{xi, ..., Xn, z, «„ ..., an)^0. 

The least restricted general integral is obtained by eliminating the 
n constants among the n + 1 equations 


^ — 0, di — B ip ^ , . . . , dji), 

d^ _ ^ ^ ^ ~ Q 

ddr ddr diti ddr ' 


for r = 2, . . . , n ; it will be a single equation, and it represents the 
envelope of that family of complete surfaces selected by the 
relation 

di = B (da , . . . , d-n). 

In the uneliminated form, the equations represent a locus of one 
dimension, which is the intersection of n consecutive surfaces 
obtained by varying the w — 1 independent parameters in 

0(^1, ..., Xny Z, B, da, ..., an) = 0. 

On the analogy of ordinary space, such a curve is called a character- 
istic : clearly the general integral is a locus of characteristics. As 
a characteristic is a locus of one dimension, it can be represented 
by a set of ordinary equations, which are easily found as follows to 
be the preceding set. 
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The differential equation is obtained by the elimination of 
Oi, On among the n+1 equations 


<f> — (f> (iPj , . , . , Xn, Zf dif . , . , — 0 

A ^ H 


for r=l, w; and it is the sole equation resulting from that 
elimination. The only independent relations, that connect differ- 
ential elements dzy dpiy dp^y are 

d<l> = 0, d<l)i = 0, (f<^n = 0; 

and df= 0 is a relation connecting those elements : hence quantities 
Ply Atn> free from differential relations, must exist such that 
the relation 

df=: pd<f> Pid^i + . . . + Pnd<f>n 
is satisfied : and therefore 


/= /i<^ -h . . . -f Pn<l>ny 

because f, <t>, (f>i, <^n vanish together. 


Because no one of the constants a,, ..., Un appears in /, we 
have 

® '^dOr'^'^dar'^ ^**”dar’ 


for r= 1, ..., n. Again, pg occurs in (f>s only and in no one of the 
other quantities <l> ; hence 

M.- 

dp, dz ’ 

for 5 = 1, . . . , ». For the integral in question, we have 


dxi ^ dxi j^i \dxidxj dxidz ) * 



and therefore 


M. 

da^i 


^9/4 


d>4> 

diHidtCj 


P^daSidz^P'diVjdz 



for t = 1, ..., n. 
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The integral equations of the characteristic are 

0, Cfi = ^ (U2> • • • > 


, dd) d<l> doi 
t. = 5r + 5T — 


= 0. 


da^ ‘ dui da^ 

for = 2, n. From the preceding equations, we have 

^\ 9 ar 9 ar 9 ai/ dardoi) ^”\ 3 ar dardoi) ’ 

therefore, along a characteristic, 

^ ^ _ 

^ Ua, aa, aoi/^ ^ Uor Sor Soy) ’ 


that is, 




and this holds for r = 2, ..., Now ‘\|ry = 0 holds permanently 
along the characteristic, so that 


and 


^^dccy+...+^d^„+^-pdz = 0; 
oxi da^'n dz 


dz—pidxi + ... -\-pndXn 
for every curve on </> = 0 : thus 


and this holds for r = 2, . . . , n. The ?i — 1 equations for the ratios 
of fii, iJ^ are exactly the same as the n — 1 equations for the 
ratios of dxu • • • > ; hence 

dxi doCf^ ^ 

H'n 

say, where dxi, ..., dxn are elements of the characteristic. Con- 
sequently, 
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dxi 




holds permanently in connection with the equation. Also 


X: 

dp. 


diA 

-^^dx 

~dz 


Hence, gathering together the various equations that are satisfied 
along the characteristic, we have 


iJUUUi 

api 


dx^ 



dp 


dz 


_ 

df 9/ , 9/ 


— dpn U 
dxn ^^dz dz 


These are the former subsidiary equations, which accordingly are 
the differential equations of the characteristics. 


Ex. 1. Prove that the envelope of the amplitudes 
= (a - ^i) (a - ^ 2 ) (a - -^s), 

where a is a variable parameter, is a general integral of the differential 
equation 

Z^PlXi^P2X2+PzX^+PlP2P^ ; 

and find the relation among the arbitrary constants in the complete integral 
which leads to this general integral. 


Ex. 2. An amplitude of one dimension is given by the equations 
.^1 -f be ^X2 + ca—x^ 4* ahy 
2: + 2a6c=0, a+6-fc— 0: 

find the general form of the partial differential equation of the first order for 
which this amplitude can be a characteristic, and verify that the equation in 
the preceding example is a particular case. 


Contact of the Integrals. 


123. The complete integral is an amplitude of n dimensions, 
represented by 

Oi, an) = 0. 
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The general integral is an amplitude also of n dimensions, 
obtained as the result of eliminating between the 

equations 

on taking Oj = ^ (oa, • • • , «n)* the n equations represent an amplitude 
of one dimension, being the characteristic; and various loci, of 
dimensions of all orders between unity and n, are given by the 
elimination of the various sets of constants that can be selected 
from Oa, ... , ttw And there are various classes of general integrals : 
that general integral, which is represented by means of the fore- 
going equations, is the most comprehensive of them all 

The singular integral (when it exists) is an amplitude also of 
n dimensions, obtained as the result of eliminating a^, an between 
the equations 

ih-o ^-0 ^-0 -^-0 

^ 0a,”®’ 0a, ®’'"’0a„ 

The values of , . . . , at any position on the complete integral 
are given by 

d<f> d<t> . 

dXr 0^r ” ®’ 

for r== 1, ..., w. 

The values of y pn Sit any position on the general integral 
are given by 


that is, by 


dXr^P'dz^.%da,dXr~ ’ 


for r = 1, ..., n. 

The values of jOj , . . . , at any position on the singular integral 

are given by 

dXrP''dz^t=l^atd‘er~ ' 

that is, by 

dXr dz ’ 

for r = 1, ..., n. 

Hence, at any position common to any two of these three 
integrals, the values of , . . . , pn are the same. Regarding z,Xiy 
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a?n, , jPn as defining an element of an integral of the differential 
equation, we can express this last result in the form that, at any 
position common to any two of the three amplitudes represented by 
the complete integral y a general integral, and the singular integral , 
ths two amplitudes have a common element 
Moreover, the equations 


0 = 0 , 



00 


= 0 


usually determine one set of values, or a limited number of sets of 
values, of z, ..., iPn, in terms of Oj, ..., a^: that is, the number 
of positions common to the complete integral and the singular 
integral is limited and, as has just been proved, the two amplitudes 
have a common element at each common position. Also, a set of 
values of «i, ..., ttn determines a position on the singular integral. 


Again, a relation 

0-1 = ^ ((l2> • • • > a^-n) 

determines an amplitude of one dimension within the singular 
integral; and at every position on this amplitude within the 
singular integral, the equations 

#=0 ... -^ = 0 
do, ’ da„ 


<^ = 0, 


are satisfied. These are the equations of the general integral, 
which accordingly contains the amplitude. Hence the general 
integral and the singular integral have an amplitude of one 
dimension in common and, as has been proved, the two integrals 
have a common element at every position on this amplitude. 

The complete integral and a general integral have a character- 
istic in common, being an amplitude of one dimension. Moreover, 
the equations of the characteristic determine the relations between 
z, X, p uniquely from initial values, except when those initial values 
belong to singularities : hence if two complete integrals have an 
element in common at any position, they have in common all the 
elements along the characteristic through the position. 

Among the special loci to be considered is the amplitude which 
is the envelope of all the characteristics on any general integral. 
Taking two consecutive characteristics, we have 


0 = 0 , 


d<f> 

da^ 


= 0 , 


-da, “■ 
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along one of them ; along the other, we have 


d^d> , 

J — 5~ rfOa + . . 
darda^ 


dcLf dcifi 


dcbifi ~ 0 ^ 


the latter holding for r = 2, . . . , n. At positions common to both, 
the first of the second set of equations is satisfied by means of the 
first set of equations ; eliminating the ratios da ^ : dcs : . . . : dan from 
the rest, we have 


da^ do/^d'O/n 


= 0 , 


d'^cf) d^(f> 
da^dan **' da>t^ 

say H {<{)) = 0. Thus the required envelope is given by the 
elimination of aa, among the equations 

♦-«. S-o. 

it is an amplitude of n — 1 dimensions. The w + 1 equations 
usually determine a set of values, or a limited number of sets of 
values, of z, oci, ..., Wn in terms of o^, ..., ani hence the number of 
positions common to a complete integral and the envelope of the 
characteristics on a general integral is limited : and, of course, they 
are isolated positions on the amplitude of one dimension, along 
which the complete integral and the general integral have elements 
in common. 


Again, consider a locus intermediate in dimensions between 
those of a characteristic and a general integral : such an one is 
obtained, for example, by the elimination of o^, ...,ar between 
the equations 

<A-0, 

The result of the elimination will consist of n — (r — 1) equations ; 
and therefore it will represent an amplitude of r dimensions in 
the hyperspace under consideration. Its equations involve the 
n — r constants ,,,, an. To find its envelope, we take a con- 
secutive amplitude : at any position on the first, we have 

d<f> 


^^0 ^ = 0 
da, ’ ’dan 
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at any position on the second, we have 

<!> + 
d!‘<j> 




^ I I d^<l> ^ ^ 

c?agC?a,.+i ^ dagdan ’ 

for 5 = 2, . . . , 71. At a position on the envelope, the first of the 
latter set is satisfied by the earlier equations: eliminating dor+i, 
..., dUn, we have 

1 = 0 . 


(p<i> 

d^<f> 

da^ da^-^Y 

dandar+Y 

d^<f) 

d^<f> 

dci^dttn 

dan 


These equations, which are equivalent to r independent equations 
in general, together with 

</> = 0, 


da^ ' * ' dan ' 


give the envelope : it is an amplitude of n — r 4- 1 dimensions. 


124. It is not proposed to make the complete generalisation 
of all the properties in ordinary space associated with partial 
differential equations in two independent variables : only one 
other property will be generalised here. We shall consider the 
order of contact in which a common element is possessed by 
different integrals. 

Assuming that the singular integral exists, we know that it is 
given by the single equation which results from the elimination of 
tti, ..., Un among the equations 


<l>(^Xly ..., Xflf Zy Ctly ..., an} — 0 , 

^=0 

dcH • ’ da^ 


Let this single equation be supposed resolved with regard to Zy 
with the result 

Z^yfr (a?! , . . . , ^n) > 

and introduce a new dependent variable defined by the relation 
J’sss (xi, Xn)» 

The complete integral is now 

4>(xu Oi, ...,a„)=*0; 
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the derivatives with regard to aj, are unaffected. Hence, 

when we make the elimination as before and resolve this new 
eliminant with regard to the same resolution as before leads to 

f = 0. 

We therefore may take the singular integral in the form 

<0 = 0. 

It is true that this equation has arisen out of the resolution of 
another equation, and that therefore it may not (and generally 
will not) represent the singular integral in the whole of its extent : 
but the immediate purpose is the discussion of the closeness of 
possession of an element, common to the singular integral and to 
any other integral at a common position, and therefore only the 
immediate vicinity of any position on <0 = 0 need be considered. 
Let any position on <0 = 0 be taken : when chosen, it is made the 
origin, so that we are considering the immediate vicinity of 

2r = 0, a;i = 0, ..., ^n = 0. 

Moreover, at that position (and at any other) on the part of the 
singular integral under consideration, we have 

JPi = 0, . . . , Pn ~ 0, 

because <0 is steadily zero. 

Let 

^ (^ 1 » • • • > ^ > • • • ) C^) “ 0 

be an integral : the discrimination, as to whether it is general or 
complete, will depend upon the other equations (if any) that are 
associated with it. As -0 = 0 is the singular integral, then at every 
position common to ^ = 0 and the singular integral, we have 


-^= 0 - 

30, ’ •••’ da„ ’ 


and we know that, at any such position, the two integrals have a 
common element so that the values of jpi, ..., pn for </> = 0, as 


given by 




forr = l, must be the same as those for^r = 0. 
vanish : hence, at a common element. 




The latter 


0 . 
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fidi 

In general, ■— will not vanish there : the position then would be a 

singularity on ^ = 0, and circumstances would require to be very 
special in order that a singularity of the amplitude 0 = 0 should 
lie upon its envelope. 

Assuming the origin to be the common element in question, 
we thus have 


da, •’ dan ’ 


^ -0 

0a;. dx„' 


■ 0 . 


at the position 0, . . . , 0 on the integial 0 = 0. 

In order to simplify the consideration of the small variations 
along two integrals in the immediate vicinity of a common 
element, Darboux proceeds as follows. As in the case of two 
independent variables, so, generally, in the case of n independent 
variables, the discussion centres round an aggregate of terms of 
the second order of the type 





J!?L 

dxida^ 


dx%d(Xn * 4 " 


8^0 

da^dar 



where the values 2 = 0, = 0, . . . , = 0 and the corresponding 

values of Ui, Un are to be substituted in the coefficients of the 
bilinear terms. Let a homogeneous linear change be effected 
upon the variables x, and another upon the constants a : these do 
not affect the position of the common element and, among other 
things, they can be used to render the position of the axes of 
Xi, Xn more precise. The number of constants at our disposal 
in two such transformations is 2n^; let them be chosen so as, if 
possible, to make all the quantities 


8^0 8^0 8^0 
dxidxj ' dxidaj * doida^ * 


for all values of i and j from 1, n that are distinct from 
one another, vanish at the common element. In general, these 
conditions amount to 2n (n -■ 1) relations among the constants ; 
for these, the 2n* constants more than suffice. Hence, in addition 
to the equations 


ddi 



0*1 ’ 0X* 


0 , 
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satisfied at a common element, we may also suppose that the 
equations 

-^= 0 , = 0 , 

doidaj * doidxj dxidooj ^ 

for i and ^‘ = 1, 2, n but unequal to one another, also are 

satisfied. 


Consider, first, small variations along the singular integral in 
the vicinity of the common element : these can be represented by 
dwi, ..., dwn- There is no variation of z, for z is steadily zero: 
the small variations give rise to variations of Ui, ..., which may 
be represented by Sa,, ..., Son. All these variations are to be 
subject to the equations 


for r=l, ..., n: 
vanish, we have 


hence, taking account of all the quantities that 




for r = l, ..., w. Consequently, other n equations 
dur^ dx^ \dardxj 

are satisfied at the common element: these replace n of the 
equations containing differential elements ; and the other n of 
those equations give the variations Soi, 8a„, belonging to the 
singular integral and determined by means of dxi, ..., dxn* 
Hence, at the common element, we may take 

d^<f>^ d^<t> , ay 

dxr^ ^dXrdllr ’ 

Now consider a general integral possessing the element at 
the origin : and suppose that it is of class m, that is, such that 
m relations are postulated among the n quantities aj, ..., an. 
We require variations along the general integral, determined by 
da?,, dxn' these may be denoted by da,, da^: and then 
the m postulated relations may be taken in the differential form 
da, + ••• + Cj^n dOnt 
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4 -^Ac +^C 


+ ...■ 


Cj/i, m^r ^ — 0, 


The equation of the general integral is given by 

0 = 0, 

00 

for r = l, ..., n — m; it results from the elimination of ai, ..., Un 
among these n--m + l equations and the m postulated relations. 

The order of contact of the common element at the point 
(being the generalisation of the order of contact in ordinary space) 
depends upon the magnitude of dz, belonging to the general 
integral and expressed in terms of dxn. To find an 

expression for dz, we expand 0 along the general integral in the 
vicinity of the origin, we insert the initial values in the coefficients, 
and then we retain only the most important terms. The result 
can be expressed in the form 

- 2 ^ = 2 ( 1 ^, dio,? + 2 ^ dxrdar + da;- 

dz r=l doCrOar 0ar 

= S ^-^ (dar + flrdXry> 

CCf'r 

on using the former relations. The quantities daj, ..., da-n are 
given, by means of the m differential relations and by variations of 
01 = 0, ..., 0„_,„ = O, 

in terms of dos^, ... , dxn : these n — m variations are 

(1^ ^ ”■+-+•••+ (laS 


d^hn+r *4" » 


damdxm 

0*0 


dx„, 

- dxjfi^f. = 0, 


^ 0aW, aa„.+.0W 

for r = l, ..., n — m, account having been taken of the values of 
the coefficients of the differential elements at the origin. Using 
the former relations, we have 

0^2 ^i,w+r + •.. *4 " (dcijfi + fZmdoo^^ C,n^in-j-r 

^ 0*0 


■ {ddm+r *+* Mm+rCi^m+r) = 


for ?• = 1, ... , n 
written in the form 


wH-r 

m. Also, the former differential relations can be 


dci^ + fZgdXg X Cg^ “b 

t=i 

ssfigdXg—' ^ 
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for ««■!, ...» m; hence all the quantities + (for r = l, 

. . . , w) can be expressed linearly in terms of the m quantities 

n~TO 

f»»idXg — S m+t Mw ft C^^JM+t)* 
t=\ 

Now the quantity dz is given by 

,1 

which, after substitution, comes to be a bilinear function of the 
foregoing m quantities. This bilinear function does not vanish for 
all values of ..., dwn, except under special conditions; and 
therefore the cmitact of an element, common to a general integral of 
any class and the singular integral, is usually of the first order. 

While the bilinear function does not vanish for all values of 
dxi, ,..,dxn except under special conditions, there are certain ratios 
of the values of the differential elements (which may be called 
hyperdirections through the origin) for which the function does 
vanish. Let 

n-m 

— S Mm+e da?, rtf e 

/a 

n-m * 

fiidx^~“ S Cl ^ ,rt+e da?,rt-j-t 

for /c = 2, . . . , w ; then we have 


■“ 2 ~ dz — — ^2^ Ci^m+e da?rt»+t^ Q , ^m)> 


where Q is a quadratic function of its arguments. It is clear that 
dz will be of the third order whenever 


Q ifini • • • > ^f») 

an equation which, in general, gives two values of 0^ in terms of 
•••! Hence we may say that, whm variations dx^, ...» dxn 
are taken arbitrarily, there are generally two values of dx^ which 
can he associated with them so as to make dz belong to a general 
integral of the third order of small quantities. 

Other results are given in the examples which follow: in 
particular, exceptions to the last result are indicated. 

125 . The preceding analysis is not merely a generalisation of 
that adopted, in § 106, for the case when n = 2 : it is therefore worth 
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while setting it out briefly for that case, in order to allow of com- 
parison with the discussion there given. 

We take 5? = 0 as the singular solution : any position on it is 
chosen and made the origin, so that, for an element there, we have 

^ = 0, ic = 0, y =* 0, « 0, g = 0. 

Hence for any general integral ^ (a?, y, z, a, h) == 0, possessing that 
element, we have 






Moreover, we may assume that the relations 


dadb 


= 0 , 


^ =0 ^ = 0 -^=0 
dady ’ dbda: * dxdy * 


are satisfied at the point : if they are not satisfied in the form in 
which the equation arises, they can be made to be so by making 
linear transformations of the variables x and y, and linear trans- 
formations of the constants a and 6. 


The critical condition for contact of order closer than the usual 
contact was found (§ 105) to be 

0^ dy^ \ldxdy) ’ 

and it was indicated (§ 105, Ex. 1) that this equation implies, and 
is implied by, the equation 

da^ db^ \dadb) 


Thus, for the transformations adopted, these conditions will be 


respectively. 


’ da*db’~ • 


Let small variations along the singular integral in the immediate 
vicinity of the element at the origin be denoted by dx, dy, Sa, Sb : 
these must satisfy 


<f> = 0, 
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Hence, taking account of the various vanishing quantities, we have 


00 ? da ox 

Consequently, the two relations 


^Bb + ^,dy = 0 


05* 

0^ 

dbdy 


a6+^<iy = 0) 


dbdy 

d24 

dy‘ 



0-’(^ d^(j) 


\dadxj ' 

Wdf~ 

\dbdyj ’ 


da? dx- 

are satisfied at the common element : in virtue of these two, the 
four equations reduce to two only, which then determine Sa and Bb 
in terms of dx and dy. These two relations may be expressed by 
the equations 

^ ^ = 2 ^ 
da? ^ dadx ^ 3a* ^ 

d¥‘ 

Now consider the general integral : let the single relation 
between a and b, when expressed in differential form, be 

db = cdoy 

where da and db are variations along the general integral ; the 
equations of this integral are 

d<i> 


0 = 0, 


0«+"0t = ®- 


At the element, ^ and ^ vanish : hence da and db are such that 
da db 


3*0 , ^ 3*0 
3a* ^ ^ dadx 


da>+(^^db + ^^dy)c = 0, 


taking account of vanishing quantities. Thus, by the preceding 
relations, we have 

^ (da +pda;) + c^(db + vdy) = 0. 

Also 

c {da + pdx) — {db + (rdy) = cpdx — /idy, 


(S Ip) w ~ 

(I? + + = (cpdx-^dy)^ 


SO that 
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which give the necessary values of da and db. Also, variation of 
the equation ^ = 0 leads, when account is taken of vanishing 
quantities, to the relation 


-2^^dzJ^^d^+2 


dz 


dx^ 


' dadx 


dadx da^ 
oa^ 


0a® 


06® 


(da + pdxy 4* ^ (c?6 + (rdy} 


0a® 06® 
0 a«“*‘^ 06 ® 


(cpdx — fidyY. 


Hence dz is usually of the second order in dx and dy: and the 
contact is usually of the first order. 


There is a single direction along which dz is of the third order : 
it is given by 

dy 


and the point is then a contact-point of the branches of the 
intersection of the surfaces in question, having this direction for 
its tangent*. 

If, however, the relation 

0a® 06®“’^ 


is satisfied at the point, dz is of the third order for all variations of 
X and y through the point : the general integral and the singular 
integral then have contact of the second oixler. (This relation 
agrees with the result to be expected from the earlier case.) 
Moreover, when this relation is satisfied at the point, it clearly 
is satisfied independently of any functional relation between a and 
6 : it therefore is satisfied for all such relations and consequently, 
if the singular integral has contact of the second order with any 
general integral, it has cmtojct of the second order with every general 
integral. This is the former result (§ 105). 


This establishes the statement made in § 104. 
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When the contact between the two integrals is only of the first 
order, the single direction in which the contact is of the second 
order is given by 

dy 

The quantities fjb and p belong to the singular integral at the 
point: hence this direction usually changes from one general 
integral to another. 

126. We now proceed to give some examples of the general 
theory which has just been expounded. 

Ex. 1. When we are dealing with what is called the general integral, 
being the integral for which there is only a single postulated isolation among 
the parameters, the formulso become simple and lead easily to further results. 

Let the postulated relation be 

di(i\ — "^ . . . + I 

then the equations of the general integral are 

Assuming all the properties in the text, we have the expression for dz in 
the form 

The quantities da^ ...» da^y determined for the general integral in terms of 
dxiy ... , dXyyy giveii bj the above relation and by 

(dur + fxrdxy.) by (dui-hfii dxi ) « 0 , 

for r=2, ..., n. We take the relation in the form 


dai^fiidxi - 2 6, (dag-^figdxg) = fij dvi - 2 bafi^dx , : 

and we have 

dai +^idh?i =:i (^pidxi - 'Zhati^dx^ , 

(^,dxy- iy.d.r.) , 
So? 

for f»*2, where 
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Hence, for the general integral (or the integral of the first class, only one 
relation among the parameters being postulated), an element common with 
the singular integral has contact of only the first order. This is the former 
result. 

For this general integral, we may take arbitrary variations ..., dx^', 
and then there is one variation fltrj, given by 

u 

fiidxi= 2 hgfXgdXgy 
31=2 

for which dz is of the thiixi order of small quantities ; accordingly, for those 
variations, the element has contact of the second order. The property is 
special to this general integral : for the general integrals of other classes, 
where the number of postulated relations is greater than one, there are two 
variations dxi for which the corresponding dz is of the third order. 


Ex. 2. The relations defining a general integral of the second class can 
be taken in the form 

dai = hzdaz 4 - ... 4 * Kda^ 
da^ = c^da^ + ... + 


An element at the origin is possessed in common by this integral and the 
singular integral : and the various quantities at this position have the same 
values as in the investigation in the text. Let 


for ..., w ; also let 




^ay 


(2 ^ 2 1^- 


ir=3 9rr raS <Prr 

Ws <Prr/ 


and let 


du »» /ii dx\ — " 




Kdxn 


dv^Bt fi^dx^— fA^c^dxs — — fig^Oggdx^. 


Obtain the value of dz, which measures the order of possession of the element 
common to this general integral and the singular integral, in the form 


dd) 


* + ^^22+^11 ^ 


2 dudv. 
raS 9 it 
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Hence shew, in general, 

(i) that the order of iK^ssession of the common element is usually 

the first: 

(ii) that usually there are two distinct sets of variations, having 

•••» arbitrary, for which the element is jmsessed to 
the second order: 

(iii) that, if either or should vanish, there is only one set of 

variations, arbitrary in ^nf Ibr which the element is 

possessed to the second order: 

(iv) that, if the element is possessed to the second oi*der for all variations, 

it is sufficient that 


daj^ ’ ba2^ 


Are the two conditions in the last i-esult necessary as well as sufficient? 
Shew also that, if 

while none of the other second derivatives vanish, then 


!^=o 


where 


- 2 A' dz « <^11 (f }22 (c^du ~ h^dvYy 


A' SSE h>^ <I>1 1 -h <^22 ^22 2 

r=4 

and discuss this form. 




Ex, 3. Adopting the notation of § 125, and assuming that all the 
quantities which occur have the values there given, prove that in order to 
have an element common to a general integral, defined by three relations 
among the quantities daij and the singular integral, possessed to the 

second order, it is necessary and sufficient that three of the quantities 

020 

001* ’ 0a22’‘**’5^ 

should vanish. 

In case fewer than three of these quantities should vanish, what are the 
sets of variations for which the element is possessed to the second order ? 


Ex. 4. Shew that, if one general integral of any class has an element 
common with the singular integral possessed to the second order, then every 
general integral of that class has the same property. 


127. The discussion of the order, in which an element common 
to a complete integral and the singular integral is possessed, is 
simpler. Taking the element on the singular integral as before 
(§ 124), we require variations along the complete integral : these 
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are given by da?,, da?„, dz alone, because a^, o,, are constants 

for this integral. The earlier analysis shews at once that the most 
important terms in these variations are given by 


dz 


d^<f> 


d-^ = -^da?i*+ ... + 



assuming that the quantities belonging to the singular integral at 
the point are the same as before. It is clear that, except under 
very special conditions, an element common to a complete integral 
and to the singular integral is usually possessed only to the first 
order. 


Ex. Discuss the order of possession of an element, common to a complete 
integral and to a general integral, for which % ~ 1 relations are postulated 
among the parameters. 



CHAPTER IX. 

Lie’s Methods appued to Equations of the 
First Order. 


Many of Lie’s investigations are concerned with the integration of partial 
differential equations of the first order : broadly speaking, he has devised two 
general methods of proceeding which have considerable features in common. 
It may be added that they arise as illustrations of processes with wider issues 
and of analysis having a more extended significance. 

One of the methods depends upon the use of tangential transformations 
(or contact transformations, as they are more frequently called). So far as 
concerns the properties of these transformations and (as an incident in their 
application to Pfaff’s problem) their application to the integration of a single 
partial differential equation of the first order, an exposition has already been 
given* in Part i of the present work ; it will be sufficient therefore to give, in 
this place, mei’ely a statement of the results. 

The other of the methods due to Lie depends upon the theory of groups 
of functions as developed, in part, through the theory of contact transforma- 
tions. It is applied to a system of simultaneous equations in the first 
instance and naturally it can be applied to the simplest case when there is 
only a single equation. 

Some references are given in the sections in Part i that have already been 
mentioned. Of these, the most important are Lie’s memoir in the 8th volume 
(1875) of the Math^matuche Annalen^ as regards the fundamental properties 
of contact transfonnations and their simpler applications to the integration 
of partial differential equations, and the second volume (1890) of his Theorie 
der TmmfoimicUioMgruppm^ which contains many properties, developments, 
and applications of the transformations in question. 

Reference may also be made advantageously to the exposition given by 
Qoursat in chapters xi and xn of his treatise already (p. 55) quoted. 


See chapters ix, x; for the application, see specially §§ 186, 142. 
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Contact Transformations. 

128. The distinctive idea of contact transfonnations is derived 
from geometrical considerations applied to hyperspace. An element 
of surface at any position in a space of n -f 1 dimensions is deter- 
mined by means of Zy ajj, ..., the coordinates of the position, 
and of jPi, . .. , the coordinates of the orientation, of the element ; 
thus, if •••i Xnt Pit ...» Pn be regarded as 2/i + l independent 
magnitudes in general, the element of surface will be given by an 
equation 

dz —pirfa?, ~ . . . —pndxn = 0. 

Transformations of the variables are conceived by means of 
relations between Zy x^y jpi, ..., and new variables 0 ', a?/, 

..., Xnt P\\ ••• , Pn \ if these relations are such that 

dz' — S pidx{ -pidz— 2 pidxi ] , 

i=l \ / 

where p is a non-vanishing quantity independent of differential 
elements, the transformation is said to be a contact tramfonnation ; 
it obviously transforms two elements of surface, that touch one 
another, into two other elements of surface that also touch one 
another. Accordingly, Lie s definition * of the most general contact 
transformation is : — 

Let Zy Xiy ..., Aw, P,, ,.,y Pit be 2» + 1 indepe^ident functions 
of 2n + 1 independent valuables Zy ,r,, ..., x^y p^y y p^y such that 
the relation 

dZ— PidXi^ p{dz — 2 pidx^ 

is satisfied identicallyy when p is a non-vanishing quantity inde- 
pendent of differential elements : then the equations 

Z'^Zy X^^Xu p/^Fyy 

for t = l, ..., Uy define a contact transfm'mation. 

The most general contact transformation will be given when 
the most general functions Zy A,, ..., A,,, P,, ..., P«, satisfpng 
the preceding relations, are known. These are given f by the 
theorem : — 

* Math, Ann.y t. viii (1875), p. 220. 

t The analysis establishing the theorem is set out in §§ 134, 135 of Part 1 of 
this work. A difference in sign siiould be noted : it is due to the fact that the 
quantity [P, Q] is used in this volume in its usual sense, and has the reverse sign 
of [P, Q] as given in Part i. 
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Wh^n the qmrUities Z, Xi, . . . , are obtained as n-\-l 

functionally independent integrals of the equaliom 

for i and j«=l, n; when the quantities Pu •••i Pn deter- 
minedy either from the n equations 



for i =5 1, , n, or from the n equations 

I P 

dpi rZi^dpi^ 

for 1 = 1, Uy the two sets of n equations being equivalent to one 
anotlier; and when p denotes the non-vanishing quantity 

y pAi 

dz dz • 

then the relation 

dZ-- i PidXi=^p{dz-- i pidx^ 

{=1 \ »=! / 

is satisfied identically. The conditions are both necessary and 
sufiicient to secure the property: and other equations satisfied by 
Zy Xiy Xn, Pi, Pn, Pi (ire 

[Zy Pil^pPiy [Piy X,] = - p, 

[Piy Xj]^0 y [P,y P,.]= 0, 

for 1 = 1, ..., w, and values of j unequal to i. 

This is Mayer’s form* of Lie’s theorem relating to the 
determination of the most general contact transformation. As 
regards the conditions, it is to be noted that p is known as soon as 
Zy Xiy Xny Ply P„ havc becH obtained, and P,, Pn are 
known as soon as X, Xi, X^ have been obtained. 

These quantities are subject to the equations 
[X, XJ = 0, [X.., X^] = 0; 
and as (§ 53) we have 

[[Zy XJ, X^] + [[Xiy Xjl Z] - [[Zy Xj]y Xj 

— If [ xj + xj - ^ [2; X J, 

for any functions whatever of 2 ;, jOi , Pn> the equations 

are consistent with one another and coexist. But the conditions 


Math, Ann.y t. vni (1675), p. 809. 
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for the existence of the contact transformation do not require any 
equation to be satisfied by any one of the quantities Z, , X^ 

alone ; and the preceding relation for coexistence holds for all 
functions which satisfy the equations. Hence there is an arbitrary 
element in the equations that define the contact transformation : 
thus we could choose any one of the quantities Z, X^, ..., Xn 
arbitrarily : or any other arbitrary relation could be chosen that 
is not inconsistent with the aggregate of conditions and equa- 
tions. 


129. There is one most important form of contact transforma- 
tion, viz. that in which the difference between the old variables 
and the new variables is small. Such transformations are called 
infinitesimal : they can be represented by 

Z = z^€^, Xi = Xi + €^iy Pi =pi + eiTi, (i = 1, . . . , n), 

where fi, ..., fn, are functions oi‘ z, x^yPi, ..., 

pny and 6 is a quantity so small that its square and higher powers 
may be neglected. Moreover, when we have the identical trans- 
formation, then p = 1 ; hence, for an infinitesimal transformation, 
we have 

p = 1 + €cr. 


where o* will be a quantity to be determined. Then the equations 

[Z,Z,-] = 0, [Zi,Z,] = 0. [P,-, = [P,,P,] = 0, 

for unequal values of ^ and^*, respectively give 

dpi r=l dpr 


dpj^dpi ’ 

[da^iP‘dzJ dpi ’ 

dTTj Stt: [diTi , dirA ^ 


The last three equations, taken for all values of % and_;, shew that 
a function U oi z, Xi, x„,pi, pa exists, such that 

du 

dpi’ 

dU dU 




7ri = ~ 


007,* 


'Pi 


dz ' 
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for all values of i «= 1, , n. The equation 

[Pi, X{\ = - p = -\- e<T 

then gives 

9/>i w-'i dz ) 

_JU 
dz ’ 

[Z,P,] = pP, 

dU ^ " djTi 


and the equations 
then give 




+ ^i — J)t + TTt — -w Pr 

vM/i 02 OZ j.«i 

When these are taken in conjunction with the equations 


we find the value of f to be 

consequently the most general injinitesinud transformation is given 
by the equations 

^ =s ^ 4 - ef, Xi = Xi 4- eft, P,: = Pt -f eTTi, /s = 1 + eor, 

where 


y X ( IT t 


dU 


du 


for i = l, ..., 71, (uic? U denotes any arbitrary function of Zy 


130. Sometimes it is necessary to know the contact trans- 
formations for which Xi, Xn, Pi, Pn are explicitly inde- 
pendent of Zy so that Z is the only quantity that involves z. The 
results* are as follows : — 

The quantity p is comtant and may he made unity; then Z is 
given by 

Z^Az^Uy 

where TJ is a function of x^y av, ***, Pn I'hat does not involve 
Zy and A is a constant The quaixtities X,, X,i are functionally 
independent integrals of the eqmtimxs 

(X,,X^)»0, 

* See Part x of this work, § 187. The same remark as to difference of sign 
fjrom the results in Part i applies here as in the foot-note on p. 315 of this volume. 
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for i andj—1, n, and II w an integral of the equutims 


(n, Xi) = -A 


n 



dpr^ 


which is functionally independent of The quantities 

Ply Pn then given hy any n independent equations of the set 


d_n 

dxi 


y P 

r=l aXi 


= - Xpi, 


3n _ 2 p 

'dpi r=l '' dpi 


0 , 


for 1 = 1, . . . , n. The functions thus determined satisfy the relation 


dn- 2 PidXi = -A 2 pidxi 

1=1 ^=l 

identically: a'nd other equations satisfied are 

(P.-,Z,) = 0, (P.-,P,)=0, 

for all valms of i and j tmequal to one another. The constant A 
is usually taken to be unity. 

The determination of IT can be etfected by a quadrature, when 
Xiy are known. To see this, let the variables be changed 

Vn, where 

yi=Xi, ,,.,yfi = Xn, 

and Viy Vn are n functions of Xi, ..., Xn, Piy pnt chosen so 
that the new variables make up an aggregate of 2n independent 
functions. Now, because 

(X,, x,.) = o, 

the quantity (11, Xi) vanishes when IT is made equal to any of the 
quantities Xj, ..., Xnj and therefore, when the new variables are 
taken, no one of the derivatives 

m m 

dyf dyn 

occurs in (II, X*). Hence the n equations 
can be resolved with i-espect to 

an an 
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giving thesB quantities in terms of the variables: a quadrature 
then determines 11. 


Conversely, if we regard the contact transforinatimi as changing 
the variables from Z, Xi, Xn, Pi, ...» Pn, the results are 
similar. We then have 

z^aZ’{-U, 

where 11 is a function of Jlj, Pj, P^, and a is a 

constant; the differential relation is 

dU— S pidxi- — a S PidXi\ 

t*i 1=1 

the quantities Xn are functionally independent integrals of 

the equations 

(xi, xj)^0, 

for i and j = 1, n, where the independent variables are Xj, 

Xn, Pi, Pn I and n is an integral of the equations 


which is functionally independent of Xi, Xn- The quantities 
P\, are given by any n independent equations of the set 


011 ^ dXr jy 011 

dPi 


n 


s 

r=l 


Pr 


dXr 

aPi 


-0, 


for i*= 1, n; and other equations satisfied are 

Pi) = a, (n. Pi) = a ^Pi - ^2 P,. , 

for I = 1, . . . , w, as well as 


(Pi,a!j) = 0, (pi,pj) = 0, 
for unequal values of i,j from the series 1, w. 

And aA = 1 : so that, as A is usually unity, so also is a. 

As regards these results, it is to be noted that p has become a 
constant which has justifiably been made unity. The quantities 
Pi, Pn are known as soon as II, Xj, ...» Xn are known: and 
the quantity II is to be constructed after Xi, ..., Xn are known. 
These quantities are subject to the equations 
(X,, X^) = 0: 

so that, as (§ 52) the relation 

((Xi, Xj) X,) + ((Xi, Xi,) Xi) + ((X„ Xi) Xi) = 0 
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is satisfied for any functions whatever of Xy, x^, Pi, pn> 
the equations are consistent with one another and coexist. The 
conditions for the existence of the contact transformation do not 
impose any equation involving only a single one of the quantities 
Xj, Xnl and the preceding conditions for coexistence of the 
equations are satisfied identically, whatever be the functions 
Xiy Xn. Hence the equations defining the contact trans- 
formation under consideration contain an arbitrary element : thus 
any one of the quantities Xi , Xn can be assigned arbitrarily, or 
any other arbitrary relation can be chosen that is not inconsistent 
with the aggregate of conditions and equations. 


Corollary 1. There is one special case of this contact 
transformation, usually called the infinitesimal transformation of 
this type. 

It is characterised by the properties 


= ^ + Xi = Xi-^€^i, Pt=pi + €7ri-, (i = l, 


where € is a small quantity of such a magnitude that squares and 
higher powers may be neglected. The critical equations impose 
limitations upon the forms of ttc, for i = l, ..., n; thus the 
equations 

(Zi, Z,) = 0, (Xe, P,) = 0, (Pi, P^) = 0, (Zi, Pi)=l, 


give the conditions 


dp, dpi 
diTj d^i 
dpi dxj 


= 0 , 
= 0 , 


dwj dvj _ „ 
dXj dxi ’ 


diTj d^i 
dxi dXi 


= 0 , 


respectively. Hence there is some function U of x,, 

...,Pn such that 

^_dU _ dU ... , 

^'~dpi' dxi’ (*-l. •••,«), 


and any function U of these variables will enable all the conditions 
to be satisfied. Also writing 

n-€f, 
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we find the equations for to be 

a? 


so that 


^ 5 m 

dXi dXi ^ r = 1 apra«t ’ 

K- I 

dpi r=l^''Spidpr’ 
y TT^ ■? 

{r=-£r+ 1 p^^. 

r*l 


Xi — 

du 

"dpi’ 


dv 

Pi-Pi = 

® dxi • 

Z- 

e{ 2 

(r«l 


Hence an infinitesimal contact transformation is given by the 
equations 


dU\ 


The equations 

dz == jpicki + ... + Pndxn, 

are simultaneously satisfied, when either is satisfied: it is easy 
to verify this property from the foregoing values. Hence an 
infinitesimal contact transformation, in which the changes of Xi, 
Xm Pi, ...» Pn do not involve z, is given hy the equations 

where U is any function of the variables x^, ..., 

Corollary 2. There is another special case of this type of 
contact transformation, in which Xj, ..., Xn are homogeneous 
functions of zero dimension in ike variables pi, pni the 
quantity Z is given hy 

Z z Cf 

where c is a constant; and P,, Pn dre then homogeneous, of one 
dimension in the variables pi, ..*,pn> given by 

- 0Z^ 



HOMOGENEOUS TRANSFORMATIONS 


130.] 


for 1 = 1, n, the quantities X,, Xn still satisfying the 
equations 

for i and 1, w; and the differential relation 

2 PidXi = 2 pidoDi 

<=1 i=l 

is then satisfied identically > Other equations satisfied are 
(X,,P,)=1, (Pc,X^) = 0, (P,,P;) = 0, 
ybr all values of i and j unequal to one another. 


Such transformations^ are called homogeneous. As before, any 
one of the quantities Xi, ..., Xn may be chosen arbitrarily: or 
some other arbitrary relation may be assigned that is not incon- 
sistent with the other relations and equations. 


Corollary 3. The corresponding infinitesimal homogeneous 
contact transformation has already f been given. It affects only 
the values of ...yX^.pi, ..., : and it can be taken in the form 


Xi -Xi + € 
Pi=Pi-€ 


d^\ 

dpi 

djE 

dxij 


(i = l, ..., n), 


where H is a function of Pij ...y Pny which is homogeneous 

of one dimension in p^, •••,Pn is otherwise arbitrary. 

If we write 

Xi- Xi = dxiy Pi —pi = dpiy € = dty 

these equations take the form 

dxi ^ dH dpi _ ^ dH 
dt dpi * dt dxi' 

for 1 = 1, ..., w. These equations, exactly in this form, will occur 
later as a canonical system of equations in theoretical dynamics. 


131. One remark, indicating a relation between these infini- 
tesimal transformations and the integration of a partial differential 
equation 

f(Xiy •••yXn,piy ...,pn)=0, 

* L.c.y § 139. The remark, in the foot-note, p. 315, as to change of sign applies 
here also. 

t See Yol. I of this work, § 140. 
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may at once be made*. If it be required to find the infinitesimal 
contact transformations 

Sz = 6?, Sxi = Spi = CTTi, (^ = 1, . . n \ 
which transform /into itself, we clearly must have 



Denoting by U any arbitrary function of ••• > (thus 

omitting z from its arguments), we know that the quantities f and 
TT can he taken 

^ _djJ 

^*~dpi’ dxi’ 

thus the appropriate infinitesimal contact transformations will 
arise through a function U such that 

(/. I^) = 0. 

Consequently, the determination of all such transformations is 
equivalent to the integration of the original equation 

/=0. 

Applications of Contact Transformations to the 
Integration of an Equation or Equations. 

132. The application of the properties of finite contact trans- 
formations to the integration of a single partial differential 
equation is immediate. 

First, suppose that the dependent variable z occurs explicitly 
in the equation so that the given equation may be written in the 
form 

/(a?!, ..., Xn, z,Pj, ...,jP„) = 0. 

We then take 

Z =/(^l , . . . , Xfly Zy Ply . . . , 

and, applying the preceding results, we assume that we have 

2n-f- 1 independent functions of the 2w*f 1 variables Zypiy 

Xiy ..., a7„, being Z, Pi, ..., Xj, ..., Xn, such that the relation 

X— 2 PidXi = p(dz— 2 

\ / 


Lie, Math. Ann., t. vin (1876), p. 240. 
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is satisfied identically for a non-vanishing quantity p that does 
not involve the difierential elements. All the required quantities 
Pi, ..., Pn are known, if Xj, ..., Xn are known, by equations 
characteristic of a contact transformation ; and these quantities 
Xj, ..., Xn are such that the equations 

[X,XJ = 0, [X,.,X,] = 0, 

for ^ = l, ..., w, and j = l, ..., n but unequal to i, are satisfied. 
It has been seen that, even when Z is arbitrarily assigned, these 
equations are consistent and coexist. Accordingly, assuming the 
general results of the theory of contact transformations, we may 
assume that quantities Xi, ..., Xn are determined by these 
equations and that the quantities Pj, ..., Pn have subsequently 
been obtained. 

Now what is desired is an integral of the equation 

Z=/(^i, ..., Xn, ...,pn) = 0, 

so that, as jOi, ..., j^n are derivatives of z with regard to a?i, ..., a?n 
respectively, we have 

dz—pidxi — ... —pndxn = 0 ; 

hence the quantities, defining the contact transformation, must 
satisfy the relation 

dZ — PidXi — ... — PadXn =■ 0, 

or, since Z is sl permanent zero, we must have 

PldXi -f- . . . 4* PndXn = 0. 

This relation is the only relation, except X = 0, that needs to be 
satisfied in order to secure the existence of the relation 

dz—pidxi — ... —pndxn — 0 ; 

and, subject to the specified exception, Pj, ..., P^, Xj, ..., Xn are 
independent functions of the variables involved. We therefore 
require an integral equivalent of the relation 

PidXi -f ... 4- PndXn = 0, 

where Pi, ..., Pn, Xi, ..., Xn, Xare 2n+ 1 independent functions 
of the quantities z, Xy, ••.,Xn,pi, the relation being satisfied 

identically. . 
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Such a relation possesses^ three t 3 ^s of integral equivalents. 

(i) It is satisfied identically if 

where Uj, an are n arbitrary constants: these n equations give 
n differential relations 

dXi = 0 , . . . , dXn = 0 , 

in virtue of which the differential relation obviously is satisfied. 

(ii) It is satisfied identically, if fju equations of the type 

Xi=^ 0i(^X 

for t = 1, . . . , ya (where fx < n), are postulated, provided the equations 

ip<^+p,=o, 

tt=i cXj 

for 4- 1 , . . . , also are ^satisfied : for these equations give 
/X differential relations 

J=l oAj 

for t = 1, . . . , /a which, in connection with the other n — /x relations, 
obviously satisfy the required differential relation. 

(iii) It is satisfied identically if 

P, = 0, ...,Pn = 0; 

these relations, however, do not possess (and do not necessarily 
imply) any differential character. 

We consider the significance of these three types of integral 
equivalent in succession. 

In the first place, we have 

Xi — ctj y • • • I Xn ““ t 

concurrently with the equation Z=0; and these relations are 
sufficient to secure the differential relation 
ds — pidxi-^- ... -hpndxn- 

Ab ZfXi, ..., Xn are independent functions of z, ooi, ocn, pi, ..., 
Pnt it is possible to eliminate pi, pn among the n equations 
Z^O, Zi = Oi, Xn = an, 

the eliminant being an equation involving z, cci, Xn, a^, an. 
The differential relation shews that the value of z thus provided is 
an integral of 0 : manifestly, it is the complete integral. 


See Part i of this work, § 142, foot-note. 
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In the second place, we have fi relations 
for 1 = 1, . . . , /X, and n — /x relations 

ip.-^ + p, = o, 

i=i oAj 

for j* = y[x+l, w, concurrently with the equation Z==0: and 
these equations are sufficient to secure the differential relation 
dz=p^dx^ + . . . -\-pndxn. 

As Z, Xi, Xn, Pi, Pn are independent functions of their 
arguments, the n relations are independent of one another and of 
Z=0: thus it is possible to eliminate pi, Pn among the 
n relations and Z=0, and the eliminant is an equation involving 
and the functional forms. The differential relation 
shews that the value of z thus provided is an integral of Z=0: 
manifestly, it is a general integral. Clearly, there will be a number 
of classes of such integrals, a class being determined by the number 
of functional relations between the quantities . . . , Xn initially 
postulated: as before, the most comprehensive general integral 
occurs when only one such relation of the most unrestricted type 
is postulated. 


The equations are expressed* in another form by Lie, as follows. Let H 
denote a function of Pj, which is homogeneous and 

linear in Pi , . . . , P#* and otherwise is quite arbitrary ; then the equations are 
given by 

p-AA 

for 1 = 1, fi; + n. 

For, since PTis homogeneous and linear in Pj, 


hence 


-PiZi + ... + P^X^; 


2 PidXi-k- 2 X^dPi^dH 

i=l iml 

0pr dff 

• 2 7^ dP < + 2 dXj 


i^lOPi 


and therefore 


= 2X,c^Pi- 2 PjdXjf 

i=*l jm^+l 


2 PrdXr^Oj 


which is the equation to be satisfied. 

* Math, Ann,, t. ix (1876), p. 250. 
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In the third place, we have n equations 
P,=:0, ...,Pn = 0, 

concurrently with Z = 0 : but as pointed out, they do not definitely 
secure the difierential relation 


dz—pidxi — . . . —pndxn = 0 , 

for they have no differential character. If, however, they do secure 
it, we then have 


consequently 
that is, 


dZ == p (dz —pidxi — . . . —pndxn ) : 


dj 

dz 




dZ 

dxi 




dpi 


dpi 


= 0 , 


dz , dZ 

dXi dz ' 


0 , 


for t = 1, . . . , w. Thus 2n. equations must be satisfied, in addition to 
ir=0, P. = 0. ...,P„ = 0; 
dZ 

and as p is not to vanish, is not zero. Assuming that all the 

equations coexist, and that it is possible to eliminate pi^ . . . , so 
as to leave an equation expressing z in terms of Xi, ...,Xn, the 
value of z thus provided is an integral : it is the singular integral. 


Ex. 1 . Let 

Z^PiXx 4- p^'% + p^z -0=0. 

The quantities Aj, X 3 are subject to the equation 

[Z, Ai]=0, [Zf X 2 ]~ 0 , [Zy Aaj—O, 

[Z2,Ars]-0, [Ai,X 3]=0, [Ai, 
and it is easy to verify that these are satisfied by 

Xi«jpi, XjMBpa, Xs=sp^. 

The quantities Pi, P 2 , P 3 are then given by the equations 

IpMt 

api“r.l ** ^Pi ’ 

for t=«l, 2 , 3 : evidently 

P 1*8^1, P 2 *^X 2 i P8 = A? 8 . 

It is dear that the quantities X, Xi, X 2 , X 3 , Pi, P 2 , P 3 are independent 
of one another: also 

dZ-PidXi--P2dX2^PzdXz^-{(iz-pidxi-p2dx2-pzdxz ) : 
the value of p is ^1. 
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The complete integral is given by 

Pi = Xi=ai, pi=X2=ai, p3=X3=a3, Z=0, 

where aj, oj, 03 are arbitrary constants : it is 

2r H" 0^3 ^3* 

One class of general integrals is given by 
Pi=9 (Pi, Pa), 


together with 




Clearly jt> 2 , jt? 3 , and therefore also pi, are functions of — and — ; and when g 

X\ Xi 

is as unrestricted as possible, they will be arbitrary functions of these 
quantities. Thus 




=x, ^ 

\x,’ X,/’ 


where Q is an arbitrary function of its arguments: the integral represents 
the first class of general integrals. 

Another class of general integrals is given by 
P\=9i(pi), Pt=gi(Pi), 

together with 

Manifestly, it is given by the elimination of between the equations 
^ = ^15^1 to) +^25^2 to) +'^3i?3) 

it represents the second class of general integrals. 

The equations 

^1 = jPi = 0, = 

with Z—Oy clearly do not provide an integral : there is no singular integral. 


Ex, 2. Integrate in the same way the equations : — 

(i) 0 =-/>! xi +^ 2^2 +i?3-% +P 1 P 2 PZ ; 

(ii) 0*jDia72+i>2^3+i?3^1+JDiP2jO3 ; 

(iii) 0 * = to - apif + to -- <^p^ + to - ajOs)*. 


133. Next, suppose that the dependent variable z does not 
occur explicitly in the differential equation to be solved, which 
therefore is of the form 

/(«!, ...,p«) = 0. 
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We then take 

and, applying the results of § 130, we assume that we have functions 
n, Zi, of « 1 , ,.,,XnyPu such that the 

relation 

dn ~ 2 PidXi—-- 2 pidxi 

i=l »=i 

is satisfied identically. The quantities Pi, ..., Pn are known by 
means of equations characteristic of the contact transformation, 
when once O, Zj , . . . , Zn are known : and 11 is determined by a 
number of equations, as soon as Zi, Zn are known. These 
quantities are subject to the equations 

(Z,,Z,) = 0, 

for i and j = 1, . . . , n, the values of i and J being unequal. As has 
been seen, any one of these quantities can be arbitrarily assumed : 
accordingly, we assign fipci, Xn, pi , ••^fpn) us the value of Zn. 
And then, adopting the general results of the theory of contact 
transformations, we may suppose that the quantities Zi, ..., Zn-i, 
n, Pi, ..., Pn are known. 

What is desired is an integral of the equation 

Xn=f{Xif OOn, Pi, ...,pn)=0. 

For that purpose, pi, **.,pn are derivatives of z with regard to 
Xi, Xn respectively, so that 

dz — pidxi — ... — pndxn = 0 ; 

hence the quantities, defining the contact transformation in the 
present circumstances, must satisfy the relation 

dll — 2 PidXi = — dzy 

<=i 

or, since Zn is a permanent zero, we must have 

d(^ + n) -PidZi ~ ... - Pn^idZn^i* 0. 

This is the only relation, other than Zn = 0, which needs to be 
satisfied in order to secure the existence of the relation 

dz “■ pidxi ““ ... Pndxf^ ~ 0 j 

we therefore require an integral equivalent of the differential 
relation 

d -f n) - PjdZi - ... — Pn^idZn-i = 0, 



133.] 


AND INTEGRALS 


331 


so that it may be satisfied identically. As in the former case, 
there are varieties of integi'al equivalents : but, as will be seen, the 
singular integral does not occur. 

(i) The differential relation is satisfied identically if 

Z ^ Cy (liy ..., 1 “ (^n—i > 

where c, aj, ..., a^-i are arbitrary constants. These equations are 
to be taken concurrently with Xn = 0 ; and the quantities 11, 
Xi, ..., Xn-u Xn are functionally independent of one another. 
Hence we may consider the equations 

Xi — Oji, . . . , X = O^n—i ) X n — ^ 

resolved* with regard to pi, and the deduced values sub- 

stituted in n : the result is of the form 


Z h , . . . , ^n> > • • • } i) ■”* 

The integral clearly is the complete integral. 

(ii) The differential relation is satisfied identically if a number 
of relations 

^ 4 - 11 =^ ..., Xn-i\ 

Xi — gi{X ..., An— i), 


for I = 1, ..., /X, hold, provided the further relations 


dX^ 




for j= p+ly . . . , n — ly also hold. Eliminating p, , . . . , pn among 
these 71 relations and Xn — 0, we have an integral : it is a general 
integi'al. Obviously there will be a number of classes of general 
integrals, a class being determined by the number of functional 
relations postulated. The most comprehensive general integral is 
given by the equations 

^ + n=A(A„...,An_o, 



Xn = 0, 


for r = 1, . . . , n — 1, the function F being completely arbitrary. 


(iii) The differential relation is satisfied identically if 
Pi—Oy . . . , p n—\ =0, -f- n a, 


* Exceptions might arise, when resolution with regard to pj, is either 

inconvenient or impossible : we should then proceed as in §§ 58, 59. 
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where a is a constant that may be zero. Eliminating pi, •••yPn 
among these n relations and Xn == 0, we have an integral which is 
an exceedingly special case of the foregoing general integral obtained 
by taking a as the expression of F{Xiy Xn-i). The relation 


gives 


so that 


dz -H dH = 0 

n 

dU. = — S PidXiy 
*«1 



for ^ = 1, w, which are in agreement with the equations charac- 
teristic of the contact transformation in this case. 


And these exhaust the modes of satisfying the diflPerential 
relation: thus a singular integral does not arise. 

It appears, from the results of § 132 and from the results just 
obtained, that the construction of the various integrals of a partial 
differential equation 

cr=o 

can immediately be effected, if a contact transformation of which 
U is an element is known; hence this method of proceeding 
requires either a knowledge, or the determination, of such a contact 
transformation. If it has to be determined, then a number of 
simultaneous partial equations have to be solved. 

Ex. As an illustration, consider the equation 
We take 

a contact transformation of which is an element, is given by 

Xi^Piy X^^piy 
n- -piXi-^p^x^-p^x^y 

■P3=-^- 

The complete integral of the equation is given by the elimination of 
JPi> Pi between 

Xi^diy X2"*(i3f X$^0 : 

that is, the complete integral is given by 

S“" “ 6^2X2“" Oi^X^^Cy 




where 
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There are two classes of general integrals. A general integral of the first 
class is given by 

X2), X 3 = 0 , 

P p 

“ 0X2’ 

where / is an arbitrary function : that is, it is given by the elimination of 
P\i Pit Pi among the equations 

Pi’‘+Pi‘+P3^='l \ 

Z-piXi-p2X2-p3X3=f{pi,p2) 

[■ 

Ps 

-X 2 + ^X3 = ^ j 

Pz 0P2 / 

A general integral of the second class is given by 

s 4 - n =/ ( A2), Xx—g ( A2), A^3 0, 

_p ^ _p ^rt 

that is, by the elimination of pi, p^, ps among the equations 

pMPzHps^=l \ 

Z -piXi -P 3 X 3 -psXs=/{P2) 

Pi^giPi) 




There is no singular integral. 


134. In the same manner, the properties of contact trans- 
formations can be applied to obtain the integrals of a system of 
equations. We may assume that the system is complete, that is, 
that all the relations 


[X„Z,] = 0, (Z,,X,) = 0. 

according as the dependent variable does or does not occur, are 
satisfied, either identically or in virtue of the equations of the 
system : and we may also assume that the number of such equations 
is less than w + 1 or less than n, in the two cases respectively. 

In the first place, suppose that the dependent variable does 
occur: and let the complete system be 

Z=0, Xi = 0, ..., Jr«j= 0, 

where m < n, the relations 

[Z,Xi]^0, [Z„Z,] = 0, 
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being satisfied. If these relations are satisfied identically*, the 
quantities Z, Xi, can be constituents of a contact trans- 

formation Z, Xi, Xn, Ply ...» Pfi' for the quantities Z, X^, 

Xfi are determined by equations 

[Z„ZJ = 0, 

for r and s = 1, . . . , w : and the quantities Pj, Pn are then given 
by linear algebraic equations. This contact transformation leads 
to the differential relation 


dZ P 1 dX I P fidXn •— p i^dz j)\ dx\ — Pndx^i^f 

where /> is a non-vanishing quantity. 

When the quantity z is an integral of the given system, we 
must have 

dz = pidxi + ... -^pndxn : 

also 

c/^ = 0, dZ, = 0, dZ^=0, 


because Z = 0, Z, = 0, . . . , Xm = 0 permanently : hence the above 
relation becomes 

P m+i^Xtn+i "1“ . . . + P ndXfi = 0, 

and when this relation is satisfied, we have 


dz — pidxj — ... —pndxn = 0, 

so that an integral of the equation is provided. As before, the 
relation can be satisfied in three kinds of ways. 

(i) The relation will be satisfied if 

Xm+i = CLm+it • • • » Xj^ = dny 

where a^+iy •••, are constants which may be taken arbitrarily. 
The quantities Z, Zj, ..., Z^ are independent of one another: 
hence, eliminating pi, pn between these n — m equations and 
the m -h 1 equations of the complete system, we have a relation 
between z, Xu •••, ^n, which involves n — m arbitrary constants and 
provides an integral of the system. The integral thus provided is 
clearly the complete integral. 

(ii) The relation will be satisfied if the quantities Z,»+i, ..., 

* The alternative, when these relations are satisfied only in virtue of the members 
of the oomplete system, will be a matter for subsequent consideration. 
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Xn are connected by q equations (where q is less than n — m) 
which may be taken in the form 


9q > • • • > ^n) — 0 J 

but in addition, the equations 

P -X +x 

nH-r OA. mJcr 

for r=l, m, must be satisfied. We now have the m + 1 

equations of the original system, the q relations of condition among 
the variables Xm+i, Xn, and the deduced n — m equations con- 
necting the quantities Pm+i, •••, Pn with the variables X^+i, 

Xn ' that is, there are w + 1 + ^ equations in all. Eliminating 
Pi, \> •••, \ among this aggregate, we obtain a single 

equation as the eliminant : the form of the equation is affected by 
the form of the q postulated relations of condition. The value of 
z thus provided is an integral : obviously it is a general integi'ol. 

Manifestly there are n — m — 1 classes of general integrals, 
determined by the assignment of 1, 2, ..., — m — 1 relations of 

condition among the variables X^+iy Xn. The most compre- 
hensive class is that determined by the assignment of only a 
single relation : if this relation be taken in the form 


then 


Xni+i ^ (Xjn-{-2, Xn), 


aXn 


= 0 , 


for r = 2, . . . , ?i — m ~ 2 : and, as before, we obtain the integral by 
elimination. 


(iii) The relation will be satisfied if 
P m+i ~ • • • > Pn “ 

We then have 

dZ — P\dX\ — . . . P fn,dXm, = p (dz —• Pidx^ — . , . 

so that 

dZ 
dz' 
dZ 

dxi 

d_z^ 

dpj' 


-p. 


dx. 

p dX„ 

dz 



dXfn 

dxi 


Ml- 

p aXtn ^ 

dpj 
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for ^ and j = 1 , . . . , n. Eliminating Pi , . . . , Pw> p among these 2w + 1 
equations, we have 2w — m conditions to be satisfied among the 
derivatives of Z, JTi, X^y which can be expressed in the form 

^ ^ ^ = 0. 

dXi ' dXn * dpi ' dpn 

d^ d^ dX^ 

dXi ’ *’** dXn ’ dpi ’ ***’ dpn 

dXm dXm 

6?^i ’ ’ dpi ' ***' ^Pn 

When these are satisfied, either identically or in virtue of 

^=0, Zi = 0, ..., X,„ = 0, P^^i = 0, ..., Pn-0, 

then the elimination of pi , . . . , pn among these n equations leads 
to an equation connecting z, iP,, ..., x^. This value of z is an 
integral of the equation : clearly it is the singular integral. 

Ex. Obtain integrals of the equations 

Zra Z^p^Xx -piX2 - jOs ^3 - a = 0| 

Zi - C«=0J 

which satisfy the condition 

[Zy Zi]=0 

of coexistence : the quantities a and c are given constants. 

The quantities Z and JTi are constituents of a contact transformation, 
represented in full by 

Zy -Ti, Z2=jPl, X^^p2y 

P3=^2-X3^. 

Ps P3 P3 

The complete integral is represented by 

X2^a2y X^^asy 

where 02 and as are arbitrary constants : combining these with 

^«o, Z,=0, 

we find the complete integral given by 

z^a\Xi-j~ 02^2 as^^s 4* 
where oj and 02 are arbitrary, and as is given by 

ai® + a2’*4-a3*=l : 

or, expressed solely in terms of independent constants, the integral is 
(z - ax^i - 02^2 - a)*=;r3® (1 - oi* - a2*). 
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To find the general integral, we take 

^2=^ (^ 3 ), 

that is, the general integral is given by the elimination of jt?i, among 
the equations 

Pi^+p^-k-pz^-c^O 

p\=g{pi) y • 

( a:, / (Pj)+xs-^3^=0 

\ Pzf Ps f 

The singular integral, if it exists, is given by 

3^=0, Zi=0, P 2 -O, />3=0. 

The further necessary conditions are satisfied. The elimination of piy p2y ps. 
among these four equations leads to a relation 
(a - a)2 « <j 4. 

which is therefore the singular integral. 

135. Next, suppose that the dependent variable does not 
occur explicitly and that the complete system is 

X, = 0 , Z;n = 0 , 

where the relations 

(Z,, Z^)== 0 , 

for i and j=l , . . . , m, are satisfied, the integer m being less than w. 
As these relations are satisfied, the quantities Zi, ..., Xm are 
constituents of a contact transformation such that 

and quantities 11 , Z^i+i, Zn, Pi, Pn, being functions of 
Xi, Xn, Ply ...y Pn, exist such that the difierential relation 

dn — 2 PidXi = — S pidxi 

i=l a=l 

is satisfied identically. 

What is desired is an integral of the system 
Z,=0, ..., Z,n = 0 , 

so that we must have 

dZi = 0, dZ^ = 0; 

also, as the value of z is to be an integral of this system, we have 

dz^Pidxi + ... -hpndxn. 
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Thus the differential relation can be taken in the form 

n) — -Ptn+idJfwi+i — . . . PndXn = 0. 

When this relation is satisfied concurrently with the m equations 
of the system, then the relation 

dz — pidXi -f ... 4-jDnd^n 

also is satisfied: so that the value of z, expressed in terms of 
ooiy ..., ccn, is an integral. 

As in the case of a single equation, there are two distinct 
kinds of integral equivalents of the differential relation, leading 
to a complete integral and to the general integrals respectively : 
there is no singular integral. 

(i) The differential relation is satisfied identically if 

2^ + n = C, X . = ttm+l > • • • > ~ ®n> 

where c, am+n a^, are arbitrary constants. These equations 
exist concurrently with the equations 

Xi = 0 , . . . , Xfn ~ 0 1 

and the quantities 11, Zj, ..., X^y Xm+iy are functionally 

independent of one another. We may therefore resolve the set of 
equations 

Xi = 0f ..., Xfn^Of Xfn^i = X^^dn 

with regard to the variables* pi, -..y pn* when we substitute their 
values in 

-f- n = c, 

we have an integral of the system of equations in a form 

Z H {Xi t . . . , Xny dfn^i , . . . , = C, 

involving — iw + 1 variables. The integral is clearly the 
complete integral. 

(ii) The differential relation is satisfied identically if a 
number of relations 

{X^^i, ..., Xf^y 
X m+r =* gr (Xfi^i , . . . , Xn)t 

* Exceptions may arise when the resolution with regard to another set of n of the 
variables ...tX^ypiy ...yp^is more convenient : we then proceed as in §§ 58, 59. 
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for r = l, fi — m, hold provided the further relations 


^9 

dXj 


p _ p. — 0 

wi+r TT ^ 

,.=1 OAj 


for j = fjL + 1, . . . , also hold. Eliminating pi, Pn among these 
w ~ m + 1 relations and the equations of the original system, we 
have an integral of that system. It is a general integral. 

Obviously, there will be a number of classes of general 
integrals, a class being determined by the number of functional 
relations postulated. The most comprehensive general integral 
is given by the elimination of pj, pn among the equations 


^ + n = A {Xfn-k-i ) • • • > 

dh 


for r = m + 1, 


dXr 
, n. 


— Pr, Xi = 0, . . . , Xm = 0, 


(iii) The differential relation is satisfied identically if 
P m+i ” ••• 7 Pn^^y -2^ + IT = d. 


where a is a constant that may be zero. Eliminating pi , pn 
among these ti — m + 1 relations and the m equations of the 
complete system, we obtain an integral which is an exceedingly 
special case of the foregoing comprehensive general integral, 
the case arising by taking a as the expression of the function 
h(Xm+i 7 •*., Xn). The relation 


gives 


so that 


dz -f dU. = 0 


dn = — 2 pidxi, 

i=l 


dpi * dxi 


-pu 


for t = l, ..., n\ these equations are characteristic of the contact 
transformation for the present case. 

The modes of satisfying the differential relation are exhausted : 
hence a singular integral does not arise for the complete system in 
the supposed circumstance that the complete system does not 
explicitly involve the dependent variable. 
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Ex. 1. Integrate the simultaneous equations 

F^.V 2 pi’¥xip 2 -{-api {pi -p^) - c— 0 
0-{pi +P 2 ) (^1 +^ 2 ) - ^ = 0 

where a, 6, and c are constants. 

It is easy to verify that the condition 

(F, 6?)=0 

is satisfied identically, and that, if 

H^p,y 

then the equations 

also are satisfied identically. Hence, taking 

Xi =X2Pi+Xip2‘^api (pi -pi) - c, 

Z2=(pi +P 2 ) (xi H-^ra) - b, 

the quantities A”!, A'a, can be constituents of a contact transformation. 

To complete the contact transformation, the quantities n, Pi, P 2 > Ps 
required. Of these, n satisfies the three equations 

3 S V 

(n, Ar2)« - 2 Pr -(Px+Pz) 

r^l 

8 0A"i 

(n, A",) * - 2 Pr ^ = -Px {X 2 + qps) - P 2 (a’i ~ 0 ^ 3 ) ~ (^Pz (pi -pz) 

r=l ^Pr 

= -pxX^-piXy ~ 2qp3 {py -jDg). 

From the firat of these, we have 

XL+p^Xz^u, 

where u is any function of Xy^ py^pz^pz' From the second of them, we 
have 

w + i ( ^ 2 + 6) log (a?! + X2) * Vy 
where v is any function of 

A's+ft, .r2-.r,, p2-py, Pzy 
or say of A^ 2 +^» «, jost^where 

^^P2-Px> 

From the third of the equations, we have 

where w is any function of Xg + 6, )3 (a -h 2 aj 03 ) + 6, jOg . Now for the integration 
of ow equations, Xi«0, Xg^O ; and 

/3 (a •+• Sqps) ssXg — 2Xi + 5 — 2c 
— 2c, 
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so that effectively is a function of : consequently, 
n + i + h) log (x'l + ^2) 

= i (^2 - 2X1 26 ~ 2c) { - log ( j 72 - **^1 -f SajOs) 4- <t> (ps)}. 
The complete integral is given by 

2; 4“ 11 = ^, ^Yi=0, A 2=0, 

where A and C are arbitrary constants ; consequently, it is 

A=z- Cx^ - log (a’i 4“ A’2) — (6 - c) [ - log {x>i -Xi + ^aC) 4- </> ((7)}, 
or as (b — c)<f}{C) can be absorbed into A, this complete integral is 
2: - Gx^ - log (^1 4-^*2) - (6 - c) log {X2 - 4- 2 aC) — A. 

The general integral is given by 

24-n=^(X3), -Vi=o, .r2=o, 
together with the i*elation 




dX, 


= ^3. 


Also, the quantities Pi, P2, P3 are given by any three of the six equations 

CXi dXi dpi r=l opi 

which are independent of one another : in particular, 


p ^ /.?5 _ 

® “ 3j03 - Xj + 2a^3 VSi)! dpi) ’ 

which, on substitution, gives 

/>3= + 

Hence the general integral is given by the elimination of ps between the 
equations 

2 -/) 3 ^ 3 -i 61 og(.jri+x'a)-( 6 -e) {log (x 2 -Xj + 2ap3)-4> (/>s)}=sr (p,), 
-^3+(6 -o) (f W. 

or, writing 

g{P3)-{b-c)4>(p3)=h (P3), 

so that k (p^) is a new arbitrary function, we have the general integral given 
by the elimination of pi between 


z-p^x^^-hblog {xi 4- ^2) - (6 - c) log (a?2 - 4- 2 apz) = h ( JO3) ] 

-.-3 .h'(p 3 ) I ■ 

^ a’2~^i4“2ajt>3 ) 

And there is no singular integral. 

Note, The example is worked out in oi’der to illustrate the relation 
between the constituents of the contact transformation and the construction 
of the integral. 

If the Jacobian method (Chap, iv) were adopted for the integration of 

P=:0, G^O, 



CONTACT TRANSFORMATIONS 


a42 


[135. 


we should find a third equation to associate with these: proceeding in the 
usual way, we could take either 


or 


a(pi-p 2 )-^ 3 ^Cs, 

where <*3 and Cs are arbitrary constants. Wo then resolve the equations 


(?«0, 

with one of the equations 

CC(Pl^P 2 )-^ 3 ^C 3 y 

^or ply p2i Pz ; we substitute in 

dz ^pi dxi ‘^p2dx2 + pzdx ^ , 


and effect a quadrature. The resulting equation gives the complete integral : 
and the general integral would be deduced by the customary process. 


Writing 
we have 


Pi^Hy a {pi - P2) - ^3 =* K, 
(FyO)^Oy {FyJI)^0, (GyE)r^Oy 


all satisfied identically, so that Fy Gy iTcan be the constituents Xu JTa, Xk 
of a contact transformation. Also 


{FyK)^Oy {GyK)^Oy 

satisfied identically, so that Fy Gy K can be the constituents Xiy ^2, X^ of 
another contact transformation. The integration of 

F^Oy G^Oy 

by means of the latter contact transformation is left as an exercise. 

But 

hence Fy Hy K cannot be the constituents Xi, X2, X3 of a contact transforma- 
tion, nor can (?, /f, AT be those constituents. 


Ex, 2. Integrate by this method the equations 

X2P1 + XiPi -f X2P3 - c = 01 

where a and 0 are constants. 

Ex. 3 . Similarly integrate the equations 

Xipi - X2P2^X3Pz-Xip^^a 
^zPl + ^4/>2 - XlPz ” -C 

where a and c are constants. 


186. It thus appears that, when a single differential equation 
is given in a form 

J/sas 0, 


the quantity U can always be made a constituent of a contact 
transformation, the explicit expression of which adopts one or other 



136.] 


AND EQUATIONS 


343 


of two forms according as U does, or does not, explicitly involve 
the dependent variable : and the various kinds of integrals* can be 
deduced when the full expression of the transformation is known. 

Again, when a complete system of equations is given in a form 
X\ — 0, , . . , Xni = 0, 

(where m is less than the number of independent variables), so 
that the relations 

[X,,Z,] = 0, or (Xc,Z,)=:0, 

(according as the equations in the system do, or do not, involve the 
dependent variable explicitly) are satisfied, it has been proved that, 
if the relations are satisfied identically, the theory of contact trans- 
formations can be applied f immediately by making Xi, ...,Xw. 
constituents of the transfoiTnation in the mode indicated. The 
various kinds of integrals}: could be deduced when the full 
expression of the transformation is known. 

Consequently, in order that the method of contact trans- 
formations may be made effective for the practical integration of a 
single equation or of a complete system of equations, it is necessary 
to devise a practical process for the completion of a contact trans- 
formation when one constituent can be assumed or when several 
constituents can be assumed. These constituents have been sup- 
posed, in every case thus far considered, to belong to the X-type 
and not to the P-type in a relation 

dZ— X PidXi^ pidz— S Pida^i) ; 

i=l \ / 

alternative suppositions have not been considered. 

* No indication of the occurrence of special integrals has been given : these, 
however, usually depend on the details of form of particular equations, and such 
details have been ignored. They would, of course, have to be taken into account 
if a complete theory were being based upon contact transformations and their 
properties, and upon these alone : but the present chapter has no such purpose. 
What is intended, is the exposition of the more important general methods of 
integration, in a sufficient amount of detail to make their scope clear: among such 
methods, contact transformations must find a place. 

t No implication has been made that the theory cannot be applied unless the 
relations are satisfied identically: the condition was requisite merely for the 
immediate use of the propositions quoted in §§ 128—180. 

t With the same exception of special integrals as occurs sometimes when a 
single equation is propounded for integration. 
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Moreover, it is quite possible (examples, indeed, have occurred 
freely in illustration of preceding discussions) that a system 
Xj = 0, . . . , *= 0 should be complete, even though the relations 

[Xi,X^] = 0, or (Xi,X^) = 0 

should not be satisfied identically ; all that is necessary, is that the 
relations should be satisfied simultaneously with the equations of 
the system without the intervention of any other equation. The 
question thus is raised as to the use (if any) that may be made of 
the property, when the relations of coexistence are satisfied only in 
virtue of the equations of the system; and the answer to the 
question is to be found in the properties of groups of functions. 


Groups of Functions. 

137 . Accordingly, we proceed to the consideration of the 
simpler properties of groups of functions* : they are based upon 
the properties of contact transformations, and their development is 
sufficiently distinct to cause their application to be regarded as a 
distinct method for the integration of systems of equations. 

Also, partly for the sake of some simplicity in the formulae, and 
partly because there is no intention of developing the full theory, 
it will be assumed that we are dealing with the limited contact 
transformations of § 130, so that we may take 

/ = .S' + n, Pi = Pi, x/ = Xi, 

where i = l, ..., n, and 11, Pi, ..., Pn, Xi, Xn are functions of 
Xi, ..., •••> as the type of transformation to be discussed. 

The general notion of a group is of exceedingly comprehensive 
range : for the immediate purpose, it may be described by saying 
that the aggregate of a number of entities is called a gi’oup when, 
if those entities are compounded in all possible ways which conform 
to assigned laws, the results of the composition can be expressed 
in terms of those entities by forms which are subject to other 
assigned laws. 

* This theory is, of course, only a part of Lie's comprehensive theory of 
transformation-groups. A full exposition is given in his treatise Theorie der Trans- 
formaUontgrttppen, vol. ii, pp. 178 et »eq, : see also Math^ Atm,, t. vin (1875), 
pp. 248 et $eq., ib., t. xi (1877), pp. 465 et $eq. 
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The arguments of the functions are 2n in number, taken to be 
a?j, ...yPn in two complementary sets, and to be inde- 

pendent of one another, so far as the properties of the sets of 
functions are concerned. When two functions u and v of the 
group are known, the assigned law of composition is that they 
shall be combined in the form 

” /du dv du 0t;\ ^ 
i=i\0^i0pi dpidxj' 

in accordance with the notation already used, this combination is 
represented by 

(w, v). 

Then r functions Ui, ..., w,. of the 2n variables are, for our purpose, 
said to be a group when the following conditions are satisfied : — 

(i) the functions ..., Uy are algebraically independent of 
one another: 

(ii) every combination {ui, itj), for ^ and 1, r, is ex- 
pressible by means of the r functions Wi, ..., Uy, the 
expressions not requiring the introduction of other 
functions of the variables. 

When the conditions are satisfied, the group is said to be of order 
r : and every function of the variables which, when combined with 
the functions u^y ..., Uy in turn, satisfies the condition of expression 
in terms of the members , . . . , u,. of the group, is said to belong 
to the group. 

Further, it will appear possible that, in a group of order r, 
there may be a set of r functions which, taken by themselves, 
satisfy the conditions for a group : naturally, in this case, r' < r. 
The set of r' functions is then called a suh-group of the group of 
order r. 

When all the combinations (wi, for i and 1, ..., r, vanish, 
the group is called a system in involution, 

A function v of the 2n variables, such that (v, = 0 for f = 1, 

..., Uy is said to be in involution with the group ..., Uy, 

Some simple properties of groups, that are practically obvious, 
may at once be noted. 

(i) Every ftinction of the members of* a group belongs to the 
group. 
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(ii) If ?’ functions Vi, ...» Vr of the members of of a 

group of order r be algebraically independent of one another, they 
constitute a group. This group, composed of Vj, ..., v,., is regarded 
merely as another form of the original group : thus a group can 
have an unlimited number of forms. 

When any form of a group is in involution, every form of the 
group is also in involution. 

(hi) When r functions Uj, ..., are connected by s, and by 
not more than s, relations, and when all the combinations (Wt, Uj) 
are expressible in terms of Wi, ..., the functions belong to a 
group of order r — 5. 

(iv) When two different groups have members in common 
with one another, the aggregate of those common membei’s con- 
stitutes a group ; for if the aggregate be . . . , C, the combinations 
(Ui tj)> for ^ and j = 1, . . . , ??i, are expressible in terms of members of 
the first group and also in terms of members of the second group, 
that is, they are expressible in terms of the members common to 
the two groups. 

(v) A group of functions, involving variables in two com- 
plementary sets, is of order not greater than 2n ; for if the number 
of members were greater than 2n, they could not be algebraically 
independent. 

We shall see later that the order of a group in involution 
cannot be greater than n, 

(vi) A contact transformation changes a group of order r into 
another group of order r. 

Let the variables introduced by the transformation be . . . , 
^nj Pi* • • • » Pn\ so that the equations characteristic of the trans- 
formation are 

(xi, xj) 0 , (pi\ p/) = 0 , (pi\ xj) = 0 , {pi\ Xi) = - 1 , 

where i and and are unequal to one another, the 

independent variables being a?!, ..., Xn, Pi, pn- also 

(xi, xj) =0, ( Pi, pj) = 0, {pi, Xj) = 0, {pi, Xi) = - 1, 

the independent variables being x/, . . . , x/, p/, ...» Pn- 

Let Ui, % be the group to be transformed, and let Vi be the 
value of Ui (for i«l, ...» r) after the transformation has been 
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effected; as iti, Wr are algebraically independent of one another, 
so also are Vi, ...» Vy. Then, since 


dvj _ R / diij dx^ ^ dp^ \ 
dxg "" ^=1 dx/ dpfj, dxg ) ' 

dVj _ 5 /diii dx^ dui dp^\ 
^Ps H = l ^Ps ^ ^Pb) ’ 

we have 


A,. ,;A - T 

^ w.'9p.' dp/dx,' 


fi = l ^Pfi ^Pt*- ^Ps 


dui duj 

,^X^ ^Pfi 


dui duj 
dx^ 


n / 

= S : 

M=1 V 
— 2 ^ 

^P^dxJ 


te^) 


3p/ dxg) 


= (Wt, 

But («f, ^o) expressible in terms of Mj, ..., alone, so that 

(ui, u^=0ij(ui, ..., tO 

= (vi , . . . , Vp ) ; 

hence (vi, vj) = dij (vi, . . . , Vy), 

and therefore the functions v,, ..., Vy form a group of order ?\ 

A question is thus suggested, as follows. Given two groups of 
order r, each involving 2n variables in complementary sets : what 
are the contact transformations, if any, which transform one of the 
groups into the other ? An answer to the question will be obtained 
through the determination of a canonical form to represent a 
group. 


138. Passing now to properties of gi'oups that are less obvious 
than those just given, we have the following theorem, due* to 


Lie : — 


Let Wi, ..., Wy he a group of order r in %i variahleSy composed 
of two complementary sets ; then the r linear partial diffei'ential 
equations 

(«l,/)=0, {Ur,f)=0 

are a complete system. 


* It appears to have been the earliest result in Lie’s researches, and was first 
published in 1872: see F<yrh. af Chnst.y (1872), pp. 133—185, ih. (1878), 
pp. 287—262. 
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In the first place, the r equations are linearly independent of 
one another: for otherwise a set of determinants involving the 
derivatives of Ur would vanish and so would imply identical 

relations among the quantities contrary to the hypothesis 

that the r functions constitute a group of order n 
When, for convenience, we write 


for 1, ..., r, the Poisson- Jacobi identity 

((«<. «^)/) + “ 0 +(( y ^ “<) ^•)= 0 

((n, Uj)/) - (Ajf) + Aj (A,f) = 0, 


becomes 
that is, 


where, as before, 


A ft A f 


(tli, Uj)=^0^{u^, ..., Ur). 

Hence all the equations 

Ai(Ajf)^AjiA,f):^0. 


for i and j — 1, ... , r, are satisfied in virtue of the r equations 

^i/==0, ..., Arf^O, 

which therefore (§ 37) are a complete system. The proposition is 
thus established. 


As the system of r equations in 2n variables is complete, it 
possesses 2n — r distinct integrals: let these be Vi, ..., v^n-r- It is 
known (§ 41) that every other integral of the complete system is 
expressible in terms of these 2n — r functionally distinct integrals ; 
and by the Poisson- Jacobi theorem, (v*-, Vj) is an integral of the 
system: hence 

(Vif Vj)= ••., V2n^r)> 

and therefore the 2n — r functions Vj, ..., V 2 n-^ form a group. 

Applying Lie’s theorem to the group Vi, ..., v^n-ry we see that 
the system of 2n — r equations 

(Vi,fl^)»0, ...y(y^ry9)^0 

is complete, so that it possesses r fundamentally distinct integrals. 
Evidently the members of the group tti, ..., can be taken as 
these integrals; and all the equations 

(ui, vj) = 0 
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axe satisfied identically, owing to the property (§ 41) of integi’als 
of homogeneous linear partial differential equations of the first 
order. We thus have the further theorem : — 

A group of functions of order r in 2n vamahles determines 
another group of functions of order 2n — r in those vamahleSy and 
conversely : every function of eithei' group is in involution with the 
other group. 

The two groups thus associated are called, sometimes recip'ocal 
to one another, sometimes polars of one another. 

Corollary I. When a contact transformation is effected upo7} 
two reciprocal groups , the transformed groups are reciprocal to one 
another. Let Wj, ..., it,., and Vi, ..., V 2 n-r> be the reciprocal groups, 
transformed into it/, ..., it/, and v/, ..., v'^^r, hy the contact trans- 
formation: then, as before (§ 137), 

(Ui, v/) = {tli, Vj) 

= 0 , 

for all values of i and j. This result is the analytical expression 
of the property stated. 

Corollary II. The order of a system in involution cannot he 
greater than n, the total number of variables being 2n in two 
complementary sets. Let tt, , . . . , Ur be a system in involution, so 
that the equations 

(uiy uj) = 0 

are satisfied for all values of ^ and j. The equations 

(Wi,/) = 0, ..., (Uryf) = 0 

are a complete Jacobian system, possessing 2?i — functionally 
independent integrals. Owing to the equations which express 
the involution, it is clear that Wj, ..., Ur are integrals of the 
complete Jacobian system, and they are independent of one 
another : hence 

r ^ 2^1 — r, 

so that r cannot be greater than n. 

Corollary III. The converse of Lie’s theorem also is true : 
that is, if 

(Wi, /) = 0, (Ury /) = 0, 

are a complete system, and if ..., Ur be functionally distinct 
from one another, then Wi, ..., Ur form a group. For, as before, 
the equation 
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is satisfied in virtue of the system. Now {ui, Uj), being some 
function of the variables, can be expressed in terms of ..., Ur, 
and of 2fi — r of the variables, say , . . . , Pi, hence, if 


(U-f, Wj) — •••> ^r+i> •••> ^n> Pi> 

we have 

((%. tv)/)= 2 |J(«../)+ 2 ^(^.,/)+ 2 1^(1^../). 

Otl'g «r=l t'/'ir 

and therefore 

0= 2 |^^(.„/)+s|^(p.,/), 


M=r+1 


tr=l 


that is, 

0 = 2 y 

fi = 7*+l »=1 ^Ptr 

Now the given system is complete, so that / satisfies no other 
equation : hence the last equation must be evanescent, and 
therefore 

"?2 = 0, 1^=0, 


dx. 


M ap. 


for /jt = r + l, n, and cr = l, ..., n. Thus 
(Ui, = ...» tCrX 

and ..., tir are supposed to be functionally distinct fi'om one 
another : hence they form a group. 


iNDiciAL Functions of a Group. 

139. A function, which belongs to a group 2 ^, ..., and is in 
involution with all the functions of the group, is called^ indicial. 
Each indicial function /satisfies the equations 

(mi. /) = 0, .... («,,/)= 0; 

and therefore the number of indicial functions belonging to the 
group is the number of integrals of these equations, which are 
independent of one another and can be expressed in terms of 
..., Ur- These equations are 

^>/= («., g +(«n «.) ^ + - + ^ = 0. 


Ar/^ (Ur. «,) g + (tv, «,) +^.. + (tv, «r) ^ - 0 ; 

* The (Hrmaii title is amgezeichMte Function \ the French title is fonction 
dUiinguie. 
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the coefficients of the derivatives of f are expressible in terms 
of lin so that apparently there are r equations in r 

variables. 

Now these equations are not linearly independent of one 
another : one obvious linear relation is 

and other linear relations may exist. Accordingly, suppose that 
there are m such relations, so that the r equations reduce to r — m 
linearly independent equations; the conditions, necessary and 
sufficient to secure this reduction, are that the determinant 

I (^<1, Wj), (u,, Ur) , 

: (^2, Wi), 0^2, u^), Ur) 

! 

I (Ur, th)y (Ur> U^)y (Ur, Ur) 

and its minors of all orders up to m — 1 inclusive, but not all the 
minors of order m, shall vanish. 

We may assume that the linearly independent equations are 
the first r ~ m of the set. As 

+ g A./. 

where (ui, Uj)=^fij(ui, ..., Ur), and as each of the quantities 
, Arf is linearly expressible in terms of Aj/, . . . , Ar^f, 
it follows that the equations 

for % and = 1, — are satisfied in virtue of the set of r — m 

retained equations; hence these r — m equations are a complete 
system. Any integral is an indicial function, and the complete 
system of r — m equations in r variables possesses m independent 
integrals ; hence, under the conditions associated with the preceding 
determinant, the group possesses m indicial functions. 

Note 1. The number of indicial functions of a group subjected 
to a contact transformation is unaffected by the transformation. 
Let the transformed group be u^\ ..., w/: then, as in § 137, we 
have 


{Ui, U,') = (Ui, Uj), 
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so that the critical determinant and its minors are unaltered, and 
therefore the number of indicial functions is unaffected. 

Note 2. The number of indicial functions of a group is 
independent of the form of the group. 

Let C/i, Ur he a form of the group Ur, so that the 

Jacobian 

Ur) 

does not vanish, because the functions U, . . . , Ur are independent. 
Now 

for i=l, ..., r; hence every function, which is indicial for the 
form Wi, ..., is indicial for the form Uj, Uri and, as the 
determinant of the coefficients of (ui, f), ..., (ur, f) is the non- 
vanishing Jacobian, every function indicial for the form Z7i, ..., U^ 
is indicial also for the form Ui, ..., 

Note 3. The critical determinant is obviously skew : it 
vanishes if be odd. Hence every group of odd order possesses 
at least one indicial function. 

Note 4. When there are m indicial functions, they are the 
independent integrals of r — m homogeneous linear equations in 
r variables. The actual expression of the indicial functions may 
therefore be assumed known, on constructing the integrals of those 
equations by any of the methods explained in Chapter iii. 

JSa:. The functions 


form a group of order three, because 

(Uu W2) = %, {Uu W3)= (^2, W3) = 2W2. 

The critical determinant is 

0 , tts , -2wi 
-Wg, 0 , 2^2 

2 « 1 , -2U2y 0 

it is easy to see that 1, so that the group possesses one indicial function. 
This indicial function satisfies the equations 
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which are equivalent to two independent equations. These possess one 
integral; it is easily found to be 

which accordingly is the indicial function of the group. 


It has been seen that a group w,, determines a reciprocal 
group Vj, ..., Van-r, the members of the latter being the 2n — r 
independent integrals of 

(«i,/) = 0, (iv,/) = 0; 

and any integral of these equations is expressible in terms of 
Vi, Van-r. Now the indicial functions of the original group are 
integrals of these equations ; hence there are m relations between 
the members of the two groups of the form 

Ui(Ui, = ....fan-r), 

for 1 = 1, ..., m. 

Conversely, a relation of this character implies the existence 
of an indicial function : because, as the equations 

(«1, /)=0, (Ur, /) = 0, 

are satisfied hTf=Vi, ..., we have 

(ui> <t>i) = 0, ..., <#>t) = 0, 

that is, 

(Wl, Ui)^0, ..., (Ur, Ui) = 0, 


shewing that is an indicial function. Denote the value of this 
indicial function by Wi, so that Wi can be expressed in terms of 
-Ml, ..., w,. alone, and therefore Wi belongs to the original group: it 
can be expressed in terms of Vi, ..., alone, and therefore Wi 
belongs to the reciprocal group. Owing to the reciprocity between 
two polar groups, we know that r independent integrals of the 
equations 

(Vl, 9) = 0, S')=0 


are ..., 
it follows that 
and therefore 


As 

(Vi, Ui)^0, ..., (Van-r, = 0, 
(V,, Wi) = 0, (V^r> t^t) = 0. 


Now Wi can be expressed in terms of Vi, ..., Van-rJ hence Wi is an 
indicial function of the reciprocal group. 



354 CANONICAL FORM OF [ 139 . 

Gathering together these results, we can enunciate them as 
follows : — 

Two reciprocal groups and Vi, have the same 

indidal functions Wi, w,n- eadstence of each indicial 

function implies the existence of a relation between functions of the 
two groups of the type 

Ui(Ui, Ur) = Wi = 4>i{v„ .... Vm-r), 

for t = 1, m. 

Corollary. If a function belongs to two reciprocal groups, it 
is an indicial function for each of them. 

Ex. In an earlier example (p. 352), it was seen that 

X^X^, X\X2^ y^—P\X\-\~ p<^X2 

form a group of order three. The reciprocal group is of order five, and is 
composed of five independent integrals of the equations 

(Wi,/)»»0, (W2,/)==0, (t^3,/)“0. 

Five such integrals can be taken in the form 

Vi^PiPz-x^x^, 

^PzP\ ~~'X\X^, 

V3=/?liD4~^2^8, 

'Ok^PzPz- 

n ^Pi xx -P 2 X 2 +pz^z -Pk ^\ » 
which accordingly constitute the reciprocal group. 

It was seen that is the indicia! function of the original group : 

it is therefore, by the preceding theorem, the indicial function of the 
reciprocal group, and one relation must subsist between the functions 
the functions V 2 , v^, v^, v^. It is easy to verify that 

-h 4wi % =*^^6* 4* ^Vi ^2, 

the common value of these quantities being the indicial function for the two 
groups. 

Canonical Form of a Group. 

140 . When a group is a system in involution, it is obvious, 
from the characteristic equations 

(Mi, Uj) = 0, 

that every member of the group is an indicial function. 
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Also, if a group of order r certamly possesses r — 1 indicial 
functions, it is a system in involution; for if Wi, are the 

indicial functions, and if v is the other member, 

(v, = l/r-i) = 0, 

that is, 

v) = 0, v) = 0; 

therefore v is an indicial function also, and the group is a system 
in involution. 

Hence, if a group of order r is not a system in involution, it 
cannot possess more than r — 2 indicial functions. We now pro- 
ceed to obtain, for groups that are not systems in involution, a 
canonical form which shall obviously shew the number and the 
incidence of the indicial functions of the group*: the main result 
is contained in the theorem : — 

The order of a group, that is not a system in involution, exceeds 
the number of its indicial functions by an even integer ; and a group 
of order 2q 4- m, which possesses m indicial functions, can be trans- 
formed into a group Xi, ..., Xq^m, Pi, Pq, such that 

(Xi,Xj) = 0, (P„P.) = 0, (X,.,P,) = 0, 

for which i and ^* = 1, q-\rm\ p and k — 1, q I while i and p 
are u/nequal to one another. 

It will appear that the unity, as the value of (P^, X^, is merely 
a determinate constant: and it is clear that Xq^^, ..., are 
the m indicial functions of the transformed group. The form, thus 
selected for the group, is usually called the canonical form. 

The proposition is established as follows. Let the group be 
of order r and let its members be u^, ..., Ur \ also, let m be the 
number of indicial functions so that, after the earlier explanations, 
m^r — 2. Suppose that is a member of the group which 
is not an indicial function: then not all the quantities {ui, u^), 
(ui, %), (i^i, Ur) vanish, and so the equation 

(Ml, = “2)^+ ••• +(“l> 

* It is unnecessary to deal with a system in involution : every function is 
an indicial function: and every form of the group is a system in involution. 
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is possible and possesses integrals which, being functions of 
Ur or of some of them, belong to the group. Take one of these 
integrals, and let it be denoted by thus 

(wi, -^ 2 )= 1. 

Now consider the two equations 

{u^ w) = 0, ( 1 ^, v) = 0; 

they are a complete system, because 

(Wi (^^ 2 , v)) - {u^ (wi, v)) = ((wi, ^^ 2 ) v) = (1, v) = 0. 

In full expression, they are 

dv . . dv ^ . dv . 

dv , . dv . \ ^ 

__ + + 

they determine v in terms of Uj, m,; and being a complete 
system of two equations in r variables, they possess r — 2 function- 
ally independent integrals. Let these be Vj, Vr- 2 , which 
accordingly are independent of one another ; also they are functions 
of th, w,. 

Then Mj, v^,Vi, are a set of r independent functions: 

for otherwise, some relation 


g{u^, Mj, »!, ..., l>r_a) = 0 

would be satisfied identically, and then 


0 = («i, 9 ) = (Mi, «,) 


0M2 


+ (Mi, »i) ^ + • • • + (Mi. S'r-j) 


9.9 

SVr-, 


dll,’ 


0 = («». ^) = - 


du,’ 


SO that ff would not involve or t^, and the relation would subsist 
between Vj, ..., Vr^, which are known to be functionally inde- 
pendent. Hence our original group can be replaced by a group 
Ui, U 2 , Vi, ..., Vr-3 such that 


(wi, Ws) =1, (wi, Vi) = 0, (us, Vi) « 0, 

for i =■ 1, . , . , r — 2, We have seen (§ 139, Note 2) that the number 
of indicial functions is independent of the form of the group ; and 
it is clear that neither nor is an indicial function. 
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Let be the polar of the original group, so that 

(^ 1 , Wi) = 0, (u^, Wi) = 0, 

for ^ = 1, . . . , 2n — r; and as the 2n — r quantities form a group, all 
the quantities (wi, wj) are expressible in terms of Wi, ..., 

Then Ui,u^,Wi, form a group: for they are 2/i — r + 2 

independent functions and, as 

(Wi, 'ih) = 1, (l^i, tVi) = 0, (Wa, Wi) = 0, 
all the combinations of members of the group are expressible in 
terms of those members. Now 


(?Ji, %) = 0, {vi, U. 2 ) = 0, {vi, Wj) = 0, 

for 1 = 1, . . . , r — 2, and J = 1, . . . , 2n — r* : the first two are the equa- 
tions defining Vi, and the rest are satisfied because Vi belongs to the 
group that is reciprocal to tt;,, ..., Hence Vi, ..., Vr -2 is a 

group reciprocal to Ui, Wi, ..., so that ..., Vr -2 is a 

sub-group of the group Ui^u^yVi, ..., Vr- 2 > Moreover, the indicial 
functions of our group are functions of Wj, u^y Vj, ...,Vy_ 2 ’ denoting 
any one of them by d{uiy Vi, ..., Vr-^y we know that the 
equations 

{llu 0) = 0, (U^y 6) = 0, (Vi, 0) = 0, ... , (Vr-3, ^) = 0 

must be satisfied. The first of these equations is 


so that 0 does not involve u ^, ; the second is 


dui 


= 0 , 


so that 0 does not involve and so ^ is a function of Vj, ..., Vr^, 
Thus the group of order r possessing m indicial functions has 
been transformed into another group 


Uiy U^y Vi, ..., Vr— 2 j 

the quantity (Wi, ^ 2 )=!^ aiid the r — 2 quantities Viy ..., 
constitute a group of order r — 2, possessing m indicial functions. 

If the group Vi, ..., Vr -2 is a system in involution, then, as it 
possesses m indicial functions, we have 

m = r — 2 ; 

and writing 

Px==tUiy Xi=^Uiy .^2 = Vi, 1 = Vr— ai 
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we have 

(P„Z0=1, (Pi,X^) = 0, (Z„Zi)-0, (Zi,Z^) = 0, 
for i and j = 2, . . . , r — 1. The reduction, indicated in the theorem, 
has been made. 

If the group Vi, ..., possessing m indicial functions is not a 
system in involution, so that m < r — 4, then we transform it in 
the same manner as the original group was transformed. It can 
be made to take a form 

Za, Pj, W„ ..., Wr-4, 

"where 

(P„ Xa) = 1, (Pj, Wi) = 0, (Xj, Wi) = 0, 

for t=l, ...,r--4; and then Wi, ...yWr-^ constitute a group of 
order r — 4, possessing m indicial functions. The original group 
has thus been changed to the form 

***> 

such that 

(P„Z0 = 1, (Pa,Za) = l, (Z„Za)=0, (Z„ P^) = 0, 
(Za,P0-0, (P„Pa)»0, 

(Zi, Wi) = 0, (Za, W^) = 0, (Pj, Wi) = 0, (Pa, W^) = 0. 

If the group -Wi, . .. , Wr -4 is a system in involution, the required 
reduction has been effected : and, as the group possesses m indicial 
functions, we then have 

m = r — 4. 


If the group Wi, ..., Wr^ is not a system in involution, we 
proceed as before. At each stage in the successive changes, we 
isolate two functions Zi and Pi such that 

and we are left with a group of order r — 2i possessing m indicial 
functions. Ultimately, we shall reach a stage when this remaining 
group is a system in involution, so that 

, r 2g = m ; 

the isolated pairs of functions are 

Zg, PsJ ...j Xq, Pg', 

the remaining functions, being (as stated) a system in involution, 
may be represented by Z^+i, Xq^y such that 
(X^, Xj+y) = 0. 
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The original group of order r, possessing ni indicial functions, has 
been replaced by 


such that 


Xi, ...» X< 


q-^m* 


Plj . , Pqy 


for ^ = 1, ^ ; also 


(P^,P,,) = 0, (X^,Z,) = 0, (P^,xa = o, 


for fL and /c= 1, , g', and for t andy = 1, , 5- + m, the values of 

fjL and t being unequal. Also 

r — m = 2^. 

The proposition is thus established. 


Note 1. Obviously Xi, , X^+g, a group of order m + g, is a 
system in involution : hence (§ 138) 

Note 2. It is obvious that, on account of the relations 
(P„X,)=1,...,(P„X,) = 1, 

no one of the functions Pj, Xi, ..., P^, Xg can itself be an indicial 
function. It is equally obvious that, on account of the relations 

(P^,Xg+i)=0, (X„Xg+0=O, 

{Xq+i, Xq^j) = 0 , 

for 1, ..., q, and i and y == 1, m, the quantities Xg+i, ..., 
Xq^m are indicial functions. 

If it were possible to have any other indicial function, say 
g (Pi, . . . , Pg, Xi, . . . , Xg+,n), it would have to satisfy the equations 

(■Pm.S') = 0. S') = 0, (Z,+<, 5 r) = 0, 

for = 1, . . . , g, and i = 1, . . . , m. The first set of these equations is 



the second set is 



and the third is identically satisfied. Thus g does not involve 
Pi, ..., Pg, Xi, , Xg: and every indicial function is expressible* 
in terms of X'g.^i, Xq^-m^ 

* This is only another way of stating that, as the group ..., is 
in involution, any form of the group is in involution. 
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Note 3. The relation 

r -- 

enables us to verify the former result (§ 139, Note 3) that a group 
of odd order cannot be devoid of indicial forms. If 


then 


r* = 2p + 1, 
m = 2jp — 2^^ + 1, 


so that the number of indicial functions possessed by a group of 
odd order is certainly odd. 


Ex. 1. On p. 362, it was seen that the functions 


- ^3^4» '^^'Pi'Pk - ^1^2, -f />2^2 -^^3^3 

form a group of order 3 : and, as 

{Ui , M 2 ) = Ms , (Ml , Ms) = - 2 Mi , (M 2 , M 3 ) = 2M2 , 

this group is not a system in involution. 

The canonical form can be obtained as in the text. Obviously Mi is not 
an indicial function : consequently, we require an integral of the equation 


that is, of 


An integral is given by 


(Ml, ^) = 1, 


Ms ; 


3d 




1 . 


d=- 


2Mi’ 


so that two functions for the canonical form are 


Pl = M,, Xi=-- 


% 

2 z 4 i ’ 


The former equation is 


One other function is required : it must be a common integral of 

(Pi,<^)«0, (Ai,0)=O. 

3<^ 30 

and the latter, after reduction in conjunction with this equation, is 

30 30 „ 

A common integral is given by 

0 = M3* + 4MiM2. 

Accordingly, we take 

Pl = Mi, A2 = M3® + 4 MiM2: 

we have 

(Pi,Zi) = l, (Pi,X2)-0, (Ai,A2)=0, 


which is a canonical form. Obviously, X% is the one indicial function of the 
group. 
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Another transformation arises by taking 

JTjss--— ^2 — » 

% 

and again, another, by taking 

Pi=»M 3, Xi=il0gWi, A2*W3^ + 4ttiW2- 
Both of these are canonical : they satisfy the equations 

(A,Ai) = l, (Pi,A2)=0, (^i,A2)=0. 

Ex. 2. On p. 354, it was seen that the functions 

Vi ^PiPz - ^2^4, «^2 =P2P4 - 

^^3=i>i;>4-^2^3, Vi=p2Pz-XiX^, 

Vs=PiXi - jt>2^2+jt>3^3 “P4^4, 

form a group, being the reciprocal of the group M 2 , ^3 in the preceding 
example. 

Introducing a quantity where 

t^Pl^l-p2^2-P3^3-^PA^iy 

SO that 

^2 ^ _ 4yg 2^4 , 

obtain a canonical form for the group, given by 

Pl«Vl, 

F _ 

2vi’ 

P2^V3, 

Y ^ 

2"i.? 

A3 = V52 + 4ViV2, 

so that 

(Pl,Xi)=l, (P 2 ,X 2 )- 1 , 

and all other combinations of the functions in this form of the group vanish. 

141. Next, when a group of order m + 2g, having m indicial 
functions, is given in canonical form, it can he amplified, hy the 
association of 2?i — (m 4 " 25 ') approjyriately determined functions, 
so that the 2n functions are a group of order 2n in canonical form. 

Let the group be 

-^1, -Pi, •••> ^qt ^q> ^q-\-\> •••> -^g+wii 

with the preceding notation, so that Xq^i, ..., Xqjf.m are the 
indicial functions of the group. 

Suppose that is omitted ; the surviving m + 2g — 1 func- 
tions form a group having m — 1 indicial functions. Form the 
reciprocal of this diminished group ; this reciprocal contains 
and other 2n — (m4*2^) functions. Now does not belong 

to the diminished group and therefore it cannot be an indicial 
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function of the reciprocal group ; and therefore, as in the preceding 
investigation, we can determine a function of the other 

%n — {m-V2q) functions in the reciprocal group such that 

(P 9+1 » ^9+1) ~ 

Moreover, -^9+1 cannot belong to the original unmodified group : 
if it were expressible in terms of the members of that group, we 
should have 

(■^9+1 > ^ 9+1) ~ 

because Xg+i is an indicial function of the unmodified group. 
Also, as P9+1 belongs to the reciprocal of the diminished group, we 
have 

(P,+„Pd=o, (P,^„x,)=o, (P,+„ = 

for I = 1, . . . , g, and s = 2, . . . , m. Hence, when P^+i is associated 
with the original unmodified group, we have a new group 

A"i, Pi, ..., Xg, Pg, Xg^l, P9+i> X^+2, Xq^mi 
which is in a canonical form and possesses m — 1 indicial 
functions. 

Repeating this process m — 1 times so as, on each occasion, to 
associate a new function P with the group and to diminish the 
number of indicial functions by one unit, we ultimately obtain a 
group 

Xi, Pi, ..., Xg+j/i, P 9+m> 

which is in a canonical form and possesses no indicial functions. 
We have seen (§ 140, Note 1) that 

g + n. 

If g + m is equal to n, the required amplification of the original 
group has been efiected. 

If g + w is less than n, take any member of the group 
reciprocal to 

Xii Pi, ..., P 9+wi> 

and denote it by Xg+,«+i. Associating it with this group of order 
2g-f-2m, we have a new group of order 2g + 2m + l, possessing 
-S^9+m+i as its one indicial function. We then apply the earlier 
process so as to determine a new function P9+m+i • and we have a 
new group 

Pit •••> -^9+m+i> •p9+m+i> 

which is in a canonical form and possesses no indicial function. 
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Proceeding in this way, by associating alternately a function 
X and a function P until the amplified group is of order 2n, we 
ultimately obtain a group 

Xlf Ply X^y P n, 

which is of order 27i, is in a canonical form, and possesses no 
indicial functions. 

Ex. Let it be required to achieve the first stage in the completion of the 
group Viy V2, v^y v^y which is given in § 140, Ex. 2, so that it shall have a 
canonical form. 


As there indicated, we take 

Pl’=Vi, ^1=-^, i’2=®3, X2=-^, X3=V + 4t>ll>2; 

the required first step towards completing the group is to determine a function 
Ps such that 

(Ps, JTs)**!. 

For this purpose, we need a set of four independent integrals of 
(Pi,^) = 0, (Xi,^)=0, (P2,^)=0, (A2,^)-0, 
or, what is the same thing, four independent integrals of 

(t;i, ^)«0, K, ^)=0, (vs, ^)=0, {ty6)^0. 

Also, we know that the group ViyV^y Vs, V4, (or, what is the same thing, the 
group Viy v^y vsy ty is the reciprocal of UiyU^yU^) so that three independent 
integrals of the preceding complete system of four equations are given by 
Wi, W2, Moreover, 

As = + 4vi V2 = Ws^ + 42^1242 ; 


so that what is needed is an integral of those four equations, independent 

of Uly U 2 y M3. 

“bo 

Expanding the equations in full, resolving them so as to express 

0 d , . , . de de de . . ^ * 

0 T 2 ’ as^ 3 ’ Si; ^ W ¥.' ¥i’ 

them either by Jacobi’s method or by Mayer’s method (Chap, iv), we find 


Pi 

UuU2y 

X2 

as four independent integrals, so that — is the fourth integral required. 

X2 

The quantity P3 is to be a function of Ui, M2, M3, ~ , such that (Ps, As)*® 1. 

X2 

Now 

(Ml , v) = m2, (M 2 , m) = - 1, (Ms, t») = 2 m, 

so that 

(As, m) = 4(m2v2+M3M-Mi): 

and we know that 

(As, Mi) = 0, (As, M2)«*0, (As, «8)=0. 
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Hence ie given by 


p { ^'0 

* y4(«i— J«3» — 

where constant in the quadrature: that is, 

\X^^Uo-2u2v/ 


Two more steps are needed in order to obtain the complete group ex- 
pressed in canonical form. We first require the group of two members which 
is reciprocal to Pu ^ 2 ) ^ 2» ^s; or, as wj, wgj is the group 

reciprocal to JTi, Pi, X2, P2, -^3, we require a function 6 of % such 

that 

(-^ 3 » ^) = 0 . 

There are two such functions, independent of one another : let them be Wy 
and w^. As 

(P3,X3)-1, 

^2> -^3 are three independent functions of 2^1, 2/2 » ^3* We then take 

X 4 = 2 ri. 


The last step is the determination of P4 as a function of 2^2 and the other 
functions Wy^ P3, X3, P2, X2, Pi, Xi, such that 


(P 4 , X 4 )s=l : 

or since 

(X4,2^i)«0, (X4,XO-0, (X4,PO=0, 

for 1, 2 , 3 , we have 


~ f 

*~J(W2, M>i)’ 


where {w2f Wy) should be expressed in terms of 24^2, «^i, P 3 , X3, P2, X2, Pi, Xi 
and, for the quadratures, 24^2 should be regarded as the only variable. 


Groups of Functions and Contact Transformations. 

142. The preceding results can be used to establish an 
important property of groups, viz. when a group of functions is 
subjected to a contact transformation, there are two invariants, 
being the order of the group and the number of indicial functions; 
and when two groups in the same variables have the same in- 
variants, they can be transformed into one another by a contact 
transformation. 

The first part of this proposition is merely a restatement of 
two results already established. It was seen, in § 137, (vi), that a 
contact transformation does not alter the order of a group ; and, in 
§ 139, Note 1, that a contact transformation does not alter the 
number of indicial functions. 
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For the second part, we express each of the groups in a 
canonical form : as the orders are the same, say 2q + ray and as the 
numbers of indicial functions are the same, say w, the canonical 
forms of the groups may be expressed by 

•••> ^qy Pqy ^q-^ly ••• y 

Fl, Ql, ..., Fg, Qg, Fg+1, Yq+m y 

respectively. The former group can be amplified into 

^ly P\y •••> Xny ^lly 

and the latter can be amplified into 

YnyQn^ 


Now, on account of the relations 


(P,,X0 = 1, (Pi, Pj) = 0y (Pi,X,) = 0, (X,,X,.) = 0, 
for ^ and j = 1, ... , n, with unequal values for i and J, the equations 


X^' — Xf^y P/=P^, 

for fi = l, . . . , riy determine a contact transformation ; and the 
equations 


for the same values of fiy similarly determine a contact transforma- 
tion. Consequently, the equations 

= yjyi, p^ == Qfj,y 


for ^l — ly ...yUy determine a contact transformation, which mani- 
festly transforms the one group into the other. 


143. We have seen that, when a group of order 2q-\-ra pos- 
sessing m indicial functions is expressed in a canonical form 

Xl , P\ y . . . , Xg , Pg , Xg^l , . . . , X q^jf^ , 


the ^ + m quantities Xj, ..., Xq^m, are such that 

(X,,X,) = 0: 

that is, the group contains a sub-group of order -f m which is a 
system in involution. It will now be proved that any sub-group 
which is a system in involution is of order not greater than q + m. 


Let a sub-group, being a system in involution, be 

Ziy 

Conceive the original group amplified so as to be of order 2n, 
expressed in canonical form by the association of n — 5 functions 
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P^i, Pn and of — m functions Xn- Now 

these n — q — m new functions X are themselves a system in 
involution: they are in involution with every member of the 
original group, and therefore with -2^^: and therefore 

Zn Xq^Yn,+\i •••)Xn 

is a system in involution. The order of a system in involution 
cannot be greater than n (§ 138): hence 
/Lt+ri — g— m<n, 

that is, 

fM^q + m, 

Further, this result can be used to obtain an upper limit for 
the tale of indicial functions, when the group is of order greater 
than n and therefore is not a system in involution. Let 

r = 2g + w = 71 + A;, 
where k is positive : then as 

q + m^riy 

we have 

271 ^ 2^ + 27?i 

^ 7w + 71 + A;, 

and therefore 

so that a group of order ti + A: cannot possess more than n--k 
indicial functions. 

144. It is of importance to be able to construct the sub-group 
of greatest order q^^-m which is a system in involution. Denoting 
the group by 

Uif • • ♦ , U^^ffi , 

we first determine the m indicial functions as the m functionally 
independent integrals of the equations 

(%, ^) = 0, (Wag+n», ^) = 0, 

making Wj, ..., ttjg+ni the independent variables. This system of 
equations is equivalent to 2q linearly independent equations and 
is a complete system : it can be integrated by any of the methods 
in Chapter iii. Let the m independent integrals be 

t'l, 

which are therefore the m indicial functions and can be taken as 
m members of the required sub-group. 
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Now let Ui denote a function of the group, and suppose that it 
is not an indicial function so that it cannot be expressed in terms 
oivyy Vw Then, for the equation 

(wi, 6 ) = 0, 

where 6 is regarded as a function of the members of the group, we 
know m + 1 independent integrals, viz. Vj, Vm, and the 
number of variables is 2q + m; hence it possesses 2q — 2 other 
independent integrals. Assuming that q is greater than unity, let 
Wz be one of these other 2q-‘ 2 integrals : then w^, .... Vm 

are in involution with one another. 

Again, for the equations 

(u„ 0) = O, (w,, 0) = O, 

where 6 is regarded as a function of the members of the group, 
we know that it is a complete system in the 2q + m variables; 
it therefore possesses 2^^ + m — 2 independent integrals. We 
already know m 4- 2 of these integrals, in the form 
hence there are 2^ — 4 other independent integrals. Assuming 
that q>2, let be one of these 2g — 4 integrals ; then w^y 
Vu ..., Vm are in involution with one another. 

Proceeding in this way, we shall (after — 1 similar stages) 
have obtained ^ + m functions, independent of one another and in 
involution with one another ; the aggregate is a sub-group of the 
greatest order that permits it to be a system in involution. 

Application of Groups of Functions to the Integration 
OF Systems of Equations, 

146. As our main purpose, in connection vnth these groups of 
functions, is their application to the integration of a system of 
differential equations in one dependent variable, we shall not 
pursue the further development of their properties which will be 
found in Lie's treatise already quoted (p. 344): we proceed to 
apply them for the purpose of integration. 

Accordingly, let the equations 

yi = 0, 

be a system in involution : they may be a system initially given, in 
which case there is no question of arbitrary constants occurring in 
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them : or they may be a system in a stage of gradual construction 
as in Jacobi’s method, in which case some at least of the quantities 
fly will contain additive arbitrary constants. Suppose also 

that independent integrals ..., 4>r of the complete system of 
equations 

have been obtained, and that the Poisson- Jacobi theorem has been 
applied so as to give all the integrals of the type (^i, <^j) that can 
thus be constructed. Then the set of functions in the aggregate 
/l, constitute a group : and f, certainly are 

indicial functions of this group. It may happen that /, ...,/^ do 
not complete the tale of indicial functions of the group : if they do 
not, let ...yfm be the other independent indicial functions of 
the group, so that 

constitute a system in involution. Moreover, as r -f /i is the order 
of a group which possesses m indicial functions, we have 

r -f- /Lt - m = even integer 
= 2q, 

say, where g is a whole number. 

It has been proved that a group of order m -f 2q, possessing 
m indicial functions, contains a sub-group of order m + q which is 
a system in involution ; and consequently, our group of order r-hfi 
contains a sub-group of order m + q^ which is in involution and of 
which m members are given by 

fly •••yfm • 

let the other members of this sub-group be fmM> •••yfm-^q- Then 
the integration of the original system of ya equations in involution 
is reduced to the integration of the modified system of 

equations in involution : as fiy the modified form of the 
problem is usually simpler than the original form. 

To complete the integration, we need integrals of the complete 
system 

{fly 0 , ..., i^fm^qy = 0 ; 

by the earlier theory, this is known to possess — q inde- 

pendent integrals. Of this aggregate m + ? integrals are known. 
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being fi, so that other 2n — 2m—2q integrals are 

required. 

If? + m = n, the complete aggregate of integrals is possessed. 
If ^ + m < n, then we can conceive that the proper number of 
integrals necessary to complete the aggregate has been determined, 
e.g. by Jacobi’s method as amplified by Mayer. Let this aggregate 
be denoted by 

yi ~ 0, . . . , = 0, yii-fi ~ , • • » ) fn “ ^n— 

where we can take aj, to be arbitrary constants. 

The construction of the integral of the system of equations 
now proceeds as before. If the n equations can be resolved so as 
to express pi, in terms of a?i, ..., aj, ... , then, when 

the resolved values are substituted in 

dz ~ p^dx^ -h ... -\-pndxny 

a single quadrature leads to an equation of the form 

^ + C = Xny «!, ..., an-^), 

which is the complete integral of the system : and the remaining 
integrals can be deduced by the known general theory. If, how- 
ever, the n equations cannot be conveniently resolved for jo,, . . . , ^n, 
we determine a function 11 from the equations 

(n,/) = - I pM, 

for ^ = l, ..., n, by a quadrature (§ 130): the complete integral 
of the system of equations is then given by 

Z — C=^Ily 

and the other integrals can be deduced as before. 

A sufficient indication of the method has been given : for 
further developments, reference may be made to the authorities 
quoted (p. 314) at the beginning of this chapter*. 

* Special reference should be made to two memoirs by Lie, Math. Ann., t. ix 
(1876), pp. 246—296, ib., t. xi (1877), pp. 464—657. 



CHAPTER X. 


The Equations of Theoretical Dynamics. 

The present chapter is devoted, more to matters cognate with the theory 
of the integration of partial differential equations than to the theory itself or 
to processes of integration. 

The only process of integration included is that which is commonly called 
the Jacobi-Hamilton process : in order to make it more easily comprehended 
and to shew the source of its inspiration, a brief account of Hamilton’s 
investigations in theoretical dynamics is prefixed. 

The analysis shews once more, as so often before in the processes already 
explained, the close relation between the integration of a partial differential 
equation and the integrals of the set of ordinary equations, sometimes called 
subsidiary equations, sometimes the equations of the characteristics, here a 
canonical system. Some properties of canonical systems are given : but there 
is not an attempt to deal with them exhaustively because, as every property 
of such a system can be expressed as a result in theoretical dynamics, they 
really belong to the subject of theoretical dynamics. 

The older development of theoretical dynamics was due mainly to 
Lagrange, Poisson, Hamilton, Jacobi, Donkin, Bertrand; and expositions of 
that theory will be found in Jacobi’s Vorlemngen iiher Dynamik^ in 
Imschenetsky's memoir* Sur Vintigration dea eguatiom aux d4riv4e& partielles 
du premier ordre^ and in Qraindorge’s treatise hxUgration dee ^q'iiatione de la 
micanique. Further developments have been effected by Routh and are 
expounded in his Treatise on the Dynamics of Rigid Bodies. 

The subject has developed in a different direction, since the application 
of Lie’s theory of contact transformations to a quite general canonical system 
and the discovery of his important proposition that such transformations at 
once conserve the form of a general canonical system and are the only 
transformations which do conserve that form — a result that enables many 
older properties to be seen in an entirely new relation. An account of this 
theorj and of the mode of development will be found in Dziobek’s treatise t 

* Translated from the original Russian by Hoiiel, and published in Orunert^s 
Arehiv, t. l (1869), pp. 278 — 474 ; see, in particular, chapter vii of the memoir. 

t An English translation was published in 1892 (The Inland Press, Ann Arbor). 
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Die mathe7ncUische7i Theorien der Planetenhewegungm (Leipzig, 1888), Section ir, 
and in Whittaker’s Arwlytical Dynamics (Cambridge, 1904). Reference may 
also be made to an interesting paper by E. 0. Lovett*, which gives a critical 
and historical account of the subject. 

While these results hold of quite general systems, they are an incomplete 
statement of the case (particularly as to contact transformations being the 
only transformations which conserve the form) for particular given systems. 
Lie’s original memoir + discusses the whole matter. The present chapter 
purports to give indications of the theory as connected with the theory of 
partial differential equations; it does not aim at being an introductory 
account of theoretical dynamics, as developed on the lines of Lie’s theory. 


Hamilton’s Characteristic Equations. 

146. We have seen that Cauchy’s method of integration 
introduces the notion of initial values of the variables and utilises 
them in the expression of an integral. The same idea was used 
by Jacobi in developing some researches of Hamilton on theo- 
retical dynamics where such initial values had been used : and in 
connection with the idea, he devised a method of integration, 
which is sometimes called Jacobis first method and more often the 
Jacobi- Hamiltonian method. The details of the method differ 
from those in Cauchy’s method : but on account of the ideas and 
the results, both Lie and Mansion claim J the method as Cauchy’s. 
Some account of the method will be given here, partly because of 
its close association with methods and results obtained in the 
region of theoretical dynamics when the equations are taken in 
their canonical form. Later researches in some branches of this 
subject have diverged from the earlier course, mainly because of 
the application of Lie’s theory of contact transformations. 

In treatises concerned with the dynamics of systems of bodies§, 
it is shewn that the equations of motion of a holonomic system 
can be expressed in a form 

dOi ^dH dui _ dH 

dt dui ’ dt dOi ’ 

* “ The theory of perturbations and Lie’s theory of contact transformations,” 
Quart. Journ. Math,^ t. xxx (1899), pp. 47 — 149. 

t “Die Storungstheorie und die Beriihrungstransformationen,” Arch./. Math, 
og Nat., t. II (1877), pp. 10 — 38. 

X See Part i of this Treatise, p. 183, foot-note. 

§ Such as Bouth’s Treatise on Rigid Dynamics ; see vol. i, ch. vui. 
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for 1 = 1, m, the quantity H being (in the simplest case) the 
total energy of the system expressed in terms of t and of the 

variables Ui^ The form is usually associated with the 

name of Hamilton, as having been obtained by him*. 

The following derivation of this result in the simplest case 
will give some indication as to the source of the transformation 
adopted by Jacobi in his method of integration. Denoting, as 
usual, the kinetic energy of the system by T and its potential 
energy by F, by ^j, ..., Srn the m independent coordinates of the 
system, and by 0i\ ..., OJ their derivatives with regard to the 
time t, we have Lagrange’s equations of motion in the form 


d fdT 


dt \ddi'. 


a«i 5ft 


Introducing a function X, such that 

L = T--V, 

and noting that V does not involve 6i, ..., 6m' , we have the 
equations in the form 

d / dL \ dZd 
dt 


The function H is defined by the equation 




dL 

dO' 


•f 


, dL 
dd' 


L, 


the form of which has analogies with Legendre’s contact trans- 
formation; and it is convenient to introduce variables Wj, ..., 
such that 

dj^_ 

der'"'’ 

for 1 = 1, m. Thus 

H = S^Ui -f . . . -f 6m Um — X, 

and therefore 


dS = Uy d6y 4- . . • + + 6idui . . . + dUm 

-(uyd0,' + ... + u„d0j + ^^de,+...+^dern+~ 

= + . . . + e^du^ _ II _ . . . _ ^ dt. 


Phil Trans,, (1884), pp. 247—308, (1835), pp. 95—144. 
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In its initially defined form, ^ is a function of 0ni* 

0\, •••, ict its expression be supposed changed, by means of 
the m equations 

ax _ 


SO that it becomes a function of Uj, 
variables being replaced by Wj, 

foregoing differential relation gives 

dui ^ dt ’ 

dOi ~dOi 

/^\ 

dt \dea 

_ dui 
~ dt * 


dvn, t, the 
Then the 


for t=l, m: and these equations are frequently called the 
canonical form of the equations of motion. 

Now 

H = t/j 4“ . . . -f- OfYi UfYi L, 

so that, as 

ax 


7='Wi, 


dSi 

for t = l, ..., m, we have 

dH ==e'du, + ... + e^du^ -^d0^-...-^d0r^-~dt. 

Hence, when H is expressed as a function of ^i, . . . , . . . , 

through the removal of ^/, ..., 0^' by means of the equations 

ax 


we have 


for r — 1, ..., m; thus 


dOi 

dJI 

dUr 






and therefore 


„ dH^ ^ dH j. 

dH dH o- 

X — t/j X . 4- X xz , 

dUi dUr 


so that the relation between X and H is reciprocal. 
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This is true when t occurs explicitly in L and in JET: it can 
easily be verified, in the simplest case, when neither T nor V 
involves t explicitly. Then T is a homogeneous quadratic function 
of the second order in ..., 6m\ so that 


that is, 

that is, 
and therefore 






^1*+' ••• + Ufn = 2r, 


= r+F, 

so that, in this case, H is the total energy of the system. Also, 
as the equations 


in this case determine di^ . . . , as quantities linear and homo- 

geneous in Wj, ..., tfcm, the quantity T is a homogeneous quadratic 
function of the second order in %, ..., after the change of 
variables is effected, so that 


and therefore 


dT 

dT 


dUm 

dH 

dH 



2T-H 

dH 

iff 




consequently. 


so that, as before, H and L are reciprocal to one another in form. 
The preceding analysis shews that, when L is derived thus from 
the function H, and when it is expressed as a function of 
^i> •••> ^ 1 , •••> by means of the equations 


the equations 

I I 
dt \ 

for 1 = 1, . . . , m, are satisfied. 


d f 'bid \ bli 

dt 
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The canonical equations 

dSi _ dH ^ ^ 

dt ““ dui* dOi"^ dt * 

are the general equations of motion, whether H involves t 
explicitly or not ; but there is a substantial difference, as regards 
the relation of H to the equations, according as t does or does not 
occur in H. 

When t does not occur explicitly in H, we have 

dH ^ ^ fdH duf dH d6r\ 
dt ~r=l ^ dBr dt ) 

= 0 , 

that is, H is constant throughout the motion : or 

H = constant 

is an integral of the system, being of course the energy integral. 
Also, if 

/=/(wi, ^1, •••, = constant, 

be any other integral of the system, we have 

dt r^i \d0r dt dUr dt ) 

^ I y dj^ 

r=l Wr ^ 

= (/ 

in the earlier notation. Conversely, any quantity /, distinct from 
H, involving the variables but not involving f, and satisfying this 
equation, is an integral of the canonical system. 

But, if t does occur explicitly in H, then in connection with 
the system of equations we have 

dH_^dH 2 fdH dUr dH d0r\ 
dt ^ dt ^ Wr dt ^ dOr dt ) 

_dj[ 

“ dt ' 

which does not vanish : so that H — constant is not then an 
integral of the system. If 

^1, ..., = constant, 
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be an integral of the system, we have 

n = ^ = ^4. 1 + 

dt^ rz^i dt dUr dt J 

V 

dt r=l W^r dUr dSJ 

-!+<»• «>- 

and this is the partial differential equation which is characteristic 
of every function g leading to an integral of the system. It is one 
of the equations that occur in Hamilton’s theory : and (^, H) is 
homogeneous and linear in the derivatives of g, 

147. Another characteristic partial differential equation is 
derived by Hamilton through the consideration of the integral 

>Sf= Ldt, 

J to 

so that, in the most general case, 8 is sl function of t and to and 
also of the values* of ^i, Om' at t and at ^o- To 

obtain some of its properties, imagine a quite general variation 
and (in order the more simply to allow t also to undergo this 
variation) introduce a new variable 5, so that 

' ■” dt ^t' ds 

say, for i = l, . . . , m, where f ^ ; thus 

S=^jyL{t,e„ 

^ So 

where now all the arguments in \ are assumed functions of 5, and 
s itself is not subject to variation. Taking a variation t + ht, 
e,-^he 1 , ..«, find, as usual. 



* Only half of these 4m quantities can be taken as independent variables. 
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As s is at our choice, we shall choose it so that the equation 

(dX\ _ „ 
dt ds[dt')~^ 

is satisfied : the actual value of s is not required. Also 


, (1^) 


de;' 


so that 


dd^~^ 30/ 


dX d /dX\_ ,dL d f3L\ 


36^ ds \3<l)^ 


for all values of /j,. Hence 


= «' 

= 0 , 


30^ dt\30;J) 


BS 


i 

J 


— Bf 

3t' * ' r=l 


»» Pi\ 

^ —B0, 


•]; 


Now, as above, 
and 

consequently 


= ~Bt+X^B0y. 

Ot r=lO<Pr _]t. 


3X _ 3L 
3^r~W’ 

3t'~ ^'30r'’ 


88 = 




S 3L 


-HBt+ 2 


=:lOPr 


It is an immediate consequence that in any configuration, as 
developed from assigned initial conditions, the value of S at any 
time depends only upon the configuration at that moment and 
upon the initial conditions. 

To make these initial conditions precise, let 

0 ^ = when ^ = < 0 ^ for /A = 1, . . . , m, 

jj = j 




dLo 


do; 


\ = Cr, when i = ^o, for r = 1, . . , , m : 
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then we have 


dt ~ at. “ 
as _ 

a^r““"’ aSr“ 


H, 


\ 


Cr 


for r= 1, m. These are the values of the derivatives of S with 
regard to each of the quantities it involves. 

As our purpose is not the discussion of the organic significance 
of any property or group of properties of the quantities concerned, 
but only to indicate so much of the analysis connected with the 
equations of theoretical dynamics as will throw some light upon 
the analysis introduced into what is commonly called the Jacobi- 
Hamilton method, we shall indicate only one inference from the 
preceding equations. The quantity If can be expressed as a 
function of t, ^i, ..., w,, say 


If — (t, , . . . , ••• > ^m) > 

hence 8 satisfies the equation 


^1, ..., 0^, 


0(9/ 


dej 


0 , 


and this is another of the characteristic equations in Hamilton’s 
theory. Moreover, when H involves t explicitly, H is not homo- 
geneous in the quantities w, so that the equation satisfied by 8 is 
not homogeneous in the derivatives. 

If, however, H is independent of any explicit occurrence of t, 
we know that 


where is a constant ; and then 
so that 


and the equation satisfied by 8^ is 


h H {01, ..., 0fni Wi, .. 


Wm) 

"dOj- 


This is the modified form of Hamilton’s characteristic equation 
when H does not explicitly involve t : the right-hand is homo- 
geneous in the derivatives of S^. 
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148. These characteristic equations have been derived from 
the initial set of equations in the canonical form : the relation 
between them can be exhibited in another light. By the 
existence-theorem of a set of ordinary simultaneous equations 
of the first order*, the canonical equations 

dt dui ’ dt dOi ' 


determine the 2m quantities di, 0^, Wj, ..., as functions of 
t and of parameters, which are the values of those quantities when 
t — U: these are 

— 'tH—Ciy 


when t = ^ 0 - Now X is a function of ty B^y ... , Bmy B^y 
by means of the equations 




dE[ 


..., as. 


the quantities B^y ..., BJ are expressible in terms of tti, ..., Wm, 
it follows that L can be expressed as a function of ty B^y ..., B^y 
Uiy ..., Utn* When the integrals of the canonical system are used, 
they can express Ci, ..., in terms of the other 

quantities: thus L can be expressed in terms of •••> 

A, •••> therefore also A which is 

f'zdty 

J to 

can be expressed in terms of • • • , • • • , Assuming 

this expression effected, we have 

d0r~^^’ dfir~ 


which are 2m equations expressing Wi, . .., and Ci, . .. , in terms 
of tytoy Biy ..., B^y ply . . . , ^^ I that is, they are equivalent to the 
2m relations which are the integrals of the canonical system. 
Combining these results, we have the following theorem : — 


The system of ordinary canonical equations 

dBi _ dH dui ^ dH 
dt dui * dt ~ dBi * 


See vol. II of this work, § 10. 
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where jEr= jff (<, , . . . , Wj, . . . , is connected in the following 

manner with the partial differential equation 


where 


dt 


Oi, e„, ui, 


Mm) = 0, 


dS 


^Or.' 


Obtain the complete set of integrals of the system of ordinary 
equations, determining the arhitrai'y constants so that 

> • • • > ‘ > ^nii 


Ui, . . . , — Cl, . . . , c^ , 


vjhen ^ = ^ 0 - Construct the function 


T 

i/ = Ml 5 1- 


+ w, 




H, 


and, expressing it in terms of t, y8„, c,, ..., c^hy means of 

the foregoing integrals, obtain the function 

rt m 

I = I Ldt-^ S Cr^r\ 

J u >-=1 

and when this is obtained, use the integrals to express I in terms of 
t, ^i, 01 , denoting the resulting expression by s. 

Then the relation 

== a + 5, 


when a is an arbitrary constant, is an integral of the partial 
differential equation : as it contains m + 1 arbitrary constants 
a, 01, 0^, it is a complete integral. Moreover, the 2m equations 


ds__ 

0/3i“ 


(i = l, m), 


can be regarded as an integral equivalent of the system of ordinary 
equations. 

This process has been derived through the general equations 
of motion of a dynamical system, so that there are limitations on 
the form of H, qu^i function of Ui, u^, when the theorem is 
thus obtained. The result, however, is not subject in fact to 
these limitations: and it is this extension and generalisation of 
Hamilton’s investigation which constitute the method of integra- 
tion. As it was published* by Jacobi, it is often called the 


CreUe, t. xvn (1837), pp. 186 et seq. : see also Part i of this treatise, § 109. 
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Jacobi-Hamiltonian method; but, as already pointed out, the 
use of the initial values had been introduced earlier by Cauchy. 

149. Other characteristic functions are introduced into the 
study of theoretical dynamics: among them, one of the most 
important is Hamilton’s function often denoted by A, which 
represents the dynamical Action when H does not explicitly 
involve t, and which in general is defined by the equation 

= /S "P Ht — Hq ^0 • 

With this value, we have 

s^ = s.s!+ + ' 

r ()L 

= 1 Urhey. 

L »•=! J^o 

Now by means of the integrals of the canonical system as associated 
with initial values, H can be expressed in terms of 

•••> expressed in terms of Iq, ySi, 

Also A can be expressed in terms of t, to, 6^, ..., 0^,, A, ^m- 
when t and % are eliminated from its expression by means of the 
expressions for H and Hq, it comes to be a function of H, Hq, 
01 , •••, 0m, ^ 1 , •••> In this form, the equations 

aA _ 

dH~*’ de,~^'’ dfir~ 

are satisfied; they must be equivalent to the integrals of the 
canonical system. 

Ex. 1. Prove that, when the expressions for the kinetic energy Tand the 
potential energy V do not explicitly involve the time, the function A satisfies 
the partial diflferential equation 



where A is a constant. (Jacobi.) 

Ex. 2. Shew that, if a complete integral of the partial dififerential 
equation satisfied by .4 be obtained in the form 


{0U •••> ^wi> A, 
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where are the arbitrary constants, then a set of integrals of 

the canonical system is given by 

dq dg dg 


= t + Tj 


where ..., am-i> ^i» i" are the 2m arbitrary constants in the 

integrals. ( J acobi. ) 


Ujs. 3. Let m integrals (in involution) of the canonical system be sup- 
posed known, involving dj, Wi, ...» in such a way that 

can be expressed in terms of 6u and the m arbitrary constants of 

the integrals ; and let these values be substituted in the resulting value 
being denoted by H. Prove that 

— Hdt 


is an exact differential ; and shew how the remaining integrals of the canonical 
system can be obtained. (Liouville.) 


Ex. 4. When the expression for the energy of the system does not involve 
the time and when m — 1 integrals (other than H^h) of the canonical system 
have been obtained, so that Wj, tim can be expressed in terms of ^i, Bm 
by means of those m — 1 integrals and H^hy prove that 
Ui dBi -f . . . Uy^dB^ 


is an exact differential dl. Obtain the other integrals of the canonical system: 
and shew that the variables in the integrals are connected with t by the 
relation 

(Liouville.) 

Ex. 5. Integrate the equation 

+Pi^ (^ 1 ® +^^ 3 * +*' 3 *)^ = a*, 

where a is a constant, by using the theorems in any of the preceding 
examples. 


Jacobi’s generalisation of Hamilton’s results. 

150. The preceding brief discussion will sufficiently illustrate 
the connection between a partial differential equation and a 
canonical system of ordinary equations, as it arises in the dis- 
cussion of theoretical dynamics: and each of the methods of 
integration, which have been expounded in the preceding chapters, 
shews a similar organic relation. The detailed application of the 
method, suggested by the processes of theoretical dynamics, differs 
from the use made in other methods ; and though it is somewhat 
more cumbrous than those methods, its association with the results 
of theoretical dynamics seems ample justification for its retention 
among the principal methods of integration. 
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We proceed from the generalised form of the equation satisfied 
by S and, making a change in the notation, we suppose that a 
given partial differential equation has been resolved with regard 
to one of the derivatives into the form 

p + ...,pn) = 0, 

where, as usual 

dz dz 

for 2 = 1, . . ., 71. It will be noticed that z does not occur explicitly : 
the alternative forms, when z does occur, will be given later. 

The equations of the characteristics are 

dx _ dxi __ _ d^ _ dpi _ _ dpn __ dp 

~^Ji~ 

dpi dpn dXn dx 

but the last fraction can be omitted, because p occurs there only 
and we have the permanent equation 

p^-H. 

Thus the equations can be taken in the form 

dxi __ dH dpi __ dH 
dx dpi* dx'^ dXi ' 

for t=l, ..., 7i: and these agree with the canonical form of the 
equations of theoretical dynamics. Assume that these equations 
have been completely integrated, the arbitrary constants being 
determined by the conditions that 

Xiy ... , Xny Pit ’ •* } Pn = •••> ..., 6^, 

when x = a ; and let the results be expressible in the form 

Xi = (Xy dly . . . , (Ifl) hit . , . , bn)y 
Pi = TTi (Xy dly , dny bit ... y bfl), 

for 1 = I, . . . , n. The determinant 



is unity when a? == a, so that it cannot vanish identically ; hence the 
n equations = can be resolved for Oi, On* 
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Now the quantity 

p^dxi + . . . + Pndxn +pdx 

is an exact differential : substituting for dx ^ , . . . , dxn from the 
ordinary equations, and also — H for p, it takes the form 


(dH dH j^\ , 


which also is a form suggested by the analysis connected with the 
equations of theoretical dynamics. We therefore take a quantity 

on the analogy of the dynamical results and, substituting for the 
variables x^^ •.•,Pn their values as given by the integrals 

of the canonical system, we effect the quadrature which then gives 
f as a function of x, ai, ..., Un, 6i, 6n- Let c denote any one of 

these 2n constants that occur in f ; then, taking account of the fact 
that the values of the variables have been substituted in the initial 
form of f, we have 


^ a 

ac 


dc\dpi) dpi dc dxi dc 


dx 


■f.i{ 

-fjMMym 


consequently 


K 

da, 

06 , 


n 

2 




We have seen that the n equations = fi, ..., 
resolved so as to express a^, On in terms of Xi, .. 


dH a7rd 
dpi dc) 


dx 


Xn = f n can be 

. , Xf^y Xf hlf . . . , 
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hn ; let the values thus obtained be substituted in and denote 
the resulting value by Z. Then, as 


dbg dbg da^i dbg ' 


we have, on substituting the preceding values for the derivatives of 
f, the equations 


n 

V 

(dZ 

t = l 


n 

2 1 

fdZ 

\ 

1=1 

{dxi 



dUg 

dli 

db. 


= 0 , 
= Q>g 


db,’ 


for s = l, n. The former set of n equations is linear and 

dZ 

homogeneous in the quantities 1^1^® determinant of 

the coefficients of these quantities does not vanish ; hence 


A 

dxi 


7r{ = 0, 


for ^ = 1, 71, and therefore from the remaining equations 


A 

dbi 


ai = 0, 


for 7 = 1, ...» n. These relations are not identities, because ttj, ..., 
TTn, «!, an do not occur in Z; and they clearly are independent 
of one another. Moreover, they are satisfied in connection with 
the equations a?! = fi, . . . , = tti, • • • , JE>n = ^Tn ; hence they 

are a general integral equivalent of the 2n differential equations 

dxi __ dH dpi dH 

dx dpi ' dx dxi * 


Again, we have 


dx 




on replacing x^, Xn,pi, •••,/>» by their values; and 


dx dx j=j dxi dx 

dZ , dH 
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on using the preceding equations. Hence the equality 

dx dx* 

leads to the relation 


dZ 

dx 


— H (x, . . . , ••• > '^n) 

IT f dZ\ 


and therefore the equation 


where c is an arbitrary constant, is an integral of the equation 
p + H(x, x^, Xn,pu ...,JPn) = 0. 

Accordingly, the process may be stated as follows : — 

To obtain am integral of the equation 

p + H{x, a:,, .... Xn, Pi pn) = 0, 

form the canonical system 

dx dpi* dx dxf 

of ordinary equations^ and construct their complete set of integrals 

~ {p'i > • • • > > biy . . . , 5n) ] . , v 

Pt = 7ri(a?, a^, an, 6i, 6n) j ’ 

such that Xif x^ Pi, Pn = «i, •••, an> •••> bn respectively, 
when X — a. Take a quantity f defined by the relation 

and, substituting fi, fn, *^ 1 , •••> n-n for the variables under the 
sign of integration, effect the quadrature which gives ^ as a function 
of X, Oi, • . . , ctn, 6i, . . . , 6n- From f eliminate Oi, . . . , an by means of 
the equations Xi===^i, Xn — ^n> omd let the resulting function of 
XyXi, ..., a?n» •••» be denoted by Z ; then 

z = Z-¥c, 

where c is an arbitrary constant, is an integral of the partial 
differential equation, and manifestly it is a complete integral. More- 
over, a complete set of integrals of the canonical system is given by 

dZ dz 
dxr^’ 36 ,“®’’ 

for 1, ...» n, the constants a^, On being arbitrary. 
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161. It is easy to see that the complete integral thus obtained 
is an integral which, when ic = a, acquires the value 

+ . • • + 4- c. 

For Z is the value of f when Ui, are eliminated from f by 

means of f i , • . . , = fn J ^^nd therefore the value of Z, when 

x = a, is obtained from that of f when x = a (which value is 
+ ... + dn^'n) by eliminating a,, ..., through the forms of the 
equations = = fn, when x — a: and these forms are 

.Ti = di , . . . , Xn= Clfi- 

The complete integral is therefore somewhat restricted, though 
it contains the appropriate number of arbitrary constants: its 
relation to any other complete integral, say 

2 — <j> (^X, Xi, . . » , XY^, kif . . , , kn) 4" c, 

can be simply obtained. In the case of this complete integral, a 
set of integrals of the canonical system is given by 

dx~^'’ dk~ " 

for ^= 1, ... , n. Let 

<f)Q^ <f) (d, dj , . . . , (Xny kly . . . , kf^ \ 

then as dj, ... , dn, 5i, ..., are the values of x^y ..., Xny Pu ...» 
when x = ay we must have 


Now 

hence 




^00 

dki 


dH _ dxi ^ . 

dpi ~ dx' dx ’ 

S d<6<4- (2 p~^H]dx 

Ja \i=l Opi J 

i=l J a dx dxj 


— 2 clibi (j) — (f>Q. 
i=l 


The constants kiy ..., are such that 

dki dki ’ 
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that is, such that 

dij) 

dkrWi* 

for i = l, 7i: let their values be determined and substituted 
in In order to obtain Z from the constants Oj, must 

be eliminated; their values are given by 



in connection with the preceding values of kj, and so Z is 

the value of f when, from the equation 

n 

f = S — <f>Qy 

the quantities Oj, ..., Un, Ajj, ..., are removed by means of the 
equations 

0<^O_ 7 

dki dki ' dai ~ 

for t = 1, n. Hence the complete integral in the theorem can 
be derived from any given complete integral*. 


Ex. 1 . The detailed working can be shewn by thus solving the equation 


P Pi P2 

which clearly has an integral 

z — kx^ ’Vk^x^-^k^ x^ + c, 

where 


k'^ kx k^" 


The value of jy for the form jo 4 -iy *=0 is 


jy_ ^iP2 

P\^2+P2^l-P\P2 

The canonical system is 

dXi XXip^ d.V2 _ XX2P\^ 

dx'^ {pix^^p^xi-pip^f^ m “ (piX2^p%Xi -pip^f ’ 

<^Pi 3:pxp^ dp2^ xpx^Pi 

dx (j0iir2+i?2^i-Pii02)*’ dx “ (/>iar2+jt?2^i -pxpi? ' 

and integrals are 

«i*=^a!»+a', ^72*=^ ^ + 6', 


* The whole of the preceding exposition follows that which is given by Mayer, 
Math. Ann., t. m (1871), pp. 484 — 452. 
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where a, 6, a\ V are arbitrary constants, and 

_ 

_ a + 6— a6' 

Hence, taking aj, 6i, as initial values when ^=a, we have 
a—— 

Gt 2 ft ^2 ®1 "h ^1 ~ ^1 ^2 * ^ ^ 2 ®! " I " ^2 * 

and the integrals are 

“‘“=5 - “*)- ' “')• 

If we require the integral which becomes 6ia;i4-62^2 + y> when 
we take 

C=aibt+aA+ 1 “^ + 

= fti 6i q- ft2 62 + hc^ — a*) ; 

and the required integral is given by 

z—Z+y, 

where Z is given as a function of Xx, ^2> by the elimination of ftj and ft2 
between the three equations 

ftj 5 i 4 - ft2 62 + (x^ — a^) 

a* y > 

^2^ ~ ^2^ = p (x^ — a^) 

account being taken of the values of ft, b, c in terms of fti, ft2, ^>i, 62. 

To derive this integral from the integral 

z = kx^ -I- ki Xi^ + k2X2^ 4 - c, 

where 

we write 

(f) = kx^ 4- ki X^ 4 “ ^2^2^ 

<pQ — ka? 4 * ki 4 " ^2^2^ > 

and then we take 

^=<*161 4- <*2^2 ~ ^0* 

The relations between the quantities ftj, a2> ^2» ^i» ^2 (othc than the 

single relation between k, ki, k^ are 

0fti”“^’ 802“ dki'^dk'i^ dk 2 ~dk 2 ' 
account being taken of the relation between k, h„ k,. These give 
hi^’ikiaiy 62 **2/1:2021 
kx^ {xx^ - fti*) a*), /&2* (^2* - 02*) 
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hence 


f «» aj + (*2 ^2 0 ^0 

We eliminate Ir, irj, /rg between the equations 




and then the integral is 




«~Z+y. 


; 


/ 


The verification that .^becomes 4-62^2) when x=a, is immediate. 


Ea. 2. Obtain, in the preceding manner, the integral of the equation 

such that q — c when x—a, in the form 

ztmjpy+y (a?2-- 2ac4-c*)^ + y ; 
where y is an arbitrary constant. 

Deduce it also from the complete integral 

Another integral is given by 

z==xi/-¥{(a^- a*) (y* - 62 )}* ; 

is there any relation between this integral and the first integral ? 

Ex, 3 . Let 

Xi, ..., X,, hi, 6,)+y 

be a complete integral of the differential equation in the text. Shew that, if 

00 = 0(0) «1) ..•) «n) ^1) •••) 

and 

/ 5 )s=/(ai, a„), 

and if ai, ..., a„, 61, ..., 6^ be eliminated between the equations 
^= 0 ~ 0 o+/o 

06 < ** 06 < ’ ^ 0 a< , 

for fssli n, the resulting value of Z is also an integral of the equation 
and that, when xao, it acquires the value /(^i, (Mayer.) 
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162. The discussion in §§ 150, 151 related to a resolved 
equation in which the dependent variable does not occur ex- 
plicitly: and the inverse operations required consisted of the 
integration of a system of 2 m ordinary equations, followed by a 
quadrature. 

When the partial diflferential equation involves the dependent 
variable explicitly, and when it can be resolved so that it may be 
taken in the form 

...,Pn) = 0 , 

then the corresponding result is as follows : — 

Form and integrate the equations 

dx dpi* dx dxi dx 

determining the arbitrary constants by the conditions that x^^ ^n> 

Pu Pm z acquire the values 

GE-i , • • • , a<fi , 6 ] , . . • , c *4“ O'j 62 '4" ... "f" Un bf^ 

respectively, when x=^ a. Among this integral system 2n + 1 
equations, eliminate a^, ..., an, Pi, pnl cind lei Z denote the 
resulting value of z, which is a function of x, Xj , ..., Xn, bi, ..., ft„, c. 


is a complete integral of the partial differential equation; and 


dbi 


dz 


z = Z, 


for t = 1, .,.,n, the constants Oj, . . . , Un being arbitrary, are a set of 
integrals of the 271+1 ordinary equations. 

This result may be deduced from the former case, or it may be 
obtained directly ; we shall leave the establishment as an exercise. 
It will be noticed that, in the present case, the inverse operations 
required are the integration of a system of 2m + 1 ordinary 
equations, as contrasted with the slightly simpler inverse opera- 
tions in the former case constituted by the integration of a system 
of 2 n ordinary equations and a quadrature. 

Lastly, it may happen that the partial differential equation 
contains the dependent variable explicitly but that it cannot be 
resolved, or cannot conveniently be resolved, in terms of any of 



POISSON-JACOBI 


392 


[152. 


the derivatives. In such a case, a similar process exists : and the 
result has already been stated*. 


The Poisson-Jacobi Combinant (<f>, ^). 

163 . The determination of a complete integral of a partial 
differential equation 

p + H{x, ^ 1 , ..., XnyPi, ..., = 

and the determination of a full set of integrals of the associated 
canonical system 

dxi _ dpi _ __ ^ 

dx dpi ' dx dxi ’ 

for i = l, ..., w, have been shewn to be practically equivalent 
problems. It is known that, if two equations compatible with the 
original differential equation have been obtained, the Poisson- 
Jacobi combination of those equations provides another equation 
(which may be insignificant or may be evanescent) also compatible 
with the equation: and naturally therefore a question arises 
whether the same combination can similarly be effective in 
assisting the construction of the integrals of the canonical system. 

Let 

</) = </) (a?, ...,pn) = constant 

be an integral of the canonical system : then, in connection with 
that system, we have 

^ — -h 2 — 0 

dx dx i=:i dxi dx dpi dx ' 

and therefore 

dx dpi dpi dxi) ~ ’ 

that is, using the Poisson-Jacobi symbol, we have 

g + W. H).0. 

analogous with a corresponding equation (§ 146) in theoretical 
dynamics. Similarly, if 

« i/r (a?, , a?n, Pu ••• , Pn) = constant 

* In Part i, § 109, of the present work. Ail the results are given in Mayer’s 
memoir quoted on p. 388, foot-note. 
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be an integral of the canonical system, we have 

It is natural to inquire whether (<^, also is an integral of the 
canonical system : we have 

ir) +({<!>, nil) 

= -{{ 4 ,, H), 4r)-(4>, (f, H)) + {(4>, n H) 

= {{H, <l>), •f ) + ({ir, H), <f>) + 4r), H) 

= 0 , 

on account of the identically satisfied relation of § 52. Hence 
(<^, >/r) = constant, 

as an integral equation, is compatible with the canonical system. 
Various cases may arise, as in the former investigation. 

It may happen that (</>, 1 ^) vanishes identically: no new 
integral is provided. 

It may happen that (<^, yjr) is a pure constant not zero ; 
instances have occurred in which (<^, ^jr) is equal to unity : no new 
integral is provided. 

It may happen that (<^, yjr), while a function of the variables, 
can be expressed in terms of <p and yjr alone (and possibly in terms 
of previously known integrals, if any) : no new integral is provided. 

And it may happen that (<^, •^) is a function of the variables 
which cannot be expressed in terms of <f> and yfr alone (or in terms 
of these and of previously known integrals, if any) : a new integral 
of the canonical system is then provided. 

JVote. It may happen that, when the partial differential equation is 

...,Pn)==constant==A, 

so that p and s have disappeared, care has to be exercised concerning new 
integrals of the canonical system: such new integrals do not necessarily 
provide equations compatible with H=h and with equations which coexist 
with it. The canonical system is effectively the same as before, for it is 

dxi dpi 
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say, for t*!, w; and if 

<#>“<#>(^11 ...» -‘-yPni 5 ?) « Constant, 

...,^«, ^O^constant, 

are two integrals of the system, then 

(<^, i^)=r constant 

is also an integral of the canonical systenj ; and we have 

(ir,0)=o, (F,./.)«o, 

But if we are proceeding on the lines of Jacobi’s second method, as explained 
in Chapter iv, for the integration of the partial equation H^Oy and if we 
have associated the equations 

where aj is arbitrary, then we can associate 

^=a2 

with these, only if 

(</>, \l^)=0; 


and we can associate 
with jEr«0, <#>*=«!, only if 


(<#>» 

(<#>, (<#>, ^))«0; 

and these conditions are not always satisfied. 

Thus if the equation be 

+j032 (a?j2 + 072^ + ^3% 0^4) = 0, 

integrals of the canonical system are given by 

(f) s= X 2 P 3 -X3p2^aiy 
^ = ^3Pl-^lPs = «2; 

and then 

which leads to a new integral of the canonical system. Now 

{Hy <^)=0. 

But ^=02 cannot be associated with these two equations; for though 
{Hy ^)=0, we have 

different from zero. Again, the equations 

ir=0, ^=02, 

{Hy ^) = 0. 

But cannot be associated with these equations because 

(^y</i)^-Xy 

which is not zero. Moreover, 


can be associated, because 


can be associated, because 
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cannot be associated with either pair, because 

„ ^ (x. </>)=V'. (x. V')=-<#>- 

But 
and so 

ir=0, <^=ai, 

can be associated. 

It thus appears that, while the Poisson -Jacobi combination of two 
integrals of the canonical system can provide a new integral of that system, 
the new integral cannot necessarily be associated with a retained system 
compatible with the original equation. 

164. It will be convenient, for the sake of brevity, to call the 
Poisson -Jacobi combination (</>, '\^), of two functions 0 and 
their combinant From the preceding results, it is clear that any 
integral 0 of the canonical system, which does not involve x, 
satisfies the equation 

(</>, ^f) = o 

identically : hence the combinant of H with any such integral 
leads to no new integral. 

Moreover, when the function H in the canonical system does 
not explicitly involve x (which corresponds to the case in theo- 
retical dynamics when the total energy of the dynamical system 
is constant), the combinant of H and of any integral of the 
canonical system, that does not explicitly involve x, vanishes 
identically: for the equation 

(0, ^) = 0 

is then satisfied identically, so that (<^, H) provides no new 
integral. Also, with the same supposition concerning H, the 
integrals of the canonical system can be so taken that 2n -- 1 of 
them are relations among the variables x^, and 

the remaining integral can be taken in the form 

0 =zX ^ (*^1, •••) Xfif Pi j . . . , pij) = 0, 

where Xq is an arbitrary quantity. In that case, the equation 
(^, JBr)4.1 = 0, 

is satisfied identically : that is, (0, H) provides no new integral. 
It therefore follows that, when the quantity H in the canonical 
system does not involve the variable x, no new integral can be 
derived by combining H with any other integral of the system ; 
in fact, the quantity H is useless for any combinant construction 
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with any integral of the system with a view to the derivation 
of new integrals. 

It thus appears that, when an integral of the canonical system 
has been obtained, no new integral is furnished by the combinant 
of H with that integral. Clearly, when H is explicitly inde- 
pendent of the variable it furnishes an integral of the system : 
but it is not the only integral of the system which, under the 
combinant construction, leads to evanescent or unfruitful results. 
Indeed, earlier results obtained in connection with the develop- 
ment of Jacobi’s second method in Chapter iv shew that, when any 
integral of the canonical system of equations has been obtained, 
other integrals exist such that their combinants with the given 
integral provide no new integral but only an evanescent result. 
For let be a given integral of the system : and let yjr denote 
some other integral, distinct from If in case IT should not involve 
a explicitly: then ((ft, yjr) also satisfies the equations of the 
system. If (</>, ^/r) vanishes, or is equal to a pure constant, or is 
not functionally independent of and yjr, then (</>, yft) is illusory as 
providing a new integral. But if no one of these alternatives is 
valid, we write 

(<!>’ = 

and we proceed (as in § 62) to form the series of functions 

(<f>< = {<!>> = •••, (<#>, = 

Each of the functions yfrg, ... is an integral of the canonical 
system ; and the set of such functions, that are independent of one 
another, is limited in number because the canonical system is of 
finite order. Accordingly, we may assume that the series of 
functions, derived through combination with <f>, terminates with 
yiri : the termination can come (§ 62) in one of three ways. 

(i) If ^|ri vanishes identically, then is such that 

identically, that is, is an integral of the type indicated. 

(ii) If y[ri is a pure constant, say c, then 

(<^, - 2cylri^) == 0 , 

so that as t is greater than unity (for otherwise would be an 
integral of the t 3 rpe indicated), then — 2cyfti^i is an integral 
of the type indicated. 
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(iii) If yjri is a function of the integrals that occur earlier in 
the series, say 0, then any integral (say “'F) of the system 

dyjr _ dyfri ^ ^ dyjti^i 

is such that 

((f>, ^)- 0 , 

identically; and so is an integral of the indicated type 
belonging to the canonical system. 

The process of combination is thus seen to provide a number 
of integrals : but, account being taken only of integrals that are 
independent of one another, the process cannot lead to all the 
independent integi*als because, as has been seen, there are 
integrals which, when combined with a given integral, lead to 
an illusory result^. We shall not pursue this subject further, 
and shall be content with referring the reader to an important 
memoir "f* by Bertrand. 

Prove that, when the function IT in the canonical system does not 
explicitly involve a: and when an integral other than ff is given, the 
complete set of integrals of the canonical system is given by 

B'= A, <f)— constant, 

and by 

(i) an integral x, uot explicitly involving a; and such that 

(<^, x) = i, 

(ii) an integral where 

..., ...,p„)-.r, 

such that 

(</>, V^)=o, 

(iii) other 2w — 4 integrals ai, ..., a 2 „-- 4 , explicitly independent of 

such that 

(<#>» a0 = 0, 

for t = 1, . . . , 2)1 - 4. (Bertrand.) 

* Contrary to the opinion foi^med by Jacobi according to which it can be seen 
“in omnibus problematibus raechanicis in quibus virium vivarum conservatio 
“ locum habet, generaliter e duobus integralibus prseter prinoipium illud inventis 
“ reliqua omnia absque ulla ulteriore integratione inveniri posse ” : Ge8. Werke^ t. v, 
p. 49. The original theorem due to Poisson was published at the end of the 
year 1809 : it seems that Jacobi’s application and development of Poisson’s theorem 
were made about 1838. 

The frequently illusory character of the combinant is one of the causes which 
limit the number of the general algebraic integrals of the dynamical problem of n 
bodies to the classical integrals : see vol. m of this work, chapter xvn. 

+ Liouville^g Journal^ t. xvn (1852), pp. 393 — 436. Other references will be 
found in Graindorge’s treatise, already quoted. 
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Contact Transformations and Canonical Systems. 

166. In the last chapter, it was seen that the theory of 
contact transformations could be applied to the integration of 
a partial differential equation: and it has also been seen, from 
various points of view, that the integration of such an equation is 
bound up with the integration of a canonical system of ordinary 
equations. It is therefore natural to suppose that the theory of 
contact transformations can be brought into relation with the 
integration of a canonical system. 

Let the canonical system be 

dxi _ dH dpi _ dH 
dx ”” dpi * dx ” dxi * 

for i = 1, n; and suppose that H does not explicitly involve x. 
Let a contact transformation be given which passes from x^, ..,,Xn, 
Pu -^-yPn to Zi, Xny Pu •••, Pny SUch that 

(X„P,)=1, 

(Z^,Z^)=0, (P^,P,) = 0, (Z^,P^)==0, 

for fjL and m= I, ..., n, with unequal values of m and p; and let 
it be applied to transform the canonical system. We have 

dXj^ " / dXjdx^ ^ dXidp^\ 

dx \dx^ dx dp^ dx ) 

f»=l 

= (Z,, H), 

When the variables in H are transformed, let the resulting 
quantity be denoted by K; then 

(Z<, H) = |(Z,, Z„) ^ + (Z<, PJ 

_az 

~dPi’ 

on account of the properties of the contact transformation. 
Consequently, we have 

d(c dPi’ 
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and, by similar analysis, we also have 

dx dXi ’ 

Hence the contact transformation leaves the form of the canonical 
system unchanged. But this is not the limit of the property : it 
is easy to see that any transformation, which leaves the form of 
the canonical system (supposed perfectly general) unchanged, is 
of the contact type. For taking any transformation from Xi, . . ., 

;> 1 , ..., to Zi, ..., Zn, Pi, ..., Pn» we have 

if H' be the value of H after transformation has been effected, 
then 

{X„ if) = JS ^ \(X„ z J + (Xu p„) , 

(Pu H) = |(P,, ZJ + (Pu • 

If the new form of the equations is still canonical, the former 

dH' dH^ 

of these must be , and the latter must be — , for all 

oJri vA i 

values of i: hence, as H and H' are supposed quite general 

functions, we must have 

(Z^,PJ=1, 

for all values 1, ..., n of m, and 

(Z,,ZJ = 0, (Z,,PJ = -(P^,Z,) = 0, (P^,PJ = 0, 

for all unequal values 1, ..., n of ^ and m. These are the equations 
which define a contact transformation. Therefore a canonical 
system is unchanged in form by a contact transformcdion ; and every 
transformation, y which conserves the form of a quite general canonical 
systemy is of the contact type. 

There is an immediate practical advantage in such a trans- 
formation, whenever the form of H' is simpler : the equations may 
be simpler to integrate. 

156. In the next place, suppose that the canonical system is 
of the form 
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where H now involves as well as p,, 


case, we have 


dx 


dja 

dx 




m 

dx ^ 


In this 


hence introducing a new variable p, such that 


0 = + p = constant = 0, 

we have 


dp 

dH_ 

9 @ 

dx 

da; 

da;’ 

dx 


dS 

dx"" 


dp • 

dxi __ 

dH_ 

dS 

dx 

'dpi ~ 


dpi_ 


90 

dx 

dxi 

da:t’ 


so that the canonical system may be replaced by the amplified 
system 

dx dp dxi dpi 
dp dx dpi dxi 

for 1 = 1 , Now take a contact transformation changing 

the variables from x, x^, ..., x^ p, Pi> Pn to X, Xj, ..., X,^, 
P, Pi, ..., Pn* then denoting x, p, X, P by x^, p^, X^, P© for 
convenience, we must have 

(X„P,) = 1, 

for 1 = 0, 1 , . . . , n, and 

(Xc,X,) = 0, (P^,P,.) = 0, (X^,P^) = 0, 

for unequal values of i andy from the series 0, 1, ..., n. As in the 
earlier case, if <I> be the transformed value of 0, the amplified 
canonical system can be replaced by 

dX dP dXj dPj 

d<P d^ d<P ' 

W '^dX Wi 

for 1 = 1, Let ^ = 0 be resolved so as to express P in 

terms of X, Xj, ..., Xn, P,, ...» PnJ and let the resolved form be 

...,X„,P„...,Pn) + P = 0. 


K(X,Xi, 
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dX dPdX' 
dXi dPdXi ' 
dPi dPdPi' 

for i=\, n. The preceding system can now, in its turn, be 
replaced by the equations 


= 0 , 

= 0 , 

i 

= 0 , 



a4> 


dXi 

dPi 

dK 

dX ~ 

a4>” 

dPi 


dP 



a<i> 


dPi 

dXi 

dK 

dX ~ 

d^~ 

dXi 


dP 



for i=:l, which again are a canonical system: and we 

also have 

dX' 

It thus appears that a contact transformation, applied to 
a canonical system even when the function H involves the 
variable x, changes the system into another canonical system. 

Conversely, any transformation between Pi, ..., 

and X, Xi, ..., Xm Pi, Pn, which changes a canonical system 


dxi _ dH dpi _ ^ dH 

dx^ dpi* dx dxi ' 


..., w), 


where H involves x as well as a?,, into another 

canonical system 

dX~dPi’ dX~ dXi’ 

is a contact transformation in an increased number of variables. 
To establish the result, we introduce a variable p such that 

0 = 04* ff=0; 
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We then consider any transformation which changes the variables 
from Xj Pf X\f ,,, f Xfi, P\y Pn to .X", .^ 1 . • t ^n> ^ 1 } •*< y 

and, for convenience, we write x„y p„y X„y P„ for x, py Xy P respec- 
tively. Then 

dXi_ ^ dXjdx^ ^ dXjdpn 

dx dx dpm dx 

= (JTi, @) 

“ Jo ’ 

for i = 0, 1, . , m; and similarly 


dx 


(P. X ) I (F P 

yu. t, 0^ “ ** w/ 0^ 


Let 0 = 0, after substitution has been made for p and in H, be 
resolved so as to express Po terms of X©, Xi, . . . , X^, Pi, . . . , Pn J 
let the resolved equivalent be 

Po + X = 0, 

where X is a function of Xo, Xi, Xn, Pi, Pn \ then 

ax^ dP.dX,. ' 

for /A = 0, 1, . . . , m, and 

dP^ dP.dPp, * 

for /i = 1, . . , , m. Then, for i = 1, . . . , m, we have 

dXi ^ dXi ^ dXo 
dX ^ dx * dx 

JE. 9x} 

(Z.-, P,)-H(X,, X,) |(Z<, +(Z,, P„) 

(Z., P,)-KZ„ Z,) g+ JS^|(Z., Z„)^ +(Z., PJ 1^1 
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and 

dX 


(P^,P,)+(Pi,Z,)^+ I 

m^\ 

(Zo,P,)+(Z„Z„)^+ I 

OXX ^=1 



We are in quest of transformations which will make the new 
system canonical, and therefore the transformed equations should 
be of the form 


dPj _ dK 
dX'^dPi* dx^ dXi* 


for 1 = 1, . . . , m. Hence, in order that the preceding equations may 
be of this type, we take 

K=^K-ha, 

where a is a constant : and the conditions, necessary and sufficient 
for the purpose when the system is of the most general t)rpe, are 

(Zo,Po) = (Z„P,)-... =(X,,Pn), 

(Zi,Z,.) = 0, (Pi,P^) = 0, (P,,Z^) = 0, 

for unequal values of i and j from the series 0, 1, tw. These 
equations are characteristic of, and define, a contact transformation 
in the increased aggregate of variables. Moreover, 

dPf, _ rfPp ^ dXo 
dX ^ dx ' dx 

~ az* 

Consequently, even when the fwnction U in the general canmical 
system 

dxi dH dpi ___ dH 
dx'^ dpi* rfa? "" dXi * 

involves the variable x, any contact transformation of the amplified 
system leads to a new canonical system ; and every transformation^ 
which tramsforms one canmical system of the most general type into 
another y is a cmtast transformatim in the increased number of 
variables. 


157. But it may be asked whether a contact transformation, 
involving only the variables x^ x^t Pi, jpn» will transform 
one canonical system into another when H involves the variable x ; 
it is easy to see that such a transformation is possible and that it 
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is, in fact, a special case of the contact transformation in the 
amplified number of variables. To verify this statement, we make 

Zo = ^o = ^, Po = l>o=l>; 


then, as (X®, Po) is unity, we have 

(Z„P0=1, ...,(X,,P„)=1. 


Now the equations 

(Xo,X^) = 0, (Zo,Pc)==0, (Po,X,) = 0, (Po,P0 = 0, 

give 

ap. ’ dp, 9^, dx, 

and therefore the other equations are 

(Y P\- V 

9p,„ dxj - 

for f = 1, n: also 

/■r r ^ ^ /dX(dX„ dXidXmX f. 

(X,, X„) = 2^ - ^ j = 0, 

(X.-,P„) = 0, (Pi,PJ = 0. 


These equations clearly define a contact transformation between 
Xi, ..., Xn, Pj, Pn and ..., Pi, pn alone: and 
they give a special case of the contact transformation in the 
amplified number of variables conserving the form of the canonical 
system. 


168. Returning now to the canonical system of equations in 
the simpler form in which the quantity H does not involve the 
independent variable of the system explicitly, and denoting that 
variable by t, we have the system in the form 

dpi dH 
dt dpi* dt dxi * 

for i = 1, ..., n. Here, H is the total energy of the system and it 
remains constant throughout the motion; and, with the variables 
adopted for the construction of the canonical system, J? is a 
function of ..., jpi, ..., jt)» alone. 

We have seen that the most general form of infinitesimal 
contact transformation is given (§ 129) by 

iz * ef, ef,-, ctt,*, (t = 1, ... , n\ 
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where 

^ dU dU ^ dU 

dpi’ dxi'^P'dz’ 

U denoting any arbitrary function of Xn, pu Pn, 2 :. Let 

U be chosen so as not to involve z explicitly : then the equations 
become 

dpi’ dxi’ 

or, on writing 6 = Si, the equations of the infinitesimal contact 
transformation may be taken in the form 

dxi 17 dpi _ dU 

dt dpi ’ dt dxi ’ 

for ^= 1, n. 

It therefore follows that the equations of the canonical system 
are the equations of an infinitesimal contact transformation, applied 
to the variables of the system and derived from the energy H of 
the originating system ; and therefore the changes in the variables 
of the system can be regarded as the changes caused by the 
continued application of the infinitesimal contact transformation 
derived from the energy of the system. It is known, from the 
theory of groups of transformations, that the infinitesimal contact 
transformations determine uniquely the finite contact transform- 
ations of which they are the infinitesimal expression : moreover, 
what is the equivalent of this proposition for the present purpose, 
we have shewn that a finite contact transformation conserves the 
form of the canonical system. Hence, if we denote the values of 
the variables of the canonical system at any epoch t^hy Ui, ctny 

A, •••, ^ny and their values at the epoch t by X^, ..., Xny •••> 

P„, there is a contact transformation between X^, ..., X^y Pi, •••, 
Pn and «!, ..., Oil, ffn’y and therefore the variables of the 

canonical system change continuously from their initial values 
under the continuous domination of the infinitesimal contact trans- 
formation determined by the energy. 

This result includes the properties established by Bertrand* 
as regards canonical constants; for the equations defining these 
canonical constants are the equations expressing the contact trans- 


LiouviUe, t. xvii (1852), pp. 393 et seq. 
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formation between ai, On, A, ySn and Xi, x^pi, 
viz. 

(ot, )8<)=1, 

(«», «;) = 0, (a<, = 0, (/9i, = 0, 

for i and j = 1, ... w, with unequal values of i and j. 

This stage will mark the limit of our discussion of the canonical 
equations of theoretical d 3 mamics. Their detailed properties con- 
stitute a subject, distinct in many of its developments from the 
theory of partial differential equations ; for a fuller discussion, 
reference may be made to the authorities quoted at the beginning 
of the chapter. 



CHAPTER XL 


Simultaneous Equations of the First Order. 


The present chapter is a discussion of systems of simultaneous partial 
equations of the first order, the number of equations being the same as the 
number of dependent variables. The operation of integrating such equations 
is an inverse operation of class greater than unity in general, that is, it cannot 
generally be resolved into operations of the first order such as the integration 
of a number of ordinary equations each of the first order. General inverse 
operations of class greater than unity cannot be performed in finite terms, in 
the present state of analysis ; those particular inverse operations, which can 
be resolved into operations of the first order, can however be performed, in 
the sense of the methods given in some of the preceding chapters. Naturally, 
the simultaneous partial equations involving several dependent variables, 
which can be integrated by these resoluble operations, are subject to corre- 
sponding limitations as regards generality of form : and consequently, owing 
to this somewhat particularised character, the theory of these equations is 
not so fully discussed here as has been the theory of equations in a single 
dependent variable. 

The subject appears to have been considered first* * * § by Jacobi : as presented 
in this form, further developments of Jacobi’s theory are given by Natanit, 
and Zaja 9 rkowski 

A different presentation, and a completely different class of equations, 
occur in Hamburger’s treatment § ; cognate investigations have been effected 
by Kfinigsbergerjl, who also deals with the existence-theorem for a set of 
equations, the number of which is equal to the number of dependent 
variables; and Hamburger’s method has been extended by von Weber IT to 
the case, when the number of equations is greater than the number of 
dependent variables. 

* Ges. Werke^ t. iv, pp. 3 — 16. 

t Die hdhere AnalytU, pp. 839 — 841. 

X Grunerfs Archiv^ t. Lvi (1874), pp. 163 — 174. 

§ Crelle, t. nxxxi (1876), pp. 248—280, t6., t. xcni (1882), pp. 188—214. 

II CrelU, t. cix (1892), pp. 261—840; Math. Ann., t. xu (1898), pp. 260—285. 

H Crelle, t. cxviii (1897), pp. 123 — 157. 
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A class of equations, the number of which is an exact multiple of the 
number of dependent variables involved, has been considered by Konig* : an 
account of his method and of his results is given in the course of the chapter. 

Hamburger has shewn that it is possible to apply the method to partial 
differential equations of the second order and of higher orders in one dependent 
variable and two independent variables. The subsidiary equations obtained 
as ancillary to the integration have substantial similarity with those obtained 
in the method, devised by Darboux for the integration of such equations 
and developed by Speckman and others. Accordingly, an account of 
Hamburger’s application of his method to the integration of equations of the 
second order and of higher orders will not be considered in this chapter but 
will be deferred until the stage when such equations are being generally 
considered. 

It may be added that some of the geometrical properties that can be 
associated with the simplest case, viz. when there are two dependent variables 
and two independent variables, are considered by Biicklund t. As the processes 
of integration in this chapter are only applicable to limited classes of equations, 
these geometrical associations are not discussed in this connection : moreover, 
they belong more properly to the theory of equations of higher orders and, 
like the extension of Hamburger’s method to such equations, they also will 
be deferred for consideration in connection with that theory. 

169 . The investigations in the preceding chapters have been 
concerned with the integration and the general theory of partial 
differential equations involving only a single dependent variable ; 
no restriction was laid upon the number of independent variables ; 
and, when more than a single equation occurred, the conditions 
necessary and sufficient to secure coexistence were obtained. It 
was shewn how to deduce, from a complete integral, other classes 
of integrals of various types: the aggregate of these classes was 
completely comprehensive for some types of equations and largely 
so (the exceptions being the special integrals) for the remainder. 
The construction of the complete integral was made to depend 
upon the integration, complete or incomplete, of a simultaneous 
system of ordinary equations, formed from the partial differential 
equations: the integration required depends, in practice, solely 
upon the possibility of actually effecting general inverse processes 
of the first order. Speaking broadly, we may say that the theory 
of partial differential equations of the first order in a single 
dependent variable can be considered a known theory. 

* Math. Ann., t. xxm (1884), pp. 520 — 526. 

t Math. Ann., t. xvii (1880), pp. 285—328; ib. t. xix (1882), pp. 387—422. 
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The problems which, in scale of difficulty, lie next to that of 
partial differential equations of the first order in a single dependent 
variable, are obtained, on the one hand, by increasing the number 
of dependent variables and keeping the equations still of the first 
order, and on the other hand, by taking equations of a higher order 
than the first, still in a single dependent variable. 

As concerns partial differential equations of the second order 
(and of higher orders) in a single dependent variable, there is 
a considerable body of theory : moreover, the frequent occurrence 
of such differential equations, in subjects such as geometry and 
many of the developed branches of mathematical physics, has led to 
the discussion of detailed properties of particular equations which, 
once known, have pointed the way to further developments of the 
general theory. 

But as concerns sets of partial differential equations of the first 
order in several dependent variables, when these sets are not the 
equivalent of a single equation of higher order in a single dependent 
variable, the amount of finished theory that has been obtained 
is comparatively slight. Thus, when the number of equations 
is equal to the number of dependent variables and when these 
equations have a special form which, among other limitations, is 
linear in the derivatives, it is known (§§ 9 — 14) that integrals of 
the equations do exist, satisfying assigned conditions of a given 
type. But when there is a question of constructing an integral 
in some form other than a multiple power-series as it occurs in 
the establishment of the existence-theorem, methods even only 
theoretically effective for the purpose have been devised solely for 
very restricted classes of systems of equations. Accordingly, before 
passing to equations of higher order in a single dependent variable, 
we shall deal with systems of equations of the first order in several 
variables, so as to indicate such general methods and results as 
have been obtained. 

As in the early stages of the development of the theory of 
equations of the first order in a single dependent variable, some 
indications of results, which may be expected to hold jfrequently 
in simple cases though far from universally, can be obtained by 
proceeding from a set of integral equations. Let the independent 
variables be 

Xif 
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and the dependent variables be 

then the m dependent variables will be given by m integral 
equations. These equations may contain a number of arbitrary 
constants: let this number be Ny and suppose that these are 
essential constants, so that they cannot be expressed by a number 
smaller than N. 

When the first derivatives of these equations are formed, by 
differentiating with respect to the independent variables in turn, 
and are associated with the integral system, the total number of 
equations then possessed is m(n4-l). Suppose that all the 
arbitrary constants can be eliminated and that no peculiarities* 
occur during the processes of elimination; then the number of 
differential equations of the first order, emerging after the elimi- 
nation, is m(w 4-1) — If these differential equations are to be 
conceived as capable of determining the m dependent variables, 
their number cannot be less than m ; hence 

m (w -f 1) — if ^ m, 

that is, 

N ^ mUy 

thus giving an upper limit for N, 

If iV'=m(n 4* 1 — r), where l<r<w, and if the same suppo- 
sitions be made concerning the integral system in the passage to 
the differential equations, the number of emerging differential 
equations is rm. 

But conversely, unless conditions equivalent to the reversibility 
of the preceding process are satisfied by a given system of simul- 
taneous equations, it does not follow that their integral is of the 
assumed initial form : indeed, if the number of equations in the 
simultaneous system be greater than the number of dependent 
variables, it does not follow that the system possesses any integral 
at all. In order that the equations in such a system may coexist, 
conditions will have to be satisfied. 

* Saoh, for instance, as oooar when a partial differential equation in a single 
dependent variable is thus constructed from its general integral which may contain 
any number of arbitrary constants. The supposition, adopted in the face of such 
an instance, is enough to destroy any confidence as to more than possibility in the 
inferences that can be drawn. 
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KoNIG’S completely IN'fEGRABLE EQUATIONS. 

160. The conditions just indicated can be set out in the case 
of certain classes of equations of simple types : one such class is 
discussed* by Konig. Let 

dzi 


Pir- 


dxi 


for i = 1, . . . , m, and J = 1, . .. , n : suppose that the system contains 
rm equations and that they can be resolved so as to express the 
derivatives of the m dependent variables with regard to one and 
the same set of r independent variables, in terms of the remaining 
quantities of the system. Let these r independent variables be 
Xiy ..., Xr] then the rm equations may be taken in the form 

Pv=/<i> 

for ^ = l, m, and j = l, ..., r ; the arguments of fij are the 
variables Xi^ ..., flJn, and also the derivatives where 

\=1, /A = r + 1, ..., n. 

Then Konig’s theorem is as follows : — 

When appropriate formal conditions are satisfied, the system of 
equations 

Pi) ~fij 

possesses an integral equivalent Zi, ..., Zm such that, when initial 
values Cl, ..., Cr are assigned to Xi, ..., respectively, the functions 
Zi, ..., Zm become functions of Xr^i, ..., Xn, which are regular 
fwnctions in a certain domain and otherwise can he arbitrarily 
assigned. 

Denote by Sj the aggregate of the m differential equations in 
which the second suffix is j ; and let 2^ denote the set made up of 
the aggregates 

Sjy Sj^l, ..., Sr. 

Consider the aggregate Sr’, it contains no derivatives with 
regard to Xi, Xr-i, which therefore may be regarded as para- 
meters during processes of integration. It thus is a system of m 
equations involving the m dependent variables and the n - r 4- 1 
independent variables Xr, Xr^i, ..., x^', and it is resolved with 
respect to 

dXr ’ * * ’ dXr ’ 

* Math. Ann., t. xxra (1884), pp. 520—526. 
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It thus is of the class to which Madame Kowalevsky’s proof of 
Cauchy *s existence-theorem can be applied, if the formal condi- 
tions imposed for the theorem are satisfied. Assuming that 
these conditions are satisfied, the system possesses a set of 
integrals Zi, .... z^, which, when Xr = Cry become assigned functions 
of taken to be regular in a definite domain and other- 

wise arbitrarily assigned. The variables Xi, . . . , are parametric 
throughout ; the integrals of the aggregate Sr are a set of functions 
satisfying the conditions assigned in the theorem as stated, when 
we make Xi, . . . , equal to Ci, . . . , Cr-i . 

Next, consider the aggregate of equations represented by Sr-i : 
it contains no derivatives with regard to x^, Xr-^y which 
therefore may be regarded as parameters during processes of 
integration. It is a system of m equations in the m dependent 
variables and the n — r + 1 independent variables Xr^i , ^r+i , 
and it is resolved with respect to 

dZj dzm 

3Xr^j 

Appl 3 dng Cauchy’s existence-theorem to this system, on the 
assumption that the formal conditions are satisfied, we infer that 
the system possesses a set of integrals Zjy ..., z^ which, when 

= become the assigned functions of Xr+iy ..., x^. The 
variables x^ ..., Xr- 2 y (Cr are parametric throughout: the integrals 
of the aggregate Sr~i are a set of fiinctions satisfying the conditions 
assigned in the theorem as stated, when we make x^, ..., Xr^y Xr 
equal to Ci, ..., Cr- 2 , Cr. 

And so on, for each of the aggregates in turn : in the case of 
each of them, we obtain a set of integrals which satisfy the 
initial conditions assigned in Konig’s theorem as stated. 

But though the integrals of the aggregate Sr^i satisfy the same 
initial conditions as the integrals of the aggregate Sr, it does not 
follow that they are the same functions of the variables; and, 
d fortioriy it does not follow that the integrals of the aggregate Sj 
are integrals of all the succeeding aggregates, that is, are integrals 
of the set 

It may however happen that the integrals determined for the 
aggregate 8j are integrals for the set Sj. When this is the case 
for all values of j and, in particular, for ^*== 1, it is clear that the 
original system of equations possesses a set of integrals with the 
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properties stated in the theorem. In that case, the system is 
said to be completely integrahle: it will therefore be necessary 
to determine the conditions which are necessary and sufficient 
to secure the complete integrability of the system. 


161. We have assumed that the formal conditions, which 
justify the application of Cauchy’s theorem, are satisfied. These 
conditions relate to the form of the functions fij, and require those 
functions to bo regular within a domain, which belongs to the values 
Cl, ..., Or of ..., Xr and to initial values assignable at will to 
Xr^iy x^'. it is within such a domain that the functions, 
postulated in the initial conditions, are regular. Moreover, the 
determination of ..., Zm, for any aggregate Sj, as regular 
functions of the variables is unique under the assigned initial 
conditions; so that integrals are, or are not, possessed by the 
system in accordance with the initial conditions according as, for 
all values of j, the integrals of the aggregate Sj are, or are not, 
integrals of the set And, in particular, it is sufficient, in 

order to secure that the integrals of the aggregate Sj are the same 
as the integrals (if any) of the set that the integrals of Sj 

should satisfy the equations in the set ^^+1- 

The conditions of complete integrability are therefore such 
that the integrals of Sj should satisfy the equations in Sj+j, for all 
values 1, ... , r ~ 1 of In order that the integrals of Sj may 
satisfy the equations in the set 2y+i> it is necessary and sufficient 
that, when they are substituted in those equations, they should 
make each of the equations an identity. Let ^ = 0 be any one of 
the equations in the set thus made an identity : then we have 


dJE 

dxi 


= 0 , 


dXn 


= 0 , 


in virtue of those integrals and of the equations of the system. 
Now in Sj and there are no derivatives with reg;ard to 
x^, Xj^i', consequently, the conditions 


dE 

^Xj — I 


= 0, 


dE 

dXj^2 


= 0 . 


dE 

dx^ 


= 0 , 


can be held over for consideration with the aggregates 
Sj-i, (S, respectively. Also, the conditions 


dE 

dxj+i 


= 0 , 


dE 

dxj+i 


= 0 . 


dE 

1 


= 0 , 
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can be regarded as satisfied, on the hypothesis that Sj+i possesses 
integrals ; and therefore, at the stage of considering whether the 
integrals of Sj satisfy the equations in the set , it is sufficient 
to take the conditions 

dxj 

where E is any equation of the set ^j+i • These conditions must 
be satisfied in virtue of the equations of the system : and they are 


9 __ Q 


dx^ 

for ^== 1, ..., n, and a=^'+ 1, ..., r. 

Now, when the integrals are substituted, we have 

^Xj dxj 

^ <^Pid dfia 
dXa^ dxj 

_ dfi^ 

dXa dXj ’ 


Here 

dXa dx„, 

and 

^\d 

II 

4h' 


dx^ 

while 

II 

hence 

Pa* i 


II 


■ ^ PKn T ^ ^ ^ — 

A»1 OZ\ „sii rzsr+1 


Zi dZi, dx^ 

+ ! I i 

A«1 <»«l M-r+1 ^/¥i 

+ 1 I 2 2^^^. 

P-1 ft-r+l ir»l T»r+1 dXf^ 



INTBGBABILITY 


415 


161.] 


Similarly, 

dxj dxj x=i 0«* p=i ,,=r+i 9l>p». 9a;p 

+ 22 I 

A=1 p=l fi*=r+l ^Ppm 

+ S 2 2 2 

p = l ^=r+l ^=1 T=r+1 ^2^pm 

Consequently, as our condition is 

_ Q 

dxa, dxj ' 

we have 


^fij __ 4. V «. /* . 

dXa dxj A = 1 V dzx ) 


+ 2 


m n / 
2 2 (; 

=1 /Ui~r+1 V 


^fij _ yta 8/p^ 

^Ppfi ^^fjL ^JPpm 


) 


4.1 X j (l^r- 

px=l #*=.r+l X=i [XOPm 


Pam 


+ 222 

pssi M=r+1 <r: 


I I UMl 

=1 T«r+1 (V^Pp#* 


dp^ dzj 

^ffj \ 

9P«. 9P.T/ 


:}. 0 . 


Now 


^PtfT ^P^M 

0a?^ ”” “bx, ' 


while /A and T = r+1, ..., n in the last summation; and the 
preceding condition is to be satisfied, either identically or in 
connection with the equations of the original series 

Pii=fih 

for t=l, ..., rrif andy = l, ..., r. The quantities fi^ involve the 

0n 

quantities but they do not involve and no deriva- 

tives of the equations in the original system involve only 
derivatives of p^r for Ts®r + 1, ..., ti, with respect to Xp, or only 
derivatives of p^f^t for /a = r + 1, ..., w, with respect to Xr, because 
such derivatives of the equations would introduce derivatives of 
p^a, where a is less than r + 1. The preceding condition therefore 
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must be satisfied without the assistance of the equations of the 
original system : and therefore the relations 


+ V / / _ f 


+ 2 2 

p=l p. = r+l 


and 


+ S S 2 

p=l ^ = r+l A=1 


(^h. ¥?i\ 

\0^p^ 0^^ ^Ppfi 0^^' 

/ 9/j 

\dpfi^ dz„ dp^ dz) 


,}. 0 , 

^ fMk. _l_ \ _ Q 

p=:l ^PvT ^jPpp ^P<rT ^PpT ^Pop ^Ppr ^Pap) 


the latter relation arising from the combination of the coefficients 
of the equal quantities and , must be satisfied identically. 

The first of these identical relations holds for 


a=j + l, r; ^=l, m. 

The second of these identical relations holds for 

a=^*q- 1, r ; ^ and cr = 1, m; 

fL and T = r + 1, ii; 

the subscripts and r may have the same value, in which case 
there is a superfluous factor 2 ; or they may have different values, 
and then only the pair of values from the series r + 1, ..., ii need 
be taken. Lastly, as a is greater than j, the preceding tale of 
relations holds for 

j=l, 

Note 1. There are three extreme cases. 


(i) Let r = 1 : there is no possible value of j, and so there are 
no conditions. In this case, we have a system of m equations in 
m dependent variables: they are of the form 


dzi 

dxi 


A 


dZm 

dxi 


= 4>mi 


where <f>j, involve all the variables and all the derivatives 

except those on the left-hand sides of the equations. It is clear 
that such equations can coexist without the necessity of submitting 
i>u to conditions. 
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(ii) Let m = 1, so that there is a single dependent variable : 
the system of equations is 

Pi (‘2'> • • • > > Pr+i > • • • > Pn)> 

for j=l, r, and thus it belongs to the type of Jacobian 
systems. 

The first set of conditions is 


¥i 

'dXa 




dz 


+ 2 

n=r+l 


[opf^ \dx^ ^ ozj dpft. \dx^ ^^dz/ 


= 0 , 


for a = 1, — 1, and j = 1, and the second set of con- 

ditions, being 

S(Pl^>Pr) ^(Pt.P^) 

is evanescent. The aggregate of these conditions constitutes the 
aggregate for a complete Jacobian system. 


(iii) Let r = n, so that there is a system of mn equations of 
the form 

Pij ^fij (*^1 > • • • > • • • > ^n)> 

for ^ = 1, ..., m, and j = 1, ..., n. As the functions fij involve no 
derivatives, the second set of conditions does not appear ; and the 
first set becomes 



for 1 = 1, . . . , m ; a = 1, . . . , j ~ 1 ; and y = 1, . . . , ? 2 . This is Mayer’s 
system of completely integrable equations*. 

Note 2. The first set of conditions is sufficient to secure that 


dzj 

dxj 


^Pij, for 1 = 1, ..., m, and j= 1, ..., n; 


and the second set of conditions is sufficient to secure that 


dpir ^dpi^ 
dXf„ dxr * 

for t = 1, . . . , m ; p and t == r + 1, . , w. 

* They are discussed fully in vol. i of this work, §§ 34 — 42. 
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162. Suppose that all the conditions for complete integrability 
are satisfied ; then the theorem is established, according to which 
the completely integrable system of rm equations possesses a 
set of integrals ..., when arj, ..., Xr are made equal to 
Cl, Cr, these integrals become functions of ..., Xn which, 
subject solely to the condition of being regular within an assigned 
domain, may be arbitrarily assumed. As already stated, it is 
necessary, in addition to the conditions for complete integrability, 
that the quantities fij should be regular functions of their argu- 
ments within the domains considered. 

Moreover, the argument shews that, in order to obtain the 
integrals required, it is necessary to integrate an aggregate of 
m equations. In practice, instead of beginning with a selected 
aggregate, it is convenient to effect Mayer s transformation adopted 
(§ 43, Note 1) for a complete Jacobian system in a single 
dependent variable. For this purpose, we write 

^9 - ^2 == (yi - Oi) 3/2, 

a)r-ar==(yi-a,)yr> 

leaving the other variables unaltered : then, taking 



for 1 = 1, ..., m, andy = l, ..., r, we have an equivalent set of 
equations in the form 

p'ii =/ti + y2fi2 + . . . + yrfir = gn , 

pV = (yi-«i)A. 

for p = 2, . . . , r, and t = 1, . . . , w. The first aggregate is 

p <1 — 

for 1 = 1, ..., n: suppose it possible to obtain a set of integrals of 
this set of m equations such that, when yi = Oj, the integrals become 
functions of Xr+i, only. These integrals satisfy the other 

equations, by the preceding argument : and as regards initial con- 
ditions for those equations, we see that 

/<p = 0, (p=2, r), 

when yi =* a,, that is, when yi — <ht the integrals are not to involve 
y^y • * • » yn — a sot of conditions actually satisfied by the form of the 
functions assigned to the integrals when yi^Oi- 
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Hence the integration of a set of rm completely integrable 
equations of the resolved type indicated can be effected, if the 
integration of a set of only m equations of that resolved type can 
be effected. 

Different kinds of Integrals: their Relations. 

163. Before proceeding to the discussion of systematic 
attempts at the integration of simultaneous equations involving 
more than one dependent variable, it is worth noting that two 
kinds of integrals of simultaneous equations have been indicated. 
In one kind, the arbitrary element consists of arbitrary constants ; 
in the other, it consists of arbitrary functions introduced through 
initial conditions. We have seen that, in the case of equations in 
a single dependent variable, it is possible to connect the two kinds 
of integrals organically ; and it is natural to inquire whether the 
organic relation can be extended to the integrals of systems of 
equations involving several dependent variables. 

It has appeared that, in a general sense, mn is the greatest 
number of arbitrary constants that can be eliminated from a 
system of m integral equations, in m dependent and n independent 
variables, so as to lead to 7n partial differential equations of the 
first order : and conversely, it is natural to expect, also in a general 
sense, that mn is the greatest number of arbitrary constants that 
can occur in the integral equivalent of the system of m partial 
differential equations. On the analogy of the case when m = l, 
such an integral involving this greatest number mn of arbitrary 
constants is called the complete integral. Let mn be denoted by p, 
and suppose that the integral equations are resolved so as to express 
each of the dependent variables explicitly in terms of the inde- 
pendent variables and the arbitrary constants: the complete 
integral then* is of the form 

Zi = gi (xij . . . , Oj, . . . , 0-^) I 


•••> ^n» •••> ' 

To deduce other integrals, if possible, from the complete 
integral, let the customary Lagrangian method be adopted. The 

* The following discussion is partly based upon that which is given by 
Kbnigsberger, Crelle^ t. cix (1892), pp. 808 et seq. 
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quantities Oi, ...» are made variable, subject to the condition 
that the m diflferential equations are unaltered in form ; and this 
condition will be satisfied if the expressions for the values of the 
derivatives pij, for i = l, m, and J=l, n, are unaltered. 
Hence we must have 

I 

y— j 0a,* 0*z^ 

for the specified values of i and j ; and these are the equations, 
mn in number, to be satisfied by the mn quantities a. As these 
quantities aj, are variable, being functions of Wi, ..., we 

may take n of them as equivalent to a?i,- ..., Xn] let these be 
Oi, ..., Un, and let the remainder a^+i, ..., be regarded as 
functions of a^, a„. The preceding equations now become 

I r?^r i (M = 0 
\0a« 0ajj J ' 

for t = 1, . . . , m, and j = 1, . .. , w. 

Out of this set of mn equations, let that aggregate be selected 
which is obtained by taking one value of ^ and all the n values 
ofy ; it is 

p I P _L ^ P n 


p 1 p I _i_ p 1 

where 

P,.p+ s 

auj «=n+i vaa# ^dj J 

The w equations, contained in this aggregate, are homogeneous 
and linear in the quantities P<i, P,- 2 , ..., P<n; hence, either 
-Pii ~ Pi2 == 0, . . . , P = 0, 


or else 


a , . . ■ , ^ 

a t . . . , ^n) 


The latter result implies a functional relation between ai, ..., a„ 
without the intervention of quantities other than pure constants : 
let it be 

®n~P(®i> •••# i)* 
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Multiply the n equations in the aggregate by dxn re- 

spectively, and add : then 

Piidoi + Pt2C?a.2 + . . . + Pindan = 0, 
so that, in conjunction with an = F (cii, ..., an-i), we must have 

for J = 1, . . . , n — 1, and ^ = 1, . . . , m. There are thus two ways of 
satisfying the selected aggregate of equations : either 

Pii = 0, Pi2 = 0, ...,P,n=0, 

or 

(Ifi = P (tti , . . . , Cln—i) ] 

0;=P.. + P. 1’ 

where j = 1, ..., n — 1 in the latter set. And then, taking all the 
aggregates which can thus be selected so that we use the full set 
of mn equations, we see that the two sets of equations in virtue of 
which the mn equations can be satisfied are (i) the system of 
equations 

Pij = 0, 

for 1 = 1, ..., m, and^‘ = 1, ri ; and (ii) the system of equations 

P (®1 ) • • • > 

0 = P + P -~ 

for ^ = 1, . . . , m, and j ~ 1, n. 

The alternatives must be considered separately. 


164. I. For the first alternative, we have the system of 
mn equations 

Po = 0, 

where 

p,.^+ i mp). 

OCtj g = 7l+l ^djJ 


These equations contain the variables Xi, ..., x^ and the mn 
parameters When the variables are eliminated, n (m — 1) 

equations survive as the eliminant; and these are partial differ- 
ential equations of the first order, in which Un+u •••> are 
7i(m — 1) dependent variables and aj, are n independent 

variables. Now 


n(m—l)>my 
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except in three cases; in the first case of exception, m = l, and 
then we have the usual Jacobian theory of partial differential 
equations in a single dependent variable; in the second case of 
exception, n =* 1, and then we have a system of ordinary equations ; 
the third case of exception is given by the equality of the numbers 
n(m--l) and m, and then the only possible values are n = 2, 
m= 2. 

Hence, when m ^ 2 and n > 2, the derivation of the values of 
an^iy through Ptj = 0 exacts the integration of a system of 

simultaneous partial equations in a number of dependent variables 
greater than the number in the original system of equations ; and 
therefore the process of deducing new integrals from the complete 
integral by means of the equations = 0 is of more elaborate 
extent than the process of integrating the original system. There 
is one exception to this result, and it is given by m = 2, n = 2 ; in 
that case, the two processes are of the same degree of difficulty. 

II. For the second alternative, we have the m (n — 1) equations 

for^'= 1, ..., n — 1, and i = 1, m, together with the relation 
an = F(a^, ..., 

As Oi, ..., On are now connected by a relation, they are no longer 
eligible as a set of n independent quantities. We therefore choose 
some other set, say On+i, (h> •••, «n-i> as the n independent 
quantities equivalent to ..., Xnl and, instead of using the 
m(n — 1) equations associated with an — F, we return to the 
equations, which secure the absence of change of form in the 
derivatives and therefore conserve the form of the differential 
equations. The quantities a„, ...» are now functions 

of Oj, ..., dn-iy On+i •' so that, writing 

daj dOn daj ,=:n+2 ' 

for j aw 1, . . . , w — 1, and 

O. =^ 4 . i 
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for / = n + 1, we have these equations in the form 


is-"- 


dxj,' 


for ^ s=s 1, . . . , m, and A? = 1, . , n. 


Proceeding as before, these equations can be satisfied in two 
different ways. We may have 

for 1 = 1, ..., m, and j = l, ..., n — 1, ri+l, being a system of 
mn equations; or we may have a relation of the form 

dn+i ®(®i> •••> 1)> 

coupled with the equations 

where / = n + 1 ; j = 1, . . . , n — 1 ; i = 1, . . . , m. 

In the former case, we eliminate from the system of 

mn equations: when the elimination has been effected, there 
remain w(m — 1) differential equations in the n independent 
variables Ui, . . . , an-i, an+i and the n (m ~ 1) — 1 dependent variables 
«H+a, «n+8, the value of On being already known. As the 

number of equations is greater than the number of dependent 
variables by unity, and as the equations are formally independent 
of one another, the system can coexist only if conditions are 
satisfied: it will not unconditionally determine the dependent 
variables. 

In the latter case, the quantities Uj, ..., o^i, On+u being con- 
nected by a relation, are not eligible as independent variables ; we 
proceed to choose a set of quantities independent of one another as 
equivalent to Xi, say Ui, ..., Un-i, and construct the 

corresponding equations. The equations can be satisfied, as before, 
in two ways : either by a system of mn equations which, on the 
elimination of a?i, ..., a?«, give a set of w (m — 1) differential equa- 
tions, involving n(m — 1) - 2 dependent variables and therefore not 
unconditionally determining those variables : or by a relation 

®n+* “ ^ (di, ...» dnr-i)t 

with associated equations. 
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Pursuing the latter alternative to the extreme end, we have, at 
that end, a number of relations 

(lg= Fg (Uj, . . , , Un— 1)> 

for 5 =n, ?i + 1, Writing 

for I = 1, . . . , m, and j = I, — 1, the equations to be associated 
with the n {m -1)4-1 relations are 

Tij^O, 

These m(n—l) equations, together with the n (m — 1) 4- 1 relations, 
make up 2mn — m — 4- 1 equations to be associated with the 

original in equations : they are more in number than the mn 
unknown quantities a ; and therefore they cannot unconditionally 
be satisfied, for they are formally independent. 

Summing up the various results we see that, except in the single 
case m = 2, n = 2, it is not possible with unconditioned equations to 
use the Lagrangian process of variation of constants for the derivation 
of integrals from the complete integral without integrating a set of 
differential equations of more elaborate extent than the original 
system : when this set can be integrated, the integrals thus provided 
are, in general, the only integrals that can be derived from the com- 
plete integral. In the case of exception, the equations to be integrated 
are of the same order of difficulty as the original system. 

166 . It is perhaps superfluous to point out that such integrals 
as can be obtained may belong to various classes. When they are 
derived through the n{m — \) partial differential equations which 
determine the n(m - 1) quantities a„+i, ..., in terms of a and b, 
there will be as many kinds of integrals of the original equations 
thus provided as there are different types of integrals of these new 
equations. Thus some integrals will involve arbitrary functional 
forms : these will correspond to one or other of the classes of 
general integrals. We know already that all the demands are 
satisfied by having a^, ...,a^ constant: we then have the complete 
integml. There may be equations of intermediate types in which 
some firbitrary functional forms occur and, at the same time, some 
of the varied arbitrary constants may survive merely as constants, 
by arising as trivial constant integrals satisfying the partial differ- 
ential equations. 
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Ex. 1. Such systematic processes as have been devised for the integration 
of particular systems of simultaneous equations will be discussed almost 
immediately. Meanwhile, the special case can be illustrated by an example 
given* by Konigsberger in the form 

ypi - ^$'2=0, xqi ~y?)2=0, 

where are the dependent variables, x, y are the independent variables, 
and 

dzi dzi dz2 dz2 

The actual integration of the equations happens to be easy. We have 

dzi ^pi dx + qx dy 

= ~q.dx+^p.idy, 

the right hand side must be a perfect differential, so that 

3 /y ^ \ _ 3 A' \ 


that is. 


1 A A ?!iA A 

xdx\xdx/^ydy\ydyj^ 


and therefore 

where / and y are arbitrary functions of their arguments. It is then easy to 
deduce, by means of the values of pi and qi , that the value of Zi is 

Zx — F (^2 ^ Q (^2 

Now a set of integrals containing four arbitrary constants (and therefore 
constituting a complete integral) is 

Z2—^-\rhx^-k-ay'^] 

where a, a, /9 are arbitrary constants. To deduce other integrals if possible, 
we make a, a, h variable quantities, being functions of x and y ; and, in 
the first place, we make a and h equivalent to x and y, and can therefore use 
bhem as independent variables. Then if 

the values of pi, qi, Jj will be unaltered if 

.a<i „a6 n 

0a ^ 06 i A 


Crelle, t. cix, p. 319 : the integral selected is simpler than Kdnigsberger’s. 
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which are equations for the determination of a and b. They can be satisfied 
in various ways. 


(i) They are satisfied if 

da n. 

0^7™ ’ ^ ^ ’ 0y** * 

then a, b (and therefore a and /3, which are functions of a and b) are 
constants. We return to the complete integral. 


(ii) They are satisfied if 


.4i==0, 

J5i=0, ^2=0, Bi 

From .^1 = 0, ^ 2 = 0 , we have 

da d^ 

0a“06* 

and from Bi—Oj .42=0, we have 


aa_^ 

36 da ‘ 

Hence 

aV 0»a 


3o* §P~ ’ 

so that 


a 

=f{a+b)+g (a-b), 


where /and g are arbitrary functions of their arguments; and then it easily 
follows that 

^=/(a + 6)~5r(a-&). 

Also from Ai=0, ji5i = 0, we now have 


so that 

- (^+y2)«2/' (a+6), (a-ft). 

Hence a+b is an arbitrary function of and a— 0 is an arbitrary 

function of say 

a+b^B a— (a?*— y*). 

Thus 

=./{<? {a/^-^y^)} +g {x^-y^)Hk{^^y^) B (^+y2) -y^) 
-e(^+y2)+0(.r*-y2), 

*/{d (^+y2)} -y {</> (:r*-y*)}+i (^«+y2) ^ J (^-y2) (;r2-y2) 

-e(a72+y2)-4^(^-y), 

where 0 and ♦ are arbitrary functions of their arguments. 
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(iii) The equations necessary in order that the forms of pi, qu p^y q% 
may be conserved can be satisfied by 


that is, by 




6 lit 

where h is any function of its argument, together with 


As a and 6 are not now independent, we return to the equations ; and we 
make a and a the independent variables. 

Proceeding as before, we find that the alternative to the integral obtained 
in the last case is 

(a), 

where k is any function of its argument, with associated equations. 

To deal with the latter alternative, we again return to the initial equations ; 
and we make )3 and a the independent variables. A similar process leads to 
the result that the alternative to the integral already obtained is given by 

with the associated equations. 

We thus have 

6«A(a), a=^(a), /3=*^(a); 

and the associated equations are 

k' {a) + ’¥y^h' (a) — 0| 

V (a) + x^k' {a) _ 0 j 

These can coexist only in two cases. In the first case, 

A'(o)=l, 

and 

^'(a)=r(a)=-(^+ya); 
the corresponding integrals are 

zi^Q (^*-f y*), 22=0 (^4-y*), 

being particular forms of the integrals already obtained. In the second case, 

h' (a) s* ~ 1, 

^(a)*-r(a)«-(^-y2); 
the corresponding integrals are 

being particalar forms of the integrals already obtained. 
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Hence the most general integrals that can thus be derived from the 
complete integrals are 

^2 *= e 4- .y*) - * 

Ex. 2. Generalise similarly the integrals 

2i= a+(o4-y)^+(a~y)y® + ^(^4-y^)^ 

^2 = - a 4- (a - y) a?* + (a 4- y) 4- ^ (^* ■^}h\ 
of the same equations 

(Kiinigsberger.) 

Ex. 3. Construct the differential equations of the first order satisfied by 
Zi = a^x by c^xy 4- 
z^i—ay-^- h^x 4- 4- ^ V> 

where a, 6, c, /fc are arbitrary constants. 

Generalise the integrals so as to deduce others from this complete integral. 
In particular, shew that another integral is given by keeping c and k constant, 
and by making a and h functions of x and y such that 

Sa^-aa^ 4-^=0 

where a is an arbitrary constant. (Konigsberger.) 

Hamburger’s Linear Equations. 

166. It has appeared, from the discussion of the classes of 
simultaneous equations already considered, that the construction 
of a system of integrals can be made to depend on the construc- 
tion of the integrals of a set of simultaneous equations the 
number of which is the same as the number of dependent 
variables involved. The only indication of any systematic method 
of obtaining the integrals is furnished in the proof of the existence 
theorem; they are obtained in the form of converging power- 
series in the independent variables. What is usually desired for 
the purpose is an expression for the integrals in some form more 
compact than multiple power-series. 

A method, which has been found effective for a limited 
number of classes of equations, has been devised* by Hamburger. 

* CreUe^ t. lxzxi (1876), pp. 243 — 280, the equations being linear in the 
derivatives of the dependent variables; ib., t. xciii (1882), pp. 188 — 214, the 
equations not being necessarily linear in those derivatives. 

See also a paper by KOnigsberger, Math. Ann. , t. xli (1893), pp. 260-^285. 
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Denoting the independent variables by iCi, the dependent 

variables by Zi, and the derivatives of the dependent 

variables by py as before, where 



we first consider a set of m algebraically independent equations 
which are linear in the derivatives. We also assume that they 
can be resolved so as to express the derivatives of the m dependent 
variables with regard to one and the same independent variable : 
let this variable be so that the system may be taken in the 
form 

m n 
j=l 

for 1 = 1, ..., m\ the quantities tt^ and for all values of s, 
are functions of the variables ^i, z^, ..., Multiplying 

the equations by Aj, ..., a set of provisionally indeterminate 
multipliers, and adding, we have 


m tn m n / m \ 

2 XiVi- 2 \ipii+ 2 2 pjA 2 = 

i—1 t = l j=l s=2 \t = l / 

The values of the derivatives must be such that the differential 
relations 

dzi - piidxi — pi2dxz - . . . —pindxn = 0 , 


for 1 = 1, ... , m, must be satisfied : consequently, the relation 

m n m n 

^ '\>idZ'i dxi "^iPii ““ ^ ^ Pjt'^jdxg = 0 

i = l t=l j = l 8=2 

also must be satisfied. Comparing this differential relation with 
the preceding composite equation and having regard to the 
ordinary subsidiary equations constructed in connection with a 
single partial differential equation, we construct the set 


m 


t=i 

m 

2 At-TTj 


t=l 


= dXy^ = 


'\tjdxg 

m 

S \i0jgi 
i=l 


of ordinary equations, to hold for all values of j and s. 
In this system of ordinary equations, let 

dxg 
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so that 

2 \i Ojii + = 0 , 

t=i 

for all values of j and s. Selecting those of the equations given 
by one value of s and the m values of y, we can eliminate 
Xi, Xm determinantally ; and we obtain an equation satisfied 
by fig. For each root fig of this equation we obtain a set of ratios 
Xj : Xa : . . . : the values of these ratios depending upon the 

coefficients where s is the same for all the coefficients in the 
tableau. 

If there be more than one value of s, say if cr be another value, 
then certain combinations of the coefficients 6j„i must be the same 
as those combinations of the coefficients in order to secure the 
same values for the ratios Xi : Xg : ... : Xw». This requirement 
would impose conditions upon the equations which would not, in 
general, be satisfied : though it might be of interest to construct 
classes of equations for which the appropriate conditions are 
satisfied, we shall assume that our equations are not thus con- 
ditioned. Accordingly, there will be only one value of s, say s = 2. 


167. Thus for the present purpose, we restrict ourselves to 
the consideration of equations in two independent variables, which 
will be denoted by x and y. Writing 





dzi 


we may take the equations in the form 


= 2 auqgy 

8-1 

for 1, ..., w. In connection with the differential relations 
dzi --pidx — qidy = 0 , 
we form the set of ordinary equations 


2 Xidzi 
2 XiWi 

tail 


dx 


for 1, ..., wi. Take 


^»dy 

m 

2 X{U^ 

t=i 


dy « fidx, 
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SO that 

m 

X ^Ctig 4* ^ 

for 5 = 1, m, and eliminafce the quantities Xi, \m among 
these equations : then fx satisfies the equation 


0 = 


Oai , 

Ugi , . . 

. , dfni 


®13 t 

«22 + 

, . . 

. , dma 


(hz > 

(hz y 

Us3 4* • • 

. y (^mz 


^\m i 

®2m y 

asm , •• 

• y (^mm 4" 


which is of order m. 

When /i. is a simple root of this equation @ = 0, the preceding 
equations determine a unique set of values of Xj : Xa : . . . : ; then, 

when we take 

— = a<, (t=l, 

t=l 

the quantities ai, ..., are uniquely determinate. Hence we 
have 

... = ) 

dy=i fxdoc) ' 

that is, there are two linear equations for each simple root of 

0 = 0 . 

Next, let /A be a multiple root of the equation 0 = 0, and 
suppose that it occurs 6 times; then t of the m equations that 
lead to 0 = 0 are deducible from the remainder, where 

The ratios Xx : X, : ... : X^ are no longer determinate: the 
quantities X^, Xg, ..., X^ are expressible in terms of t arbitrary 
quantities Ki, ..., Kt by equations of the form 

Xr*7»«^i + ... +7re«e, 

for r=l, ..., m, the quantities 7n, ...» 7rt being determinate. 
The equation 

m / m \ 

2 XrdSr — l X Xrirr]dm 
r«l \r«l / 
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now becomes 

m t m t 

2 S {^ridZT)lCi— 2 2 ICidx \ 

rs=l t=sl r=l *=1 

and therefore, as the quantities /ci, are arbitrary, we have 

the i + 1 linear equations 

dy = fidxy 

m / m \ 

2 ^ndZr—i 2 7n'W'r)c?a:, 
r=l \r=l / 

for 

168 . The extreme case among multiple roots is that in which 
^ = m : 

the quantity © is then the with power of a linear factor: the 
coefficients Ou, a^y ..., amm have a common value, say a; and all 
the coefficients Oij, for unequal values of i and J, are zero. The 
equations are 

and the associated subsidiary equations are 
dx ^ dy __dzi __ _ dzm 

1 —-a TTj TTiyj 

The equations in this extreme case were considered by Jacobi*, 
independently of the preceding mode of origin: he approached 
them from the stage of integral relations with any number of 
dependent variables and any number of independent variables, and 
the particular set just given are his equations when there are two 
independent variables. 

When /i is a multiple root of order 6, the most important case 
is that in which t — 0 ; the conditions f are connected with the 
elementary divisors (or elementary factors) of the determinant ©. 
They will not be set out in detail because the method devised by 
Hamburger will be sufficiently illustrated for the equations, to 
which it can be applied, by a discussion of the simplest cases. 

The integral of the Jacobian set can easily be obtained. Let 
tt,, ..., Um+i be a complete set of independent integrals of the 
m + 1 ordinary equations 

dx dy dz\ dtZf/y^ 

1 — Ot TTi ITfui 

* Qe», Werkty t. iv, p. 7 ; CrelUy t. ii (1827), p. 821. 

+ For this theory, see Weierstrass, Qes, Werke, t. n, pp. 19 — 44. Other 
references are given in vol. iv of the present work, p. 42, foot-note. 
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Pi = -rri + aqu 

for i= 1, m: then the differential relation 

dUr j , SUr j , dUr j , , dUr , „ 

-d^+-dy + ^^<b. + ... + ^dz„ = 0 

is satisfied in virtue of the above set of ordinary equations, and 
consequently 

dUr dUr dUr ^ 

holding for r = 1, m 4* 1. 

Now take any equation 

regarded as one of a system of m equations to express m dependent 
variables js^i, in terms of x and y. We have 

i?lfr _L o j- , 4.© ^l = o 

dur {"dx dzi^ ' 

dy^i {dUr ,^dUr, , ^ dUr] ^ . 

multiplying the latter by a, subtracting from the former, and 
using the partial equation satisfied by the quantity Ur, we have 


dyfri 


{Pi - TT, - + ... + (Pm - TTm - aqm) = 0. 


Now, when we write 


dyfrj _ dur 

dZg r=l “^‘^T ^^8 


so that is the complete derivative of with regard to Zg, this 

(JLZg 

equation is 

(Pi - -n-i - agi) ^ + . . . + (Pm - - aq^) ^ = 0. 

Accordingly, take m equations 

.... «m+i)== 0 , 
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for 1, m, independent of one another and determining* the 
m quantities Zi, ...» z^ I then the equation 

(j>, - W, - «5,) + . . . + (pm - TTm - Oq^) ^‘ = 0 


is satisfied for each of the values t = l, m. Also as the 
equations are independent of one another and determine the 

dyj/'i 

quantities Zi, Zmt the determinant of the quantities » 

for i and^’ = l, m, does not vanish: consequently 


forj = l, m. 

Hence the m equations 

for I = 1, m, give integrals of the Jacobian set ; and this is true 
however arbitrary the functions yfr may be, provided only that they 
are independent of one another. 

It can be proved, as in the case of a single dependent variable 
(§§ 31 — 33), that the preceding integrals (when yjri, ..., are 
kept as arbitrary as possible) include all integrals that are not of 
the type called special in the simpler case. Such special integrals 
could occur in connection with zeros, with branch-values, and with 
singularities of the quantities a, ttj, irm. 


* There cannot be an identical relation between U|, t/„^j which leads to 

an equation independent of If such an equation were possible in 

a form 


then as 


we should then have 

Also 




dS du^ de d$ . 

r-i dy df, ^ 


rZidu.dx''^* 


de dUr 
tm.\Sur 


for t'al, m : consequently, if some of the derivatives 
vanish, 


de 


de 


do not 


f K 8(“i. «Wi) . 0 

®(*l* •••»*!.» ^ (*l» y) 

which are not true because Uj, ..., are a set of independent integrals of the 
Bubsidiaiy system. 
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Ex. 1. Integrate the equations 




P2 + ^2 = 


zx-z% 
l-Zijx-i-y) 


Z^ — Zl 

The subsidiary equations^ taken according to the preceding explanations, are 

dx dy flfei dzi 

^ ^ ““ I - gj (^-by) '“ 1-^2 (^4-y) ‘ 

Zi-^Z^ Z2^Zi 

Three independent integrals of this system are easily obtained in the form 


U2'^Zi+Z2+xy=>^by 
M3*aB^j2;2 + :rs=C, 


where a, 6, c are arbitrary constants ; and therefore a set of integrals of the 
partial differential equations is given by the equations 

zi+22‘^xy^<t>(x-y) 

ZiZ2+x^}l^(x-y) 

where (/) and yj/ are arbitrary functions. These equations constitute a general 
integral. 


Ex. 2. Integrate the equations 

obtaining a general integral in the form 


7+^=/(«+y). 2i*2+«y-s’(a?+y), 

*2 y 

where / and g are arbitrary functions. 

State also a complete integral : and from it deduce the general integral 


Hamburger’s Equations in Two Dependent Variables. 

169. The simplest case of the general problem occurs when 
there are two dependent variables and two independent variables, 
so that the equations may be taken to be 

= + + 

The subsidiary ordinary equations are 

“f" Xf cii'j X<jdy 

^i7i d" ^7 j “b Xi^i *b Xi^i 
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Hence, if 


consequently 


and therefore 


dy = fjbdx, 

{Ui “H "f" XjjCig 0^ 

Xi^i + (62 + /X-) = 0 : 

y? "h fif ip^ 4" ^ 2 ) 4” ctj ^2 ■” 

2 /u^ 4 " 4 * 62 = {(^1 — 62)* 4 " 40-261}^, 


Thus, if the radical does not vanish, there are two values of ya. 
Denoting either of these values by fju, we have the subsidiary 
equations in the form 

a^dzi + a^dz^— dx\ 
dy=^ fidx] 

where 

«1 ^ «2 1 

^2 - («! 4- ya) a27i ~ {a^ 4“ /i) 72 ’ 

Let 

u (Xy y, Ziy Z2) = constant 

be an integral of these differential relations : then the relation 

du , 7 . 9 ^ 7 du j 

^ dx + ^ dy-¥^ dzi-{-^dz 2 
dx dy ^ dzi dzz 

= p (aidzi 4- a2d-3^2 — dx) 4* cr {dy — pbdx) 

must be identically satisfied, so that 

du , 

dzi 0a7 dy ~ 

du , du du ^ 

It is easy to see that these two equations are not generally 
a complete system: for if they were, and if 

u (Xy y, z^y z^) = constant 
were an integral, we should have 


that is, 


du ^ du du ^ 

(1 -p,a, -jp,a,) +p,(Xt) = 0, 
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an equation which, in general, cannot be satisfied identically. 
Writing 

. du du , du 


we have 


. du du du 


Ai{A^u) — A^iAiu) 

= 1 ^, («,) - A, («,)} ^ M - A, g ; 

and therefore, if a common integral of the two partial equations 
for u exists, we must have 

{A, (a,) - A. («,)} % + {A, M - A, (a,M)} | = 0. 

When this is associated with the other two, the three may make a 
complete system : in that case, there is one integral of the com- 
plete system of three equations in four variables, which may be 
denoted by 

u = u (iP, y, Zi , Zq). 

Similarly, from the other value of /tt, there may be an integral : 
let it be denoted by 

v=:v(x,y, Ziy z^). 

Then the equations 

u = constant, v = constant, 
give an integral system of the original equations. 

It may however happen that only one of the values of fi may 
lead to an integral equation of the form 

u = u(Wy y, Ziy z^) = constant. 


In that case, we can use the equation thus obtained to eliminate 
one of the dependent variables and its derivatives from the original 
equations : and it appears as follows that, if one of the original 
equations is then satisfied, the other also is satisfied so that, in 
fact, the integral can be used to reduce the two original equations 
to one only. 

The integral u=s constant is the one integral common to a 
complete system of three equations, which may be taken in the 
form 

19u_l du ^ 1 
6 dy““ <f>dzi^ yjt dz^ dx ’ 
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and it also is an integral of the system 


so that 


and therefore 


tt\dzi * 4 " Oi^dz^ ~ doi 
dy^fidw 


du 


du 


du 




du 


du 


du 




0 , 

0 ; 


^ (1 + /lO) =0, + tta (1 + /ii6) = 0. 

Now if u^u (Xf y, Zi, z^) is to be used to eliminate z, pi, qi from 
the original equations, we have 


du du du 


= 0 . 


du , du , Su ^ 

0i;+«'S+*s,-'’' 


as the equations giving the values of the derivatives : and 
therefore 

6 + <f>q\ + = 0, 

that is, 

1 + OajPgXl +H^0) = 0, 

S - (ai^i + aaffa) (1 + = 0. 


When by means of these two relations, we eliminate p^ and q^ from 
the original -equations, they become 


J»i = 7s + 




respectively ; and these are easily proved to be one and the same 
equation, in virtue of the relations between the quantities a, a, 7, 
II, Eliminating Zi from either of them, we then have a single 
partial equation of the first order involving only z^ and its 
derivatives; its integral can be associated with 
u SB w (4?, y, Zit z^) = constant, 

and the two equations constitute an integral equivalent of the 
original equations. 
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It is an immediate consequence of this analytical investigation 
that, if the two equations can be combined in any way with 

u^u (x, y, Zif z^) * constant, 

so as to lead to a new integral equation independent of u = con- 
stant, then the new integral can be combined with u = constant as 
above to provide an integral equivalent of the original system. 

Ex. 1. As an example*, consider the equations 

Pi- -^191-^92 

*2 “ ■^*1 ^ 

The equation for /x is 

“2^1 =0, 

-Z2 y -2^ + Ai 

so that there are two values for /i, viz. 

fl=s2l + 22l2> /i*0. 

Taking the value ft == 2 :] +22^2) the associated values of ai and 02 are 
a? +y (^ 1 + 2 ^ 2 )* 


‘.t?+.y(2^i + 2z2)' 


and then the equations for u are 


“ ^+ 1 / 5+2*;) ^ |} “°- 


so that 

and then the other two equations are 

du Zi du 
0 ^ 1 "" X dx^ 
du Zfhi, 
dz 2 xSx* 

The system for u is complete : it has the single integral 

* It is given by KSnigsberger, Math. Ann., t. xu (1898), p. 264. 
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Next, taking the value ^laaO, (and this implies constant, as an integral 
of the subsidiary system), we have 

(^1+2^2)’ 

^ •" (^2 ~~ . 

(2,+2 j 2) ’ 

and the equations for u are 

B i/=— - 2 (^ 2 -2^1) du 
^ dzi 5x—y{zi-^2z2)dx * 

Z2-^Zl 

^^^~dz2 5 ^^^Zi-\-2z 2) dx"^' 


clearly satisfied by u , which however is not an efiective integral for our 
purpose. Also, the equation 

Bi {B 2 u) — B 2 {jBi w) S5= 0 


is satisfied only in virtue of 


du 

dx 


= 0 ; 


and the other two equations then are 


du 

dzi 


- 0 , 


du 


=0. 


Clearly no integral that is effective can be derived through /i= 0 . 


We thus have only one integral of the original system, viz. 

^y2 ^ ^ ^2^ constant. 


As explained in the text, this integral can be used to eliminate one of the 
dependent variables and its derivatives from the two original equations: 
when this elimination has been effected, the resulting equations are one and 
the same: and the integral of this last equation will complete the integral 
equivalent of the original equations. Or, also as explained in the text, it can 
be used so as, in combination with the original equations, to construct a new 
integral, independent of w = constant. The latter process happens, in the 
present example, to be the simpler. We have 

.y+^i?i+^29'2=0. 


When this is combined with the first of the equations, we find 


yz2-2x ^^ 
Z2 - 2 z 


and, when it is combined with the second of the equations, we find 


P2+ 


«2— 2zi 


0 . 


These two are equivalent to one another in virtue of 


as derived from the integral already obtained : and so they can be replaced 
by any relation which is a combination of the two. Such a relation is 
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an integral of which will serve to complete the integral system. An integral 
is 

where (f) is an arbitrary function. 

Consequently, an integral equivalent of the two original equations is 
«i + 2^2+^=0(y)J 

where a is an arbitrary constant, and is an arbitrary function. 

It is also possible to obtain the integral from 


by substituting for Zx and integrating. 


Ex. 2. Obtain an integral system of the equations 

1 

in the form 

z^-x-y’^h, 

where a and h are arbitrary constants. 


(Konigsberger.) 


Ex. 3. Obtain an integral system of the equations 


in the form 


pi-^rx^qx - ix {x-^yf 


~ + y = a, ^2- ** h, 

where a and b are arbitrary constants. (Kbnigsberger.) 

Ex. 4. Shew that, if Wi, W 2 ) % are any three functions of Xj y, «i, ^ 2 ) the 
differential equations for Zi and Z 2 that correspond to the integral relations 


0(Wi, U2, W3) = 0, ir(Ui, %, t43)=:0, 

where </> and yjr are arbitrary, are 

{Pi^2 ’-P2^i) +yiS'i +di^2+fl?2** fi 1 

02 {pi ?2 -^^2 ^l) + ^2Pl + 72 + b2P2 + f 29'2 “ fa j 

(Hamburger.) 

What are the limitations on Mi, ?42, in order that these equations may 
reduce to Jacobi’s set? 
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Hamburger’s Process when there are more than 
Two Equations. 


170. When the number of dependent variables is greater 
than two, and /u. is a simple root of the critical equation, we 
proceed in a similar manner. The subsidiary equations are 

a^dzi + + OLr^dZm, = ] 

where the quantities cti, ..., are determinate. Let 


uipc^y^z^^ . . . , Zr^ = constant 

be an integral of these relations ; then the differential relation 






2 Sw 


= />^2 ttidzi — di^ + a {dy — ndx) 


must be satisfied identically, where p and a are independent of the 
differential elements : hence 


du du 


I A 


for 1 = 1, ..., m. This is a system of m equations in m + 2 
variables; according to its character in respect of completeness, 
it may possess two independent integrals, or only one, or none. 
The most general integral, which it possesses and which involves 
any of the dependent variables, provides an integral of the 
original system. 


It is possible that such an integral may be provided by each 
simple root of the critical equation. If each root of the critical 
equation is simple, and if an integral can be determined in 
association with each of the roots, the aggregate of all the inte- 
grals thus obtained is an integral equivalent of the original system 
of equations. 

But an integral equivalent will not thus be provided if it 
should not be possible to obtain an integral in connection with a 
simple root of the critical equation. In that case, we take such 
integrals, say m — /a, as are thus provided: and we use them to 
eliminate, from the m original equations, m — ft of the dependent 
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variables with their derivatives ; there will then be left a system 
of fjL equations, which are of the same form as before and which 
involve only dependent variables. The problem now is similar 
to the problem in its initial stage : but it is simpler, because the 
number of dependent variables has been decreased. 

Next, consider a multiple root of the critical equation, and let 
it give rise to a system of differential relations represented by 

dy = fjidcc 

m / m \ 

2 ^igdZi — I 2 I djiC 

t«l \t*l / 

for 5 = 1, ..., t, the system thus containing i + 1 relations. 

Let the last t relations be resolved so as to express t of the 
elements dz, say dz^ ..., dz^t in terms of the remainder, so that 
the system may be replaced by a system of the form 

dy = /icfcr 

m 

dzg^^TTgdcc-^ 2 €t^,{Trodx--~dz„) 

. <rsi+l 

for 5 = 1, . . . , t. The modified system implies, as the former system 
implied, that t of the equations 

m 

Ef^ = 2 — 0, 

t=l 

for /) = 1, . . . , m, are deducible from the remainder, the quantities 
aip being the coefficients in the original set of equations 

m 

= n-i + t Oi^q,, (t = 1, , »n), 

p = l 

and the quantities \i, ..., are such that the t differential 
relations arise from 

m 

2 \i (dzi — TTidx) =s 0. 

*=1 

In order to express the interdependence of some of the equa- 
tions -^1 = 0, . . . , Em, = 0, we write 

Ei -h 2 ^ijEj = 0, 
i=:m 

for 1 = 1, ..., t ; and therefore the quantities are such that 

m 

j=t+i 
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for all values of /a different from ^ + 1, together with 


in 

+ /Lt H- S = 0, 

i=m 
m 

aij4- 2 €ipa^4-€*;^(aj; + AA) = 0, 

p*«+i 

where the summation with regard to p excludes p = while i has 
the values 1, and j has the values 1, w. With these 
values, we have 

m 

= Oti?i+a.!i?a+... +{pki + p)qi+ ••• + ^im^m 
m 

4 - 2 €ij{ajiqi + ajiq2 + {cijj + P') + cijm^m] 

= 0 , 

because the coefficient of each of the quantities qi, .... vanishes 
on account of the above equations in the quantities e^. 


Thus the t equations 

m 

Pi + Mli-iri+ 2 €ij(pi + pqj-'irj)=:0 

i=t+i 

can be regarded as replacing t of the equations in the original 
system: other m — t equations would be required to have a 
complete equivalent of that system. 


Now let 

^ (a?, y, , . . . , Zfn) = constant 

be one of the equations in the integral equivalent of the subsidiary 
differential relations; and assume that the differential relations 
are completely integrable*, so that there are ^4- 1 such integrals. 
Then the relation 


pdx + ^^dy+ 2 

dx dy ^ <=i dzi 


is consistent with the ^ 4- 1 differential relations 


dy = fidx, 

m 

dzj ss TTjdx 4 * 2 €j9 {iTffdx — dZff ) ; 

<rs»^+l 

* Tlie assumption is a distinct limitation, as its justification requires that con- 
ditions should be satisfied. It must be remembered, however, that we are dealing 
with equations, restricted in form and in the number of independent variables, so 
that the method does not claim to be general ; it is therefore hardly necessary to 
deal generally with all the minutiie of alternatives, when these could be dealt with 
in any particular case. 
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and therefore 


— +m|^+ 2 f7r»+ 2 = 

oy 8^1 \ v^t+i } 


'bx ^ by 




a^p ,ri 

for p = ^+l, ...» m. And these equations must be satisfied by 
each of the functions <^. 

171. Let the ^ + 1 functions, supposed to be thus obtained, be 
denoted by <f>t+il and let t arbitrary combinations of these 

functions be taken which, when equated to zero, may be regarded 
as t equations helping to express ^i, in terms of x and y. If 

ft i •••> ^t+i) = 

be any one of these integral equations, then, on multiplying by 

^ the differential equations which determine (f>i and on adding 
o<pi 

the results, we have 


bx '^by 5=1 V ar»<+i JdZu I 
a^p ) 

for p = ^ + 1, m. But when /j • = 0 is regarded as an integral 
equation, we have 

and therefore 

Substituting in this equation for A ^ ^ and for ^ (for 


p = ^ + 1, . . . , m), we have 


bx ‘ ^by 




This relation holds for t * 1, ...» and the functions /i, ...,/e are 
independent, so that the quantity 


Zxy ...> ^e 
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is not evanescent ; consequently, the equations 

m 

p, + - TT, + 2 €,a {P0 + pqi, - = 0, 

<r«^+l 

for 5 = 1, t, are satisfied. And these equations are part of the 
system equivalent to the original system: the set of integrals 
thus obtained effectively satisfy t of the equations of the original 
system. 

When we proceed in this way with all the multiple roots of 
the critical equation and obtain the integrals associated with them 
in turn, and when we similarly retain all the integrals associated 
with the simple roots of that equation, we obtain an aggregate of 
integrals of the differential equations : let the number of these be 
T. Then these t equations can be resolved so as to express t of 
the dependent variables, say in terms of the remainder 

and of and they are such as to satisfy an appropriate set of 
T combinations of the original equations. When the values of 
2 ^ 1 , and of their derivatives are substituted in the m — t 

other combinations, which (with the t just satisfied) constitute 
an algebraic equivalent of the original system, then we have 
a simultaneous set of m — r equations having •••> for the 
dependent variables, and a?, y for the independent variables. The 
problem of obtaining the integrals of this new set of equations 
is similar to the initial problem : but it is simpler, because the 
number of dependent variables has been reduced from mio m — r. 

As already remarked, the easiest case is that in which each 
root /i of the critical equation is simple. With each such root, 
two differential relations are satisfied: let w<=constant, t;<=constant 
be their integral equivalent. Then 

9i{uu v*) = 0, 

where gi is arbitrary, is an integral of the original system; and 
a fall set of integrals of the original equations is given by 

9x («i. Vi) = 0, v.) =■ 0, (w„, ti*) = 0, 

where gi^ ...» arbitrary fanctions. 

If, connected with a simple root of the critical equation, 
only one integral (say u^) can be obtained, then 

Uj « constant 
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takes the place of (wj, Vj) = 0. And if no integral can be obtained, 
then (as already explained) we use the known integrals to reduce 
the order of the system and adopt the process for the integration 
of the reduced system. 

It is to be noticed that what is wanted at each stage, in 
connection with the differential relations of the form 

4* ... + 

dy = fidx 

for a simple root fi of the critical equation, and of similar relations 
for a multiple root, is not a complete equivalent of each set 
regarded as a set of Pfaffian equations but only those integral 
equations (if any), which arise by forming an exactly integrable 
combination of the differential relations or which can be obtained 
by some equivalent process. 

Further it is clear from the general argument that, if circum- 
stances make the use of an obtained integral convenient at any 
stage, the integral can be used to reduce the order of the system 
at once without determining any further integral or integrals 
connected with the root in question, or with any other root, of 
the critical equation in /li. 

Ex, 1. Integrate the equations 

(3«i + 222 4 *^ 3 ) “ “ 1 + ^2 4 S's) I 
/>2 = ^(^1 + 2 ^ 8 -* 8)+|?3 I - 


The critical equation for the determination of /x is 


that is, 


.. y 



^ x^ 

a;’ 

X 

0 , 

> 

y 

X 

0 , 

y 



X ’ 



SO that is a simple root and is a repeated root. 
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Taking , we have 




so that 

The subsidiary equations are 


_x,y+x,y=^x„ 

X X 

_X.^+X,^=-1?X„ 

^X X ^ 
Xj— Oj X2“X3. 

dz2-^dz3 


0 


-—dxy 


dy^ ^^dx: 

two integrals of these are 

^2 + ^ ~ constant, xy — constant : 
hence an integral of the original system of equations is 

where /is an arbitrary function. 

Next, taking the repeated root /*=^, we find that there is only a single 
relation among the three quantities X ; it is 

X2 + X3 = Xi. 

The subsidiary equations, on the substitution of this value of Xj, take the 
form 

X2 {dzi q- 0^2) 4 * X3 {dzi -f dz^ „(lx 
^ { Azi + 42:2) + ^ ( 22 i 4 - 223) 

dy=^dx-, 

hence as X2 ; X3 is undetermined, we take the subsidiary equations in the 
form 

{dzi'{-dz2)=dx \ 


221 + 222 


21+23 


(dzi+dzs)^dx 


y 


dy=^dx 


Three independent integrals of these equations are 

constant, 




constant. 


= constant ; 
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hence two integrals of the original system are given by 

I)-'. 

where </> and are arbitrary functions or, what is the same thing, two 
integrals are given by 




where ^ and A are arbitrary functions. 

Hence an integral equivalent of the system of differential equations is 
given by the three equations 

22 + 23=:/(A:y) 

Zj ^Zz — Xh 

=x^y(|) 

where /, h are arbitrary functions. 

Ex, 2. Integrate the equations 

Ixpi = 1zi + + 2^3 - y {Iqi -f 2^2 + 

7xp2 = 6z 2 -2z3-g (5^2 - ^qs) V . 

7 :r;? 3 ^ - 322 + 23 (62'2 + ^93) j 


Alternative Method, with Partial Subsidiary Equations. 

172. In the preceding investigation, the construction of the 
integrals of the system 

m 

Pi = iri+ t auq„ 

S = \ 

was made to depend upon the integration of a subsidiary set of 
equations homogeneous and linear in differential elements. As is 
well known from many discussions in earlier parts of this treatise, 
the integration of such a set can be replaced by the integration of 
a system of simultaneous partial differential equations in a single 
dependent variable : and indeed, in §§ 169, 170, the problem was 
thus actually transferred from the region of ordinary equations 
to that of partial equations. The construction of these partial 
equations can be effected, without the intervention of the subsidiary 
equations as follows. Let 

u — u{x,y,z^, . . . , = constant 
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be a member of the integral equivalent of the above system of 
partial differential equations: then the equations 


du 

dx 


+ 



•=i 

^du - 

^ ^Qi= 0, 


not merely coexist with the system of m equations but they 
are not independent of them, qu^i equations in the derivatives. 
Consequently, when substitution in the prior of the last two 
equations is made for jpi, so that the original system 

has been completely used for purposes of inter-relation of the 
whole set, the two equations 



m / m 

2 (TTi-f- 2 

t'ssl \ #=1 


\ du 


du ^ ^ du 
dy dzi 


0 , 

0 , 


are not independent of one another so far as concerns the deriva- 
tives. Comparing the coefficients of 5 ^ 1 , q^, and the quantities 

not involving these derivatives, in the two equations, we have 

5 du du 

9m 2 du du 

dx dzj ^ dy' 

where is an unknown quantity and the former equation holds 
for t s= 1 , m. 


The m equations 


m 

2 

i=i 


du du 



for t'ssl, m, are homogeneous and linear in the m derivatives 
of u with regard to z^, ..., and these do not all vanish, for 
Ms* constant is postulated as an integral equation. Hence /x is 
given by the equation 


e = 


Oil -f ffc, Mai » 
Mm , Mu -|- /X, 


M-wi 

Mfna 


= 0 , 


Mim > 


Mjm > • • • > Mfiwn + 
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being the same equation for /a as in the other investigation (§167). 
According to the character of /i as a root of this equation 0 0, 
the form of the system of equations for m alters. 

Let /X = <r be a simple root of 0 = 0; then the former set of 
m + 1 equations involving the then unknown quantity ft and the 
derivatives of u can be replaced by the set of m equations 


du 


+ 


[du du\ 


for t = l, the quantity ft now being known; and the 

quantities Oi, ..., a,^ are given by the equation 


m 


S ITjClj = — 1, 

and by any m — 1 of the m equations 


2 aji0^ = ~ o-tti, 
j=i 

for 1 = 1, ...,w. The set of m equations for u involves m + 2 
variables. It may possess no integral at all or no integral 
involving any one of the variables Zi, in that case, no 

integral of the original system of equations is derivable through 
the root of 0 = 0. Or it may possess one integral involving at 
least one of the variables Si, 2^^; in that case, 


U = constant, 

where U is the integral in question, is an integral of the original 
system. Or it may possess two integrals U and F, one at least of 
which involves one or more than one of the variables Zi, Zm I 
in that case, 

F)=o 

where (f) is arbitrary, is the most general integral of the original 
system thus obtainable. 

Similarly for each simple root of 0 = 0. 

Next, let ft be a multiple root of 0 = 0 ; then the m equations 

m 

A*i= 2 G^iO^‘ + ^Ot = 0, (i=l, 

y=i 

are not independent of one another. Let them be such that t (and 
not more than t) of them can be deduced from the remainder, so 
that there will be t relations of the form 
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for « = 1, . . . , ^ : thus the quantities e are given by 


+ A** + 2 ^gjUjg — 0, 

j=t+i 
m 

(% + /^) •+■ ««; + ^ €gf,apj = 0, 

p = ^+1 

m 

dgp H" S ^sjdjfji^ Of 
j=t+l 

where the first equation holds for s=s 1, ...ft: the second holds for 
5 = 1 , and j=^ + l, and in it the summation with 

regard to p is for all values ^ + 1, . . . , m except p=j; and the third 
holds for the values 5=1, ..., and for the values 1, ^ except 

pL = 5 . Proceeding as for the simple root, we find that the equations 
for ti are 

du du L ( ^ ^ \ A 

da; dy ^=1 \ ^=^+1 / dzg 

du. L du ^ 

^ Z 6|,p ^ = 0, 

dzp g~i dzg 

forp = <‘f 1, uif being the same equations as in § 171. This 
set of equations, being m — t+l in number and involving m + 2 
variables, can have any number* of integrals from 0 up to ^ + 1 ; 
let these integrals be 

where 

0 ^ 


Not more than one of these integrals can be independent of all the 
variables Zi, ...f Zm- if there be one such, let it be U^. 

If K> If then the equations 

where /i, are arbitrary functions, constitute ^~1 integrals 

of the original system ; they are associated with the multiple root 
/i of the equation @ = 0. 

If /c= 1, and if Ui involves one at least of the variables Zif ..., 
Zf^f then 

Ui = constant 

is an integral of the original system: it is associated with the 
multiple root p. 

* The conditions as to number depend solely upon the number of equations in 
the system when rendered complete. If this number be k\ where k' ^ m + 2, then the 
number of integrals is m + 2 - /c\ 
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When /c = 1 and Ui does not involve any of the variables 
and when = 0, no integral is provided for the original 
system in association with the multiple root. 

Similarly for each multiple root of the critical equation © = 0. 

As before, the integrals can be used to eliminate some of the 
dependent variables and so to reduce the order of the original 
system. 

Ex. The preceding process can be illustrated by being applied to the 
equations in Ex. 1 , § 171, viz. 


1 y \ 

7^1 = ^ (3^1 + 2^2 + ^3) ~ ~ (s^i 4* $'2 4- ^'3) 

1 y 

1 y 

= 2324-^3)+! 92 

Let it be supposed that 

^ 2 , ^3)=o 

is an integral of these equations : then the preceding explanations shew that 
the equations 

{2^(3*i + 2«2+*3)-|(9i + ?2+9'3)} 

+ 5F3 ^ ~ ^ 

and 

du . du du du ^ 

quk equations in g-i, ^2 and ^ 3 , are one and the same. Hence 
_ 7/du 


du 


dzj" 

xdzi * 

du 

ydu . 

dz2~' 

_ 2, 4_ 

X dzi 

du 

ydu , 


xdzi 

du 

du 1 ( 


0 w du If V du , V /du a^A^ 1 

^ “ Si + 2l- {(3^i+2^2+^) ai;+ + 2^2 - *s) - 0^)1 • 

From the first three of these equations, we have 
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that ia, 

80 that a simple root is given by 
and a double root is given by 


I. Letd=^. The first equation gives 



and the other equations then are 

xdy ^ 


These three equations are a complete system : they possess two independent 
integrals) in the form 


hence the equation 


u^Z2+Z3i 


where F is an arbitrary function, is part of an integral of the original 
equationa 


II. Let The first equation becomes evanescent: the next two 

equations both become 

Szi dz2 dzs’^ ' 

and the last equation is 

These two equations are a complete system : they possess three independent 
integrals, in the form 

X^ * X * X* 

hence the equations 

*,+*,-* 50 ). 


where & and IT are arbitrary functions, are part of an integral of the original 
equations. 
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The full integral of the original equations is given by combining all the 
parts obtained: it is 

Zi+Z3=F{xy), 

't\ 


Z\ " 4 “ ^3 “ ^ ^ ^ 

being the same as by the other process. 


Hamburger’s Method applied to Non-linear Equations. 


173. The method of constructing the integral of a system of 
simultaneous equations in a number of dependent variables, as just 
expounded, depends apparently on the formal property that the 
equations in question are linear in the derivatives of the dependent 
variable. It was only natural to expect that the method could be 
extended so as to apply to equations not restricted to being linear 
in those derivatives; and this extension, due* initially to Ham- 
burger, was effected by a device, (successful specially in connection 
with equations of the second order, as will be seen later), which 
replaces the non-linear system by an amplified linear system. 

Adopting the same notation as before for the independent 
variables, for the dependent variables and for their derivatives, and 
assuming that the number of partial differential equations alge- 
braically independent of one another is the same as the number of 
dependent variables, we take these equations in the form 


fi{x, y, Zu ..., 7i, •.*, 7n) = 0, 


for 1, ..., n. Were the integrals known, and the values of 
Zi, ...jZn and of their derivatives substituted in the differential 
equations, the latter would become identities ; accordingly, when 
we take 


= 2 
dS/ /.nl 



dy dy 


+ 2 
r«l OZr 


the integrals of the equations are in accord with the further 
equations 

2 2 ^ = 

'’’.-i 9?. 9y dx’ 

..1 dp^ dx 9y * dy’ 


* For referenoos, see p. 407. 



hamburger's method for 


deduced from derivatives of the identities by using the necessary 
relations 

= (^ = 1 n) 

dx dy’ '■ 

Also, because of the necessary relations 


we have 


dz^ 


■c=i dp. dx + ,ri dq, dy - .tx dp. dq.) ■ 


These equations hold for t=l, n: they thus constitute a 
system of 3n equations, involving Sn dependent variables 
Pu (lit •••, qn] and they are linear in the derivatives of 

those 3n dependent variables. Hence this system of equations is 
amenable to the Hamburger method for linear equations already 
expounded. 

To apply the method, we introduce n quantities h, which 
are functions of all the variables and which (as to their ratios) will 
be determined subsequently ; and we write 

S h^=P.. 

t=l op^ 

i=l uQk 

2 lM = X, 

jsi dx 

2 lip=^Y. 

1=1 dy 

Then, multiplying the preceding typical equations by li and adding 
for all values of % we have 

2 2 Q. = 

.=1 dx ..I ' dy 


S P _i_ V /I \r 

K=si OX ay 
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Again, we have 

and therefore, if X-i, \n denote another series of quantities, 
which are functions of all the variables and which (also as to their 
ratios) will be determined subsequently, we have 

2 Kp-dx^ t K~dy= 2 Xjz,. 

K=1 OX ,C=1 oy <c=l 


In connection with these two sets of equations and as a generalisation 
of the corresponding step in the earlier process, we construct a sub- 
sidiary system of equations 


n 


2 dp^ 

«=1 


-z 


n 


2 X^dq^ 

K = \ 


-F 


2 X^dz^ 


*=■1 


2 (P^p^ + Q^q^) 
*=1 


Take 

then 


for r = 1, 


X»j dx 'X'f^ dx 

^ 'Xidy ^ ^ Xndy 

Qi Qn 


dy = fidx ; 


. . . , n, that is, 




” Ugr ^ hpr) 
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for r =s 1, . . . , n. Hence /i must satisfy the equation 
M > • • • » r' \ 


A=: 

!9/. 




1 

dqi 


'M 

.M 

d/n 


dqn '^dpn' 

"’dqn 


When is determined as a simple root of A = 0, the ratios 
In Qxe those of first minors of the determinant. When 
fi is determined as a multiple root of A = 0, say of multiplicity 0, 
then the quantities Zi, can be expressed linearly and homo- 

geneously in terms of t independent quantities, where t ^ 0, 
Moreover, when /a and the ratios of the quantities Zi , . . . , In are 
known, the ratios of the quantities Xj, can be considered 

known; for we have 

_ __ ^ 

and 

2^1 

these two sets being the same in virtue of the relations 

Qr^flPry 

for r = l, ..., n. Being concerned only with ratios of Xi, Xn, 
for it is only the ratios that occur in the subsidiary system, we 
take 

Xi= Pj, ...,X^ = P^; 

and then we have the subsidiary system in the form 
A = 0, 
dy^/idx, 

S Pk^Pk == — Xcfer, 

«c=l 

2 P,dq, = -Ydx, 

K-1 

2 P,dz^ = 2 {P.p^+Q,q,] dx 

ic«=l 

n 

= S P^{PK+M,)da; 


= 2 P.ip^dx + q.dy). 
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The last equation can evidently be replaced by 
dz^ -'p^dx’^-q^dyy 

for /c — 1, and so we take the final form of the equations of 

the subsidiary system to be 

As=0, dy = fjLdx ' 

dz^=p^dx + q^dyy (/c = 1, 

2P,dp, = -Xda; f- 

it = l 

tP,dq, = -Ydx 
« = 1 

This set includes n + S total differential relations, which involve 
the 3n + 2 variables x, y, Zi, z^, Pi, Pn, •••> 9n* For 
each simple root of the equation A = 0, one such set arises ; and 
there is a corresponding set, similar in form but larger in number, 
for any multiple root of A = 0. The application of the method 
will be sufficiently indicated for a system of equations such that 
all the roots of A = 0 are simple : it is given by the theorem : — 

Assuming that all the n roots o/ A = 0 are simple ^ let v^c he 
an integral of the subsidiary system, distinct from /i = 0, . . . , /n = 0, 
and associated with a root fi; and suppose that, on taking the 
n roots fi in succession, the successive subsidiary systems give 
integrals 

Vi = Cl, . .. , Vn — Cn, 

these equations being distinct from /i = 0, ...,/n = 0, qud functions 
of pi, -.^yPuf qi 7 •••> qn- When the 2n equations 

fi^ Of . . . , fn “0, Vj == Cl , . . . , Vf^=^ Cfi 

are resolved for p^, ..., pn, qi, qn, amd the deduced vahies are 
substituted in 

dz„^p,,dx + q„dy, 

for ic = 1, .,.yn,the latter n equations become a completely integrable 
aggregate. The integral of this aggregate is an integral of the 
original system which, as it contains 2n arbitrary constants, is a 
complete integral. 
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174. This theorem, which is due to Hamburger, can be 
established as follows. 

When v = c is an integral of the subsidiary system associated 
with a root /i of A = 0, then the relation 

dv — 0 

is satisfied in consequence of that system : that is, the relation 



must be a consequence of the n-h3 equations. When the n + 3 
equations are used to remove dy, dz^, dzn, dp^, dq^ from the 
differential relation c?t; = 0, the coefficients of the remaining 
differential elements must vanish; and therefore 

"^Pb Pi dpi ' 
dqs Pj dq^ 


for 5 = 2, . , 

. , n, together with 

where 



dv dv ^ dv 

dv dv ^ dv 
dy~ciy'^ ,=i dzi 


We thus have 2n — 1 equations, homogeneous and linear in the 
derivatives of v, and the number of arguments occurring is + 2 : 
hence the number of integrals common to the system may be 
anything from zero to 7i + 3, according to the extra number of 
equations required to make the system complete. We shall 
assume that the conditions securing the existence of a variable 
non-trivial integral are satisfied : and we shall make this assump- 
tion for each of the roots of A = 0 : so that there thus will arise 
n equations 

Vi = C„ Vn = Cn. 

Now let the 2n equations 

y*! ~ 0, . . . , =0, Vi^ Cl j . . . , Vji = Cn 
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be resolved so as to express p^y pn> Qi* •••> qn in terms of 

X, yy Ziy Zn. When their values are substituted in the 2n 

equations, each of these becomes an identity ; and therefore, from 
each equation vi = Ci thus changed, we have 



dx 

dvi dp, 
dp, dx 

n 

+ 2 

«=1 

dq, dx 

■0, 


P+ 2 

s=i 

dp, 
dp, dy 

n 

+ 2 

5=1 

dq8__ 
dq, dy 

0, 


-4- 2 

5=1 

dVi d^ 
dp, dzj 

n 

+ 2 
«=i 

dVi dqs_ 
dq, dzj 

0, 

for^*=l, . 

n. Writing 






d 

d _ 

d ^ 

d 


— 2 
d« dx j-i 


dy 

j=i 

^^dzj 

we have 







di)‘ ^ 

?-'+ 2 
dx ^-1 

dvi dp, 
dp, dx 

n 

+ 2 

8 = 1 

dvi dqg_ 
dq, dx 

0, 


dy «=i dp, dy ^ dq, dy 

and therefore 


dvj 

dx 


dvi ” dvi (dp, dps\ ” dVi (dq, dq^X 

R + ,?. K (c + ' ® ) + ,?. s; te + " * j - " 


When the formal equations satisfied by Vi are used, and the 

dvi , dv^ , dVi dVi 
and ^70 > 

dy dp, dq, 

equations, are substituted in the last relation, it becomes 


equivalent values of + p and 


, as given by those 


dVi " 
dpt _ 


X+ S P, 






Y+ 2 P, 

»=i 


[d^+f^dy)j 


= 0 ; 


and this relation, when regard is paid to the equations 

9i 

p/ 


Qn 

n 


can be transformed so that it becomes 


X+ 2 


djh 

dpi 

Further, each of the equations 






fj — ^7 
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for j s= 1, . . . , becomes an identity when the values of p, , . . . , 

?i> •••> <ln are substituted therein. Hence 

^ V M^+ 2 M ?l*=o 

9^ V M ?p*+ T M ?£* = 0 
9y .=1 ^p> 9y .=1 S?. 9y ’ 

M+ 2 i M?2f=o 

9'8'm .=i9i’.9'«M .=i99'.9^m 
for /A = l, ..., ?? ; and therefore 

dfj^ 2 I 

rfa? ,*i 9p, dx s=i dqg dx ' 

2 ^ ^*+ S ^ -^=0 

dy .=1 dy ,=1 ag, rfy 

Multiplying these equations by Ijy and adding the respective 
equations for all values of J, we have 

x+ i P, t Q.^'= 0 . 

dx dx 

Y+ 2 P.^+ 2 Q.^' = 0. 

,=i dy ^ dy 

When the values thus given for X and F are substituted in the 
earlier equation which is homogeneous and linear in — and ^ , 
it becomes 

p % \Q,(p.m+p i hj^.p)\.o. 

Vda? dyj] 

and therefore, as 

Qt ~ $ y 

for s = 1, . . . , n, we have 

(-i-Di.hd-t)}-'’- 

It is impossible, owing to the independence of v,, ..., v„, 
fly ”•>/!»> functions of pi, ..., pn> •••, 9'n» that the quantity 

dvi dvi 


^dpi dqi 


shall be evanescent. For let 


-P 1 ^pi 
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dvj 

dpi 


= 3fP.. 


and therefore, on account of the equations satisfied by vt, 

dvi 


for s = 2, n: then, if 




■MP., 


dqi 


dVi 

dpi' 




we should have 

dqi ~ ^ dp, 

= pMP, 

= MQ„ 

and therefore, on account of the equations satisfied by 
dVi 


for 5 = 2, n. Now 


dq^ 




consequently, we should have 


P.= 2 i,#. <3.= 2 


J=1 


dp, ’ 


dvi 

dvi 

dVi 

dVi 

dp’ • 


dq,’ ' 


9/. 

9/. 

9/. 

9/> 

dp ’ 

ai>„’ 

' dq,’ ' 


9/« 

9/„ 

dfn 

dfn 

dpi’ ■ 

■” 9p„’ 

dq,’ ■ 

"’ dq„ 


= 0. 


Hence regarded as a function of jpi, ..., S'!, 5'n, would 

not be functionally distinct fi'om contrary to the 

hypothesis as to the actual construction of Vi, ..., Vn- Thus 

ya ^ ^ is not evanescent ; and therefore 

dpi dqi 


. p(p_p\^ 

,=1 \dy dxj 


2 


(dp. 



[Wy 


^ 9j)Jj 


that is. 
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The quantities li, In are proportional to the first minors of any 
row of constituents in A, which has n distinct roots ; and thus, 
taking the n sets of quantities Ij, In associated with the 
n roots of A = 0 in succession, we have n independent sets 
such that the quantity 

I ; (1) ; (1) 

h ) •••> ‘'n 


does not vanish, where are the set associated with the 

root fir* 

We thus have n equations, homogeneous and linear in the 
quantities 

dpn dqn 
dy dx' dy dx ' 

The determinant of their coefficients is 

j( fu 

Vpi, JPn/ 

neither of the factors in this quantity vanishes : and therefore 

dy dx 

for 5 = 1, n. Consequently, the n equations 
dzi = pidx 4* q^dy 

dzn-pndx + qndy 
where the values of^i, •*., pn, qi> ...» are given by 

/i = 0, ...,/« = 0, Vi=:Ci, Vn = Cny 

are a completely integrable system: their integral equivalent 
contains 2n arbitrary constants: and it constitutes a complete 
integral of the original system 

/i = 0, ...,/n = 0. 

Hamburger’s theorem is thus established. 

Note 1. When the complete integral has thus been obtained, 
the customary Lagrangian process of varying the parameters, 



174.] 


NON-LINEAE EQUATIONS 


465 


subject to the conservation of form of the equations, can be used 
in order to deduce other integrals from the complete integral. 

Note 2. If only a number of integrals 


Vi — Cj , . . . , Vfn — Cfnt 

where 7n<n, of the various subsidiary systems are known, they 
can be used to eliminate m of the dependent variables, say 
<^ 1 ) •••) and also their derivatives, from /i = 0, ...,/n = 0. 
The integration of the surviving equations is a problem of 
simpler extent than the original problem. 

Note 3. The preceding theorem requires an integral 

Vi^Ci 

of a subsidiary system. That subsidiary system may have a 
number of functionally independent integrals 

the number not being greater than + 3 : if the number is greater 
than unity, we replace the equation 


by the equation 


Vi = Ci 


where <!){ is arbitrary. The argument then proceeds as before. 


Note 4. The case, when the equations are linear in the 
derivatives and are of the form 

n 

fi = -Pi + TTi + 2 ai,q,= 0, 


for 1 = 1, ..., n, being the case treated in the earlier sections of 
this chapter, is included simply in the general case. The critical 
equation A = 0, being 


dqj ^dpj 


= 0 . 


becomes 


4 * (li2 » • • • 

, U22 “h /i-, • • • 


= 0 , 


that is, 0 = 0, being the critical equation for the simpler case. 
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Note 5. When no one of the dependent variables occurs 
explicitly in the original system, then 

dx dx* dy dy' 

for i = 1, n, so that the equations are simplified. In that case, 
it may be possible to construct Vy, so that no one of them 

contains any of the dependent variables explicitly: each of the 
equations 

dZr = Prdx + qrdy, (r = 1, . . . , n), 

is then completely integrable by itself without reference to the 
other equations. 


176. Sometimes a member of the final integral equivalent can 
be obtained more directly as follows. Let 

u{x, y, Zy, ..., Zn)^0 

be one integral relation in the integral equivalent of a system 

/i = 0, ...,/n-O; 

then the equations 

« du 

dx^ 

are satisfied in connection with the system. If then the quantities 
jOj, eliminated from the equation 


aw ^ du . 


dx 


by means of 

y*i = 0, ••• 1 

the resulting equation must effectively be the same as 

^ 4 - 2 — = 0 . 
oy ^ dzi 

When the latter equation is used to eliminate any of the quantities 
?n, say ?n (on the supposition that is not zero), from the 

OZfy 

transformed shape of 


du 


du 
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175.] 


the result must be an identity: the necessary conditions that it 
should reduce to an identity are a number of relations among the 
derivatives of % which accordingly are a set of simultaneous partial 
equations for the determination of u. 

It is clear, however, that the process is only of limited 
application; for instance, if w be a function of Xy y, Zi only, it 
can be only in the case of equations of exceedingly special form 
that the transformation of the equation 


du 

dx 


du ^ 


will lead to the equation 


du 


du ^ 


in a way that gives useful relations between the derivatives of u. 
Moreover, just as in the classical problem of the three bodies*, it 
is not a fact that any integral leads to an identically satisfied 
equation : it may only lead to a relation merely compatible vrith 
the others. 


Should the method fail, then it is necessary to fall back upon 
the method given in Hamburger s general theory. 


Ex, 1. Let it be required to integrate the equations 

Pi {xqi +^3^2 - + 3^1 (y® - yqi - == ^ ] 

P2 +y3'2 - + 3'2 “ yqi - [ • 

Pz {xqi ^yq2 - ^) + ^3 O'® -yqi “ ^ 3 ^ 2 ) « 0 J 

To test the method just suggested in § 175, we assume that 

U^U{Xyyy «1, 2J3)=0 


is an equation in the int^ral equivalent : then we have 
du du du du ^ 

g_+,,._4.p,_+,,3_=0, 


which must be consistent with the given equations, and therefore 


(xy-xqi -yqi) ^+?i ^ -xqi) 

+ ^ - y?i - +?s (y* - - «?«) - o. 


* See vol. HI of this work, §§ 2S5, 266. 
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This effectively must be the same as 


du du du - 


and therefore the equation 


{xy - xqi -yqi) ^ + ?2 


-(y^-yqt-x^q,)(^ + q,^, 


quk equation in qi and Boust be an identity. Hence 

du „0w 

du du 

du „du ^du du 


from the terms independent of qi and ^2» fj^om the coefficient of 5^1, and from 
the coefficient of ^2) respectively : the other terms in and q2 disappear of 
themselves. These three equations are equivalent to the two 




du du 


0 , 


du du 
^ dz 2 ^ dx 


0 , 


which are a complete Jacobian system: they have three independent 
integrals, viz. 

«i, Z2-xy, £ 3 , 

and ther^ore we should take 

Z2-xy=^y{zs% 

where / and g are arbitrary functions. 


It is conceivable that there should be an integral in the full integral 
equivalent which does not involve z^: let it be 


Then the two equations 


h, «2)«o. 


0 V , 01? . 01? 

0 a: ^^*0^1'^'^^ 0^2 


0 , 


0t? 


01 ? 


01 ? 




must be treated in a similar manner. We substitute in the first for pi and jog 
by means of the original equations and, after substitution, we eliminate q2 
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by means of the second: the result should be an identity. The necessary 
conditions are easily found to be 

dv dv . „ ^,dv\(dv du\ dv _ 
dz2 

dv 1 / dv . 

dx ^ dy ^dy)dy'~ ‘ 

dz2 

The second of these gives either 


dv 

dv 

^0i- 

X .c— 

dy 

dv 

dv 

^ dz2 ^ 

dy 


Using the latter alternative, the first condition can be transformed to 

/ dv dv\ ( dv dv\ . 

Y dzi~ SyjY 


If we could have 
together with 


dv dv - 
^^i'‘dy'~ ' 

dv dv - 
^ 002 ’ 

then completing the system, we should have 

dv 


dzi 


=0, 


and so ^ =0, integral would be obtained. When we take 

dv dv . 

dv dv 
dz 2 dy 

dv dv - 

dv dv ^ 

^dz2^dx~ ’ 

the system already used. Thus we obtain no new int^al from the 
alternative 

dv dv 


together with 
they become 


dz2^dy 


= 0 . 


Using the prior alternative 


dv dv 
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dv dv 


dv 




0: 


the two equations can be replaced by 


accordingly, we take 


dv dv . 

^dzi 0 : 1 ?** ’ 

01 ? 01 ? ^ 

These are a complete Jacobian system : they have two independent integrals 

z,; 

where i? is an arbitrary function. 

Thus an integral equivalent of the original equations is 

where /, k are arbitrary functions. 

Had it been impossible to obtain a third integral by the preceding process, 
the known integrals could have been used as follows. 

Owing to the relation 

, *l=/(*3). 

we have 

Piqi-Pzqi^^\ 

so that, when this integral is retained, the third difierential equation is a 
consequence of the first and can therefore be neglected. Again, eliminating 
between 

let the result be 

Z2-a^^e(zx). 


It is easy to verify that 

p% {xqi +yyj- ay) +^2 (a?* - arja) 

«{/>! (^3'i+ys'2-^)+S'i (y*-ys'i-a?3'2)} d'(3i), 
so that the second differential equation is satisfied if the first is satisfied ; it 
need not be retained when the first is retained. Substituting the value of Z 2 
in the first equation, we have 

Pi qi {ar+yd' («i)} - {y +a?d' (^i)} + (y* - a?*) «0 

as the one equation to be satisfied, or neglecting ^i«0, we have 
Pi {a?4-yd' (3i)} - {y +a?d' («i)} -a?* -y». 

This is an equation of Lagrangian form. To integrate it, we construct two 
int^prals of the ordinary equations 


dx _ dy _ dzi 
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these are obtainable in the form 

•” i ~ constant, 

ocy-^B (zi) « constant ; 

and therefore a general integral is given by 

+y*) ^ 

where Ic is an arbitrary functional form. Hence 
agreeing with the former result. 


Ex, 2 . As an illustration of the general method, we still consider the 
same system as in the last example. It is easy to see that, as the equation 
for fi is 


PiX+y^-2yqi-xq2-fiB, , Pz^-yq^ 

Piy-xqi , p2y-{‘a^-yqi’-^q2-iiB, Pzy-^z 

0 , 0 , y^-yqi-xq2-ixB 

where B denotes xqi ■\-yq2 ~ one root is given by 

The corresponding sets of quantities ^2> a-re such that 

l\{pi^-yq\)’\- h (P2^ - yqz) + h {pz^ - yqz) •= o, 
h {piy -^qi)-^ h (pzy ~ ^qz) + h (pzy - ^qs) - o : 
hence we may take 

h^Pzqz—pzqzi h^Pzqi^Piqzi h^piqz^pzqi' 

But by the given equations 

so that 

h^O; 

and then 


- 0 , 


pzqi-piqz^% 


Again 


-s= — ^s= — ^ 

h Pz qz 

in the present case. Hence the equations for v are 

^=0 —=0 


^ + a ®?._0 


dv dv 
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We make the system complete : it then is 


dv 

dv 


dv 


¥2 

’ 0?2 

=0, 

dx 

= 0 , 


dv 

dv 


dv _ 


- — s=0. 
dzi 

dz2~ 

=0, 

OZs 

dv 

Sp3 

_^Pi^± 

psdpi 

=0, 

dv 

+ 2i ®1= 

?3 3?J 


0 , 


= 0 . 


The two integrals, independent so far as these equations are concerned, are 




Pi 9i 

But, from the original system of equations, -piq^^O: hence we take 


Then 


and therefore 


Ps 

Pi 


a, 



dzz=^p^dx^-q^dy 
^a(p)^dx-^qidy) 
^adzi ; 


zz^azi-^h, 


an integral of the complete type. 

The discussion for the other values of /a is left as an exercise. 


Ex. 3. Integrate the equations 

(?i +?2 -y)pi =y?i*+y?ij2 -y*?i +(^ -y*) ?2' 
■*’(?i+j2-y)y2“y?i?2+y?2'-^2 j 

[The equation for n is 


fix (qi + ^2 “ y ) - ^pi + 2y^ 1 +y?2 - - ^2 +y 3^2 

-xpi-hyqii-a^-y^ , fix(qi + q2-y)-xp2-hyqi‘t2yq2-x^ 

-0; 

and the two values of /x are given by 


^(?i+?a-y)== -y (^l+3'2)^-^^ 

(?i +?2 - y) = “ 2y (^1 + 92) + (Pi +/>2) +y*- 


Integrals of the complete type are 

zi+az2^i C^+y*) + 6 
Zi+Z2=^a'xy+b' 

and integrals of the general type are 

«i~i(^+y*)=/(«2) ) 

^i-f22»^(:r,y)j 

where / and y are arbitrary functions.] 
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Ex. 4. Integrate the equations 

X/32 = - y?! }2j3 + ?2 - Js) ( 1 - ?s) ? . 

Xp3= -?3(l-<?s)(?iy + ?2) j 

where X denotes qi {q^+xq^—x). 

Ex. 5. Merely as an indication that the general method is not always 
effective, consider the comparatively simple pair of equations 

fi^xpi-)ryq2-^^0\ 

/2=yit?2+^5'i-~l=^0) ' 

The equation for becomes 

^2-1=0; 

the relation between the quantities ly and I 2 is 
Also 

Pl — llXy 

^ = ^1 + ^=4(?>2 + 9'2)* 

The differential equations for v are 

_ y h) 

dp2 ^ X dpi * 

dv _ y dv 
dq2'^^ xdqi * 

dv Pi’^qi dv p%-\’q% _q 
dx"^^ dy X dpi X ^qi" 

First, let fi = l, so that the equations are 

^ ^y^—c\ n 

dp2 xdpt ’ dq2 ^dqi’^ * 

dv dv dv dv dv dv 
g^+ih g^+l>2g^ +^+?i g^ + ?2 

X dpi ^ 5^ * 

When we complete the system, it becomes 

^ n n 

'bpx * dp^ ' dqi ’0^2 ' dzx ^ 9^2* * 


the only integral is 


0j7*^9y“~ 

v^Vx^x-y, 


and it is useless for the application of the process. 

Similarly, when ^ 4 = — 1, it appears that the only derivable value of v is 
v=V2=<a?+y» 
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and it is useless for the application of the process. In fact, pi, q\yP^^ q% 
cannot be deduced from 

/l-O, /2«0, 

It may be remarked that, if we write 

;ei=«-flog(j7+y), 

and eliminate z^, between the two equations, then z satisfies an equation of 
the second order which (in the usual notation) is 



This equation (as may easily be verified) does not possess an intermediate 
integral. When we take 

the equation becomes 

1 ^ ^ — 0 

0W0V — ’ 

which is of Laplace’s linear type having equal invariants, hereafter to be 
considered. 


Can the Jacobian process be generalised? 

176. The preceding investigations of Hamburger shew that, 
for limited classes of equations*, it is possible to construct 
auxiliary systems suggested by the analogy of the subsidiary 
equations constructed in association with a linear equation. And 
it is precisely this linear form which has made the process 
efifective for the appropriate equations. Moreover, when the 
original simultaneous equations propounded for integration are 
not linear, Hamburgers method is to change the set into an 
amplified set with an amplified aggregate of dependent variables, 
the new set being linear. 

It is natural to enquire whether, as the Lagrangian subsidiary 
equations for a single linear equation in a single dependent 
variable have thus been generalised so as to be associable with a 
number of linear equations in the same number of dependent 
variables, there is any corresponding possibility of generalising 
the Jacobian method of proceeding with a single equation. It is, 
however, possible to see, from even the simplest case, that the 

^ The limitations are imposed by the hypothesis that the equations in the 
auxiliary systems are so far oonsistent with one another as to possess one or more 
integrals : also, there are only two independent variables. 
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generalisation of the Jacobian method requires, in order to be 
effective, a process which is of too high an order for the applica- 
bility of analysis in its present stage of attainment. 

Thus let 

/=/(^i, -3^2, i>i, gi,P2, y) = o, 

9=^ 9 '^'2, Ply qiy P2y ^2, ^y V) == 0, 

be propounded as a couple of equations, algebraically independent 
of one another ; and let 


h — h {zi, z^, pi, qi, Pa, qz, x, y) = constant 


be an 

equation 

compatible with them. 

Then, 

second 

derivatives of Zi^ 

and Z2 by rj. 

Su t 

,, and Vi 

tively, 

we have 






If 

dpi 


dp 2 dq^ 

Si + 

II 

0 


§2. 

dpi 


opi dq. 

Si 4" 

li 

p 


dh 

dh 

dh dh 


dh ^ 


dpi 

n + 5— 
dq. 

S1 + 5— rj+5- 

m dqt 

Si -f 



the elimination of and r* leads to the equation 


^if. 9 ^h) d(f.g.h) d(f.g.h) _ 
9 (Pi> P» 9i) ‘ ^ 3 (Pi’ P». 3») “ 9 (Pi> Pa- 


Similarly, we have the equation 

lAAsJtLs I j I 9(/.g.^) 0 

9(?I. ?s,Pi) ‘ 9(?i-?a.Pa) ’ 9(Pi.Pa. ®) 

It is generally impossible to eliminate and between these 
two equations. Thus, by associating only a single equation with 
a given pair, it is not possible to generalise Jacobi's process. 

If, however, a second equation, say 


k^k (z^, z^y Ply qiy Pa, q%y ^y y) « constant. 


can be associated with the first pair and with the equation 
g = constant, so that 


dk dk ^ 

air "b ^ + 
dpi dqi 


dk , ^ ^ 

3pa^*^0ga^*^()te 


0 , 
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we find 

^if, 9 ,h,k) ^ ^ d{f,g,h,k) 

^{Pi.quPt.qd ^ o(pi,x,p„qt) 

3 (/, ff, h, k) ^ ^ d(f,g,h,k) 

3 {pi, qi, P2, qt) ^ 3 (pu qi, P^, «:) 

Similarly, we should have 

3{f,g,h,k) ^ ^ d{f,g,h,k) 

3 {pu qu Pi, q^ ‘ 3 {y, ?i. Pt, ?«) 

3{fg,h,k) ^ ^ d{f,g,h,k) 

3{pi,qup„q,)^ 3(pi,quy,qi) 

Consequently, 

d(f,g, h, k ) a(/, g, K k) ^ ^ 
d (oo, Pu Pi, qij a (y, qi, P‘2, qi) 
djfg.h^k) ^ dUg.kk) 

9 («, P2,Pi, qi) S (y, q2, Pi, P2) 

which may be regarded as two equations for the determination of 
h and k. The first of them secures the relation 

dy dx ’ 

the second secures the relation 

d y dx ’ 

and the two equations are thus the necessary and sufficient condi- 
tions for integrability. 

The two equations are also two equations for the determination 
of h and ky being lineo-linear in the derivatives of these quantities. 
They are simpler in form than the original equations /= 0, ^ = 0 : 
yet, even so, the integration of the two equations appears to be an 
operation of the second order, which is not resoluble into opera- 
tions of the first order. 

Thus the Jacobian process cannot be generalised when there 
are two, or more than two, dependent variables without requiring 
for its completion operations of higher order than are required for 
Hamburger’s generalisation of Lagrange’s process. 

Note. It may happen that three equations 
/sas 0, g^O, h=s constant. 
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are given : conditions as to coexistence must be satisfied. The two 
preceding equations can be regarded as simultaneous equations 
for the determination of one dependent variable : the conditions 
that they possess a common integral will be the conditions for the 
coexistence of the three equations. When these are satisfied, k 
can be determined by the usual processes: and then the equations 

/=0, ^ = 0, A = constant, A: = constant, 

give values of jOj, q^, which make 

dzi =p^dx + q^ dy, dz^ =p^dx-\- q^ dy, 
a completely integrable system. 


Ex. Shew that, if n dependent variables 2 ] , . . . , 2n ^**6 to be determined 
in terms of two independent variables x and y by means of n partial differential 
equations of the first order 

/l= 0 , ...,/n = 0 , 

and if other n equations 


) • • • > ^tt — ) 


where Ci, ..., are constants, can be associated with them, then the 
equations 

5(/n »1. ^n) I 5(/l. •••,/». «n) _Q 

Pi, ? 1 , —,Pn, yj 3(y. qr,Pl, qi, —,Pn, ?n)°° ’ 
for r— 1, ..., ri, derivatives with regard to not appearing in the first 
expression and those with regard to pr not appearing in the second expression, 
are satisfied. 


177. In a preceding example of very simple type (§ 175, 
Ex. 5), it was seen that the elimination of one of the dependent 
variables and its derivatives led to an equation of the second 
order. This result is partly due to the special form of the equa- 
tions there given : that it is not true in general for two equations 
of the form 

/(«i, «», pu p%, qi, y) = 0, 

9 {^i, pi, pt, ?!, S's, y)= 0, 


can easily be seen. Taking the derivatives of the first order of 
both equations, we have 


dx~ ’ dy ’ dx 


0 , 



which, with /= 0 and ^ = 0, are six equations : and as regards 
and its derivatives, the quantities that occur in them are 
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^ 2 , ra, « 2 » Uy in the usual notation. Six quantities cannot usually 
be eliminated between six equations; and therefore we cannot 
infer that Zi is usually determined by an equation of the second 
order. But if /»=0 and ^ = 0 do not explicitly involve the de- 
pendent variables, then only five quantities occur for elimination : 
in that case, there survives a single equation of the second order. 

In the more general case, when the dependent variables do 
occur explicitly, we associate with the preceding six equations 
the set 


da^ 





-^ = 0 
dxdy ^ 



thus making twelve in all. There are ten quantities to be 
eliminated; and therefore two equations will survive after the 
elimination, being two equations of the third order satisfied by Zi, 


Ex. Prove that, if there be m dependent variables and two independent 
variables, and if there be m partial differential equations of the first order 
involving the dependent variables explicitly, then usually the lowest order of 
differential equation satisfied by a single variable is 2m- 1, and that usually 
the number of equations of that order satisfied by the single variable is m. 


We shall return to the discussion of this matter in Chapter xxi. 
Meanwhile, these results, as well as other considerations, indicate 
that we require the theory of equations of order higher than the 
fij:st ; accordingly, we proceed to the consideration of that theoiy. 
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CHAPTER XII. 

General Integrals of Equations of Orders 
Higher than the First. 


The present chapter is devoted to general explanations, connected with 
the existence-theorem and with the kinds of integrals that are possessed by- 
equations of order higher than the first, particularly those equations having 
general integrals without partial quadratures. For the most part, though not 
entirely, the equations considered are of the second order in two independent 
variables. The discussion is based mainly upon the memoir of Ampere, 
quoted in § 179, and upon the first chapter of the memoir by Imschenetsky, 
quoted in § 180. 

178 . After the discussion of equations of the first order which 
involve only a single dependent variable, and a discussion of sets 
of equations of the first order which involve several dependent 
variabl(‘s and are integi-able by any generalisation ol' any process that 
is effective for equations involving only one dependent variable, the 
next subject for consideration is manifestly the theory of partial 
differential equations of the second order. We shall begin with 
the simplest aggregate of such equations ; and, for that aggregate, 
we shall assume that there is only a single dependent variable z, 
and that there are only two independent variables x and y. 
Denoting the first derivatives of by p and r/, and the second 
derivatives by r, s and ty as usual, we may take an equation of the 
second order in the form 

f{Xy y, p, ry, r, 6', t) = 0. 

Such an equation certainly possesses integrals. We shall 
assume that / either is in a form or can be brought into a form 
which makes it a regular function of its arguments : in that case, 
we have seen that Cauchy’s existence-theorem applies and that 
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integrals, characterised by certain properties, do exist. Thus there 
is an integral z determined by the characteristic properties : — 

(i) it is a regular function of x and y within fields of varia- 

tion round a and 6, given by 

\!c-a\^p, \y-h\t.p, 
where p is not infinitesimal ; 

(ii) when = a, the integral z reduces to <^o (y) and the 

dz 

derivative ^ reduces to <f>i (y), where <^o (y) and <^i (y) 

are regular functions of y within the domain of h and 
are otherwise arbitrary. 

There is a single condition, of a formal type, which must be 
satisfied, or the existence of the foregoing integral cannot be 
established: it is that, if 

4>o(b)-c, <l>d(b) = ft, <l>i'(b)-ff, = % 

the equation 

/(a, 6, c, \, fi, e, y) = 0, 


regarded as an equation in should have at least one simple root. 
When this condition is satisfied, each simple root 6 determines an 
integral z as above: and the integral thus associated with that 
simple root is unique. 


When the condition is not satisfied so that /= 0, regarded as an 
equation in 6^ has no simple root, then the existence of such an inte- 
gral is not established. But it may then happen that /=0, regarded 
as an equation in y, has simple roots. In that case, the theorem 
establishes the existence of an integral regular as before in the 
domain of a and 6, but now such that, when y = 6, the integral z 

dz 

reduces to ^q{x) and the derivative ^ reduces to where 

(x) and yfti (x) are regular functions of x within the domain of a 
and are otherwise arbitrary. 


If, however,/=0, regarded as an equation in y,has no simple roots 
and, as before, has no simple roots when regarded as an equation 
in 0, it may have simple roots when regarded as an equation in /S, 
In that case, there is an integral of a similar type, obtainable most 
easily through a transformation of the independent variables. 
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Thus the equation is proved to possess an integral charac- 
terised by definite properties except only in the case where /= 0, 
regarded as an equation in A 7 in turn, possesses no simple 
roots, so that we should have 


de 


= 0. 



¥ 

dy 


0 , 


concurrently with f= 0. Returning now to the differential equa- 
tion 


the quantities 


f(x, y, -e, p, q, r, s, t) = 0, 

^ df df 
dr* ds* dt 


will usually be variable quantities ; and then values can usually be 
given to their arguments such that, while f vanishes for those 

values, not all the three quantities vanish. It may, 

however, happen that there are values of the arguments which 
satisfy the four equations 


/= 0 , 





and then the Cauchy existence-theorem does not apply. In that 
case, there may be variable values of z (and of x and y) which 
satisfy all the four equations: such values of z, if any, will be 
called singular integrals. In all other cases, the existence- 
theorem establishes the existence of an integral with the specified 
properties: as its existence was first established by Cauchy, it 
frequently is called the Cauchy integraU 


It will be noticed that two arbitrary functions enter into the 
expression of the specified properties. 

The form thus stated is the simplest form of the Cauchy 
integral, in so far that the initial conditions are in their simplest 
form. As indicated (§ 24) in the discussion of the existence 
theorem, the initial conditions can be taken in an ampler form 
as follows: 

For all the values of x and y satisfying a given relation 
that is not critical with regard to the form of the differential 
equation, that is, for all points of a given analytical plane 

1—2 
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curve, the variable z and its derivative in any direction, that 
is not tangential to the curve, acquire values represented 
by arbitrarily assigned functions of x and y. 

This undoubtedly is more general. However, as it arises through 
a transformation of the variables from the simpler case, and does 
not otherwise add any element of generality to the solution, 
we shall usually be content to take the initial conditions in their 
simpler form. 

It will be convenient to assume, for the purpose of immediate 
discussion as well as for simplicity of statement, that the equation 
can be resolved with regard to r, so that it takes the form 

y. Zy Py qy S, t): 

the original equation can be regarded as the aggregate of all these 
resolved equations. The Cauchy integral is then a regular 
function of the variables in the domain of a and h : two arbitrary 
functions <^o(2/) and </>i(y), subject solely to the condition of being- 
regular in the domain of 6, affect its form : and it is a unique 
integral as satisfying these conditions. 

But while it thus possesses arbitrarily assigned elements, which 
frequently can be specialised so as to include integrals otherwise 
obtained, there is no certainty that specialisation or definition of 
these elements will secure that the integral shall include every inte- 
gral; and therefore there is no certainty that the Cauchy integral is 
completely comprehensive. A question thus arises as to whether 
the equation possesses any integral that is more comprehensive ; a 
further question is stirred as to the different kinds of integral that 
the equation may possess. Even so, limiting assumptions have 
been made : all singularities and other deviations from regularity 
in the form of the original equation have been avoided. 


Two Definitions of the General Integral. 

179. It is usual to assign, to the most comprehensive integral 
known, the name of the general integral^ for partial equations of 
order higher than the first ; but there are two definitions of the 
general integral. One of these definitions is due* to Ampere; 

* Joum. de vic. Polytechniquet eah, xvii (1815), p. 550. 
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the other, given* by Darboux, is based upon the researches of 
Cauchy. 

According to Ampere, an integral (no matter how obtained) is 
general when the only relations, which are free from the arbitrary 
elements and to which the integral leads among the variables and 
the derivatives of the dependent variable up to any order what- 
ever, are those expressed by the differential equation and by 
equations deduced from the equation by differentiation. Thus, 
in this sense, 

z = (f>{x + y)-ir-<^{x-y) 
is a general integral of the equation 


for the relations to which the integral equation gives rise are 


02+w4-n ^ 02+m+n ^ 

0^+w 0yn ’ 

for all positive integer values of m and n, and all of these relations 
are derivatives of the differential equation. But 

z = 'if') -f 2hxy hx + cy d, 

where a, 6, c, d, h are arbitrary constants, is not a general integral 
of the same equation : for it satisfies relations 


d^z _ d^z 
dx^ ’ dx^dy 


d^z 



no one of which can be derived from the differential equation, 
though derivatives of the differential equation are not inconsistent 
with the relations. 


According to Darboux, an integral (no matter how obtained) 
is general if the arbitrary elements which it contains can be 
determined so as to give the Cauchy integral, involving assigned 
functional values to z and to one of its derivatives in specified 
circumstances. Thus, in this sense also, 

z = <t>{x-\‘y) + ylt{x-y) 
is a general integral of the equation 

r^t: 


TMorie g^nirale des surfaces^ t. ii, pp. 97, 98. 
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for, if the initial conditions of the Gauchy integral are that 
z—f{y) and ^^g{y)y when then if 

O’ («) = S' (“) 

P (v) = i/(«) ff (®) 

the required Cauchy integral is given by 

^ = <r (;r + 1 / - a) + /) (a - ir 4- y), 

the functions ^ and y/r thus having been appropriately deter- 
mined. 

The tenour of the Ampfere definition of a general integral is 
different from that of the Cauchy general integral. Though the 
difference between the integrals is often of no account, yet for 
particular equations it can be significant : and therefore it is worth 
while to estimate which of the two integrals is the more compre- 
hensive. 

It seems clear that, in the matter of comprehensiveness, the 
Cauchy general integral has some advantage over the Ampere 
general integral. 

The limitations, which are imposed in the course of establish- 
ing the Cauchy integral, are of a qualitative kind: they are 
restrictions as to the position and the extent of the domains 
within which the various functions that occur are regular, or they 
are hypotheses as to the resolubility of the differential equation : 
but no positive relations (other than derivatives of the differential 
equation) are used or are required in order to secure the con- 
vergence of the power-series obtained, or the continuity of the 
functions, or the freedom of the initial conditions. Consequently, 
an integral that is general in the sense of the Darboux-Cauchy 
definition is general also in the sense of Ampfere*s definition. As 
against this inference, it must be borne in mind that, however 
arbitrarily the initial conditions are chosen either as regards the 
position of the domain or the forms of the assigned functions, the 
Cauchy integral is always a regular function of the variables and 
that deviations from regularity have been excluded from con- 
sideration: there is no such restriction on the Ampfere integral. 
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The restriction can often be partly removed by considering a part 
of a domain and by taking a regular expression for a branch of a 
non-regular integral in that region : but this modification is not 
always possible, and there are deviations from regularity such that 
the removal of the restriction cannot be made complete. 

But on the other hand, classes of equations can be constructed 
which have integrals that are general in the Ampere sense and 
certainly are not general in the Darboux- Cauchy sense. It is true 
that such classes of equations are special in type, and that a 
similar difference need not exist for equations that are not of 
any special type : but the mere existence of such equations is a 
limitation upon the comparative comprehensiveness of the Ampfere 
integral. 

An instance is adduced* by Goursat in the example 
s^yq: 

simple quadratures lead to an integral 

jg sst 0(a!)+ I e^(f) (u) duy 
J a 

where $ and <f> are arbitrary functions, and a is any constant. 
Now the quantity z\ where 

/ = J e^<f)(u)duy 

satisfies the differential equation : all the relations between the 
variables and the derivatives of z\ which are free from arbitrary 
elements, are constituted by the differential equation and by de- 
rivatives of the differential equation. Thus / is an integral of the 
differential equation which is general in the sense of Ampere s 
definition : it clearly is less comprehensive than the integral 

z^0{at)^f e^<f>{u)dvy 
J a 

which is easily seen to be general in the Darboux-Cauchy sense. 

We shall return to a further discussion of the matter when 
dealing with linear equations of the second order. It is manifest 
that the foregoing explanations can be applied to equations of 

* Lemons mr Vintigratian de$ Squatioru aux d^riv4ei partielUs du second ordre^ 
t. II, p. 212. This treatise, when quoted hereafter, will be referred to as Goursat, 
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order higher than the second : and meanwhile, we may regard the 
general integral as one that is largely (though not universally) 
comprehensive. 


Classes of Integrals. 

180. Before proceeding to the discussion of certain properties 
of general integrals, taken according to either of the definitions 
just indicated, we shall mention some other classes of integrals and 
briefly outline some of their relations with one another*. 

Speaking broadly, we may define an integral of a partial 
differential equation of the second (or of higher) order as a 
relation between the variables such that, in virtue of the relation 
itself and of derivatives Irom it, the differential equation is 
satisfied. When the integral relation does not involve derivatives 
of the dependent variable, it is sometimes called a primitive : the 
more frequent practice is not to give any special title to such a 
relation. When the integral relation does involve derivatives of 
the dependent variable, these derivatives being of order lower 
than that of the equation, the integral relation is usually called an 
intermediate integral : it has not been proved, and it is not a fact, 
that intermediate integrals are always possessed by differential 
equations of order higher than the first. 

We have already referred to general integrals : after the pro- 
visional explanations and for the sake of simplicity, we shall 
regard the Ampere definition as giving a necessary qualification 
(though not a complete qualification) for a general integral. A 
particular integral is a special case of the general integral : it is 
distinguished by the property that while, in conjunction with its 
derivatives, it leads to the differential equation and to deriva- 
tives of the differential equation, it leads also to other differen- 
tial equations not obtainable as derivatives of the differential 
equation. 

It has been customary with writers, following Lagrange, to 
refer to complete integrals or complete primitives : Ampere how- 
ever considered, and gavef reasons for considering, that such 

* In this connection, reference may be made to the first chapter of Imschenet- 
sky's memoir on equations of the second order with two independent variables, 
QrunerVt Archiv^ t. uv (1872), pp. 209 — 860. 
t See the memoir (p. 554) cited in § 179. 
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integrals are always particular integrals. Their special occurrence 
is due to the fact that Lagrange proceeded to a differential equa- 
tion from an integral relation, by eliminating from the latter and 
from its derivatives, as many arbitrary elements as possible. Thus, 
let an integral equation 

g {x, y, z, Oi, 02, O3, 04, a^) = 0 

be given, involving five arbitrary constants. When the two first 
derivatives and the three second derivatives are formed, there are 
six equations in all : from these, the five constants can be elimi- 
nated and the eliminant may be a single equation of the second 
order. Also, if the constants be independent of one another, not 
more than a single equation will result, unless some functional 
combinations occur : and similarly, subject to the same exceptional 
occurrence of functional combinations, not more than five indepen- 
dent constants could be eliminated. Thus five is the greatest 
number of arbitrary constants which could be expected in an 
integral, when its generality depends on arbitrary constants 
alone; hence the name assigned* to such an integral by 
Lagrange. 

There are other integrals of various types. We have seen that 
the equations 


/=0 ^=0 ^^=0 ^-^=0 


05 


dt 


could be satisfied simultaneously; if they lead to an integral, on the 
analogy of the corresponding case for equations of the first order, it 
is called singular. 

It is sufficiently clear that, just as in the case of equations of 
the first order where the more obvious classes of integrals are not 
sufficiently comprehensive to include all types of special integrals, 
so in the case of equations of higher order there will be integrals 
(which may be called special, for convenience), possessed by par- 
ticular equations and not included in the preceding classes. 

* A similar argument, applied to an equation 

F. n 0=0, 

shews that, if initial values chosen for x and y be regarded as pure constants, the 
values of the six quantities z, p, q, r, «, t for those initial values are connected 
by a single relation, so that it might be considered that there are five Independent 
arbitrary constants at our disposal. 
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Frequently they will be peculiarly associated with the form of 
the equation when it is quite regular : when the equation is not 
regular, special integrals will frequently occur, particularly asso- 
ciated with singularities of the form or with other deviations from 
regularity*. 

It is not unusual to attempt some classification of intermediate 
integrals, though this is the less important because such integrals 
do not always exist. Still, when they do exist, two classes are 
selected as being of wider range than others. If an intermediate 
integral involves one arbitrary function in its expression, it is 
usually called an intermediate general integral. If it involves 
two arbitrary independent constants (this being usually the 
greatest number of constants that can be eliminated from an 
integral and its two derivatives leading to an equation of the 
second order), it is sometimes called an intermediate complete 
integral. Well-known instances of equations possessing an inter- 
mediate general integral are provided by the equations 

t/’ (rf - -f Rr^-^Ss + = F, 

when certain conditions are satisfied, the quantities B, 5, T, U, V 
being functions of x, y, z, p, q. An instance of an equation pos- 
sessing a complete intermediate integral is given by 

(rt - s^y + (pt — qs) (p$ — qr) = 0 : 
the intermediate integral is 

c^q--cz + p^ a, 

where a and c are arbitrary constants. 

Instances hereafter will occur freely in which it appears that 
a differential equation of the second order does not possess any 
intermediate integral. Thus the equation f 

s — z 

cannot possess an intermediate integral. Such an integral, if 
possessed, would have one of the forms 

P =/(«, y, Z, q), q=g (*, y, z), p = h (x, y, z). 

* See the Supplementary Note, at the end of Chapter xvi. 
i The example is quoted by Imsohenetsky, (^.c.) p. 222, from Baabe. 
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If the first exists, the equation should be obtainable from 

¥ , ¥ .¥ 


X. 

dx 


dz 

dz 


'dq 


Obviously, the last of these relations cannot be used to obtain the 
equation s^^z. It is clear that t must not occur: hence the 

second relation gives ™ = 0, so that f does not involve q. Unless 

^ = 0, the second relation will reintroduce q, which ought not to 

remain if the equation 5 = ^ is to be obtained. Hence f must 
not involve z : and then it is obvious that, as f does not involve z, 
no combination of 

v-f. -ij. 


can lead to 5 = Thus no relation of the form p==f is an inter- 
mediate integral of the original equation. Similarly, no relation 
of the form q=^g{x, z) can be an intermediate integral of the 
original equation. 

It must not however be assumed that, when an equation 
possesses a complete primitive, it necessarily possesses an inter- 
mediate complete integral. Let the primitive be 

f{x, y, Oi, ttj, ttj, a 4 , a,) = 0 ; 

it is not generally possible to eliminate more than two of the 
arbitrary constants between /=0 and its two first derivatives: 
the eliminant generally contains three arbitrary constants, and 
thus it is not an intermediate complete integral. Indeed, the 
differential equation of the second order could not generally be 
deduced from the eliminant: for the three included constants 
could not generally be eliminated between the eliminant-equation 
and its two first derivatives. While this is the case in general, it 
is not the case universally : for constants may coalesce at either of 
the stages in such a way as to make the elimination possible. 


The real importance of the intermediate integral, when it 
occurs, lies in the fact that it enables us to construct the primitive 
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of an equation of the second order by two operations of what may 
be called grade unity : ordinarily the construction of the primitive 
is an irresoluble operation of grade two. 

Ex. The relations of the various integrals to one another can be illustrated 
simply by reference to the equation 

of which a general integral (as has already been seen) is given by 

where ^ and yjr are arbitrary functions. 

A complete integral is given by 

as it can be expressed in the form 

z — a + ^ O+y) + J(2 c4’5) 

(/3-y)i^ + i(2€-S)t;2, 

where u=:x+^j it is a particular form of the general integral. 

Also, for this complete integral, 

jt>=^ + 5y + 2f.^•, 

so that 

;?+^=^+y+{2€4•S)(.^’+y), 
j0-^ = ^-y + (2c-d)(.r-y), 

both of which are intermediate integrals : for the former leads to 

/•4-5=s + ^, 

and the latter leads to 

r— s=r — (s— t)f 

both of which are the original equation. 

Another complete integral is given by 

z^^a + ^-i-yy + dj^ + eix^ + Sxy^) ; 

it also is a particular form of the general integral, because it can be expressed 
in the form 

where as before. For this complete integral, 

P = i3 + dy+3€(^2+y2)^ 

^=y-i-dx+6€xy, 

SO that 

/? + ^«^^+y+5(a?+y) + 3c (.r+y)2, 
/>-y==j9--y-.d(^-y) + 3€ 
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which are not in the form of intermediate integrals, as both of them involve 
effectively three arbitrary constants. Elimination, however, is possible from 
their derived equations : thus, from the first, 

r-i-5 = 5 + 6 € = s + 

there being a combination of quantities in the elimination. 

Similarly, 

p + q = 6{x+^), p-q = x{x-y), 

are intermediate general integrals, B and x denoting arbitrary functions. 


Character of the General Integral. 

181. We have seen that the general integral of an equation 
of the second order involves two arbitrary functions in its expres- 
sion : for when a position is selected, with only the limitation that 
it shall be on an assigned curve, the values of the dependent 
variable and one of its derivatives at any such position become 
assigned functions of the independent variables. Now the general 
integral, whether obtained in the Ampere sense or in the Darboux- 
Cauchy sense, must satisfy the tests implied in the Ampere 
definition : for we have seen that an integral, which is general in 
the Darboux-Cauchy sense, is general also in the Ampere sense. 

Suppose, then, that the differential equation of the second 
order is of the customary form 

f(Xy y, z, p, q, r, s, i) = 0: 

and let derivatives of/, of all orders up to and including those of 
n — 2 be formed, where 71^2: the total number of equations thus 
possessed is 

1 4*24’... 4'(^*“1) 

= - 1 ). 

Each of these equations is free from all the arbitrary elements 
that occur in the integral : and the derivatives of the dependent 
variable that occur are of all orders, up to and including those of 
order n. 

Next, consider the integral equation ; and suppose that it is 
given in finite form, whether it furnishes the value of z explicitly 
or implicitly. When all the derivatives of the integral equation, 
of orders up to n inclusive, are formed, there are 

1 4" 2 4" ... 4" (w 4“ 1), 

= ^(n + l)(n4-2), 
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equations in all. When all the arbitrary elements are eliminated 
from this tale of J (n 4- l)(n4- 2) equations, it is required (from the 
property that the integral is general, in Ampere’s sense) that the 
resulting equations should be exactly equivalent to the preceding 
tale of ^n(n--l) equations derived from the differential equation. 
Hence the number of such elements to be eliminated is 

^ (n -f l)(n + 2) - ^71 (n - 1) 

= 2n + 1, 


being therefore the number of arbitrary elements that occur in the 
integral equation and in derivatives from the integral equation, 
when derivatives of the dependent variable up to order n are 
formed. 


It therefore appears that a general integral in finite form 
contains arbitrary elements in such a manner that their number 
increases with successive differentiations of the integral. 

As a matter of fact it can be verified that, in even the simplest 
instances such as in the integral of 5 = 0 , the increase in the 
number of arbitrary elements arises through the introduction of 
new derivatives of arbitrary functions. The arguments of the 
two arbitrary functions, which occur in the general integral of an 
equation of the second order, may be different or they may be the 
same : it is to be noted that, when we proceed from derivatives of 
the integral equation in successive orders, two arbitrary elements 
(being the next higher derivatives of the arbitrary functions of 
specific arguments) are introduced at each successive stage. 


Thus the general integral of the equation 

r^t 

is 

the general integral (as will be proved later) of the equation 

X 

is 

z^(l> (:r +y) (y - x) - x {<f>' (y - : 

where, in each case, <t> and are arbitrary functions. It is easy to verify the 
foregoing theorem for each of these equations. 


Among the methods of analysis applied to partial equations of 
order higher than the first, there are two modes of occurrence of 
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arbitrary functions in an equation giving a general integral which 
arise more frequently than others. 

In one of these modes, the arbitrary functions present them- 
selves as possessed of determinate arguments which are expressed, 
explicitly or implicitly, in terms of the independent variables. 

Thus, for the equation 

already quoted, the general integral is 

where the arguments of the arbitrary functions <f> and yjr are explicit functions 
of a: and y. 

The general integral of the equation 

pqr==8(l-\-p^) 

is given by the elimination of u between the two equations 
Z^<l) (m)~ 24.27- /(y) = 0 ) 

<l)' j ’ 

the argument of the arbitrary function is an implicit function of x and y, 
affected also by the occurrence and the form of the arbitrary function /. 

In the other of the modes referred to, the arbitrary functions 
present themselves as possessed of arguments involving parameters, 
which are subject to quadratures of a multiplicity dependent 
upon the number of independent variables. This mode of oc- 
currence is frequent in the integrals of many of the partial 
differential equations of mathematical physics : and there are two 
distinct forms of this mode of occurrence, according as the para- 
meter is independent, or is not independent, of the variables. 

Thus the equation 

which effectively is an equation in Fourier’s theory of the conduction of heat, 
is satisfied by 

^ /“ OD 

z- \ (a; 4- 2uy^) du : 

the parameter u of integration is independent of x and y. Again, the 
equation 

02p 92g 02F 

which is the equation obeyed by gravitational potential in free space, is 
satisfied* by 

/ f{z^ix cos u -f iy sin w, u) du^ 

* Whittaker, Math, Ann,^ t. Lvn (1903), p. 337. 
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where / is an arbitrary function of its two arguments, and the parameter u of 
integration is independent of x and y. The equation 

02 r a^r 02 r 

dxi ^ 0^ 0 ^ 3 ^ 0^42 ~ 

is satisfied by* 


and by+ 


f2n fn 

F— I I f{^ismucoi^v-\-X 2 iimu 8 inv-\-XsC 08 u-^iv^^UfVjdudv^ 

r^Tr 

I ^ COS i + ^2 sin ^ + 1 ^ 3 , .ri sin / - X2 cos ^ + 1 ^ 4 , t) dt. 


In all of these forms the parameters of integration are independent of the 
variables. 


On the other hand, equations occur possessing integrals in which there are 
quadratures with regard to variables while all other magnitudes in the subject 
of quadrature are kept constant. Thus a primitive of the equation 


is 


+ =0 

x+y 




{x^y)z^e^^y F {x-^y)+e^^v / e « fi2y - a) dy^% 


f 

'^7* “/(2y 


where, after the quadrature, a is to be replaced by and f are 

arbitrary functions : but it is to be noted that an equivalent form is 
2y 

z + e'^'^y 0{x^y)^g(y-x)-{-{x^y)g'{y-x)-\‘{x-\-y)^g"iy-x)’^,.., 

provided the series on the right-hand side converges, the functions G and g 
being arbitrary. In the latter expression, the integral is in finite form as 
regards the function G but not as regards the function g. 


Partial Quadratures. 

182 . There is a fundamental difference between the two 
classes of equations thus constituted. In the latter class, there 
is a quadrature, either definite or indefinite, with regard to a 
parameter or a variable, while all other magnitudes occurring in 
the subject of quadrature remain constant : it is usual to describe 
these as integrals with partial quadratures. In the former class, 
there are no such quadratures ; and it is usual to describe J such 
general integrals as integrals without partial quadratures. 

* Whittaker, Math. Ann., t. lvii (1903), p. 346. 

t Bateman, Proc. Lond. M. S., Ser. 2, Vol. i (1904), p. 467. 

X Ampere called them the Jirst class {Lc., p. 658): but he did not develope the 
olassifioation, and bo a more definite description is preferable. 
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The difference between the two classes of equations is not 
solely formal, as regards the absence or the presence of partial 
quadratures: it affects the character of the dependent variable 
and its derivatives. 

In the case of equations, the integrals of which do not involve 
partial quadratures, derivatives of the inttigral equations with 
regard to the independent variables introduce no new arguments 
but only direct derivatives of th(i functional forms that occur in 
the integral. But in the case of equations the integrals of which do 
involve partial quadratures, such derivation often leads to subjects 
of quadrature quite distinct from those that occur in th(; original 
integral ; and so it can lead to new arguments for the functional 
forms. 

Accordingly, the class of equations whose integrals do not 
involve partial quadratui-<‘s is simpler than the class of equations 
whose integrals are affected by partial quadratures : and the 
properties of the simphu* class have been more fully developed 
than those of the other. 

As already remarktid, the two types indicated are the two 
more usual modes of occurrence : but they ar(‘ not completely 
comprehensive. For example, the arbitrary elements might be 
defined in connection with some other differential ecjuation, either 
of lower order than the given equation and not involving more 
independent variables, or involving fewer independent variables 
than the given equation and not of higher order. It is at least 
conceivable that precise selection from such a mode of determining 
the arbitrary elements might lead to new classes of integrable 
equations. Even so, it is clear that the methods of occurrence of 
arbitrary functions are not completely exhausted. 

183. As the class of equations, whose general integrals (in 
finite form as regards one or other of the arbitrary functions) do 
not involve partial quadratures, is thus marked off from the others 
and is the simplest of all, it is convenient to have a means of 
testing whether a given equation does or does not belong to the 
class. Such a test (not, however, absolute) was devised by 
Ampere, as follows: the explanation is associated with an equation 
of the second order in two independent variables, but the test is 
easily seen to be applicable to equations of higher orders also and 
to equations in a greater number of independent variables. 
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Let the equation be 


f{Xy y, z, p, q, r, s, t) = 0, 

and suppose the equation so taken that / is a polynomial function 
of the arguments r, s, t Let a be an argument of an arbitrary 
function, that occurs in the general integral in finite form ; and 
transform the independent variables so that a becomes one of 
them, say to x and a, so that 3/ is a function of x and a. Now 


so that 


Similarly, 
and therefore 


dq = sdx 4* tdy 


= (^ + dx + t^da, 


dx ox 

da 9a ‘ 


dp 


^_y. 

dx’ 


dx dx* 


dx dxdx ^ 


and the value of t is given by 


dq 
da 
dy ‘ 

da 



Let substitution for r and s in terms of i be made in /=0: and 
let the result, arranged in powers of t, be 


P + ... +xr = 0, 

where P, Q, . . . , X involve derivatives of p and q with regard to x 
but not derivatives with regard to a. The differential equation is 
to be satisfied identically when the integral is substituted in it. 
Also, as t has the value 

da * da* 
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it contains a derivative of the arbitrary function of a in the 
general integral which is of at least one order higher than 
derivatives of that function occurring in derivatives of p and q 
with regard to cc : that is, t contains a derivative of an arbitrary 
function that does not occur in P, Q, . . . , X. In order therefore 
that the equation may be satisfied identically, we must have 

P = 0, Q = 0, P=0, ...,Z=0, 


in virtue of the given equation. When these relations are 
consistent with one another, in virtue of the given equation 

and of a value of all the necessary conditions are satisfied. 

Unless they are satisfied, the equation cannot possess a general 
integral, which can be expressed in a finite form without partial 
quadratures as regards at least one of the arbitrary functions. 
But, though the conditions are necessary, we are not in a position 
to declare them sufficient to secure an integral of the character 
indicated ; they only provide a qualifying test. 

By 

Moreover, as ^ is the derivative of y with regard to x when a 
is constant, the value of determines a. We may take 


« = y-/: 


dx, 


or we may take a any function of the right-hand side : or if 
0 {x, y) = constant be an integral of the relation 


we may take 


a. = e(x,y). 


In any case, the value of ^ determines the argument a : but in 




order to obtain a explicitly, an explicit value of ^ in terms of y 
and X would require to be known. 

We shall recur to this analysis in a later chapter (Chapter xvii). 


Ex. 1. Consider the equation (§ 181) 
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the general integral of which is of finite form as regards one arbitrary function, 
and may be free from partial quadratures though not then of finite form as 
regards the other arbitrary function. 


Making the same assumptions as in the text, and writing 



we find the Ampere conditions to be 

ax dx x-\-y 

< 92 - 1 = 0 . 


These are consistent with one another : and, as 


dp 

dx 






they are consistent with the original equation. Hence the original equation 
may possess a general integral which is free from partial quadratures. 

The two values of 6 are 1, - 1 : the two values of a for this equation can 
be taken 

a=y-\-x^ a^y-x: 

that is, the arbitrary functions which occur are functions oi y^^-x and y-x 
respectively. 


Ex. 2. Consider the equation * 

8t-^x{rt- 


Making the assumptions in the text, and writing 



we have 


rt-8^^ 



so that, when substitution in the differential equation is effected, the equation 
becomes 





If then the equation can have a general integral in finite form 
partial quadratures, we must have 


dq 

dx 


\l-2x 



^ (ip A. 'k\ 

dx \dx ^ dx) J 


= 0 , 
= 0 , 


free from 



Ampere, hr., p. 608. 
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In order that these equations may be satisfied, we must have 



the three equations are consistent with one another in virtue of these two 
equations. These two equations are also consistent with the original 
equation : the first of them implies 

s -f* tB = 0, 

and the second of them implies 

x(r + «(9)2-d=0; 

the elimination of B between the two gives 

which is the original equation. Thus the two equations are consistent with 
one another and with the original equation : so far there is nothing to 
prevent the general integral from being expressible in a finite form without 
partial quadratures. 

The equation 



corresponds to the determination of the argument a. The construction of 
the argument is a matter for later investigation ; the immediate purpose is 
to test whether there is any reason to prevent the equation from possessing 
an integral of the required type. 

Ex. 3. Prove that the equation 

rt — ^py — 

where a is a constant, cannot have a general integral expressible in finite 
form without partial quadratures unless the integral also satisfies the 
equation 

{py — qsY = aVqH'^. (Ampere. ) 

The Arbitrary Elements in General Integrals. 

184 . There are two properties of general integrals without 
partial quadratures that can be established : one of them relates 
to the number of arbitrary functions which can occur in a general 
integral of this type * : the other of them relates to the number of 
arguments occurring in an arbitrary function. It will now be 
proved that the number of independent arbitrary functions in the 

* Ampere, (Lc.), p. 583; Imsohenetsky, (in the memoir quoted in § 180), 
p. 236. See also a memoir by the author, Froc. L. M. S., t. xxix (1898), p. 5. 
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general integral of a differential equation of any order, when that 
general integral is of finite form and without partial quadratures, 
is equal to the order of the equation ; also that, usually though not 
universally, the number of arguments in each such arbitrary f unction 
is less by unity than the number of independent variables. 

Most of the preceding explanations have been concerned with 
equations of the second order in two independent variables. As 
the propositions just stated are of wider application, we shall 
assume that the differential equation is of order m in n independent 
variables. 

Accordingly, we take an equation 

of order m in w independent variables oo^, as usual, the 

dependent variable is denoted by z. 

The integral system will, of course, contain these variables. 
Suppose that, in addition to them, it involves a number k of 
variable quantities a, 7, ..., these quantities being not 

necessarily independent of one another. As the integral system 
is to be equivalent to a single relation, which shall express z 
explicitly or implicitly in terms of the independent variables, that 
integral system must contain A- + 1 equations from which the 
k variable quantities a, y, ... can be conceived as eliminable. 

Further suppose, firstly, that g independent arbitrary functions 
i/r, ... occur in the integral system and, secondly, that, as a rule, 
each such function has r arguments though in particular cases the 
number of arguments may be less than r. These arguments may 
be considered as connected with the k variable quantities a, /9, 7 , . . . . 
Also it may happen that derivatives (some or all up to a specified 
order) of the arbitrary functions with regard to their arguments 
occur in the integral system. Let the highest derivatives of 
which thus occur, be of order p ^ ; and similarly for the derivatives 
of the other arbitrary functions. 

Using Ampere’s test as to whether an integral of a differential 
equation is general, we construct all the derivatives of the integral 
system of all orders up to s inclusive, where s is any integer equal 
to or gi-eater than m: from the aggi^egate of equations thus obtained, 
all the arbitrary elements are to be eliminated: the surviving 
equations are to be equivalent to the equation J^=0 and to the 
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equations deduced from jP = 0 by forming its derivatives of all 
orders up to s ~ m inclusive. 

The quantities to be eliminated from the equations deduced 
from the integral system are of two groups: one group is con- 
stituted by the quantities a, yS, 7, ... and their derivatives, the 
other by the arbitrary functions <!>, yjr, and their derivatives. 

As regards the total number in the former group, it is made 
up of a, 7, ... and their derivatives of all orders of all orders up 
to s inclusive : hence this number is 


^ (s+l)(s+2)...{s + n) ^ 
n ! 

Some of the derivatives may vanish identically, and then corre- 
sponding quantities to be eliminated would not occur : the offset, 
to be allowed on this account, will be considered later. 

Next, we require the total number of quantities connected 
with the arbitrary functions that have to be eliminated. In the 
case of any function <f), the highest derivative which occurs in the 
integral system is p^: if differentiation is being effected with 
regard to a variable not involved in any of the r arguments of 
no new derivative is then introduced : but when the variable of 
differentiation is involved in one (or in more than one) of the 
r arguments of <^, then a new derivative is introduced. Now 
all the r arguments are variable magnitudes; hence the first 
differentiations of the integral system will introduce the various 
derivatives of <f> of order p^ + 1, the second differentiations will 
introduce those of order p^ -H 2, and so on up to the sth differentia- 
tions which will introduce those of order -h 5 ; and each of these 
is a derivative with regard to some combination of the r arguments. 
Hence the total number of derivatives of (f> in all (including (f) 
itself) is 

1 + r(»-+l) ...(»•+«+;>♦ -1) 

^ (T- + l)(r+ 2) ... (r+ s+p») 

_ (g+j)» + l) {s±p.»+ 2) . . . (« -|^ 

r ! 
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Similarly for the derivatives of the other arbitrary functions : and 
therefore the total number of the derivatives of the arbitrary 
functions (including the arbitrary functions themselves) is 

i S ((5 + l)(5 4-2> + 2) ... + r)}, 

where the summation is to be taken for the g arbitrary functions, 
and the number j) may vary from term to term in this sum. This 
number really is an upper limit for any value of s. It may happen 
that, owing to the form of the integral system, not all these deriva- 
tives actually occur; there then would not be the corresponding 
quantities to be eliminated. 

Consequently, the total number of quantities in the two groups, 
which have to be eliminated from the integral system and the 
equations deduced from the integral system, can be as great as 

^ 1)(^4'2) ... (5 + w) 

+ ^!^f(* + P+l)(s+J0 + 2) ••• (s+p + r)}. 

We have seen, however, that there may be an offset, on account of 
possibly vanishing derivatives of arguments on the one hand, and 
of possibly non-occurrent derivatives of arbitrary functions on the 
other hand : let N denote the aggregate number of quantities of 
this kind within the range considered, which otherwise would be 
included in the preceding aggregate. Hence, if / is the total 
number of quantities to be eliminated from the integral system 
and the equations derived from it, then 

/ = ™ A? (5 + 1)(5-}- 2) ... (5 4- n) 

+ ^, S {(« + p + l)(s+p + 2) ... (s+i) +r)} -iV. 

Next, when the integral system of A; 4- 1 equations is differ- 
entiated with regard to all possible combinations of the independent 
variables so as to give derivatives of z of all orders up to s inclusive, 
the complete tale of equations (including the original integral 
system) is J, where 

J -a 2 ) ... (s + n) / ^ J \ 

n\ V /* 
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It is from these J equations that the foregoing number I of 
quantities must be eliminated, in order to give partial differential 
equations satisfied by z. Usually, the various eliminable quantities 
disappear singly during the elimination : in that case, the number 
of eliminant equations is J — But it may happen that some of 

the quantities disappear in a combination of several together, and 
also that this simultaneous disappearance may occur for several 
combinations: in that case, the number of eliminant equations 
will be increased say by S. Accordingly, we may say that the 
number of eliminant equations is 

iSf: 

each of them is a differential equation satisfied in virtue of the 
integral system, and s is the highest order of derivative that 
occurs. 

Now by Ampere’s test of a general integral, this aggregate of 
*7 — 74-^ equations is to be an exact algebraic equivalent of the 
partial differential equation of order m and of the equations 
deduced from F = 0 by effecting upon it all differentiations with 
respect to the independent variables of all orders up to s — m 
inclusive, so that the deduced equations combined will involve 
derivatives of z of all orders up to s. The total number of 
equations in this set (including F—Q) is 

” (5 — m -f 1) (5 — -m -f 2) . . . (s — m 4- n), 

which number therefore must be equal to J — I -{-S. Thus we 
have the relation 

~(s + l)(s+2)... {s+n) + N + S 

-^,2{(*+P+l)(«+i>+2)...(s+/) + r)} 

= ~ (s — m 4- 1) (5 — m 4- 2) . . . (s — m 4" n), 

which must hold for all integer values of s such that s > m. 

Of the integers that occur in this equation, the various numbers 
••• are given : no one of them depends upon s. Also m, the 
order of the original differential equation, and w, the number of 
independent variables, are known and do not depend upon s. The 
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number r, being the number of arguments in the arbitrary function, 
and the number g, being the number of arbitrary functions and 
also the number of different products in the summation typified 
by S, are not yet known : they do not, however, depend upon s. 
On the other hand, N and 8 may depend upon s, and, if they are 
different from zero, they usually do depend upon s ; but for com- 
paratively large values of s, both and S are integers that are 
small compared with the number of quantities and of equations 
respectively in question. 

With these explanations, let the preceding numerical relation 
be transformed so as to be of the form 

S {(« + 1) + 2) ... (^ -f p 4-r)} -iV' — 

“ ~t {(«+ l)(s + 2) ... (5 + n) — (s — m4* l)(5 — m + 2) ... 

and let both sides of this form of the relation be expanded in 
descending powers of s. On the left-hand side, the term containing 
the highest power of s is 



on the assumption (which will be made, after the statement made 
concerning i\r and S) that neither JV nor S contains so high a 
power of s. On the right-hand side, the term in s” disappears, 
and the coefficient of is 


n l 


j(l-t-2 + ... + n-|-(w-l)-f (wi — 2)+ ... 4-(m-n)j 


m 


(n-l)!* 


Hence 


1 ^ ^ 


which is to hold for all values of s. Consequently, 


g^my 

that is, the number of arbitrary functions in a general integral 
without partial quadratures is equal to the order of the equation : 
and 

r — 71 — 1, 
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that. is, the number of arguments in an arbitrary function can be 
one less than the number of independent variables. 

These are the two propositions which were to be established. 

I^ote 1. These propositions are of wide range: some special 
cases are worthy of special mention. 

Let m — 1 : we infer that the general integral of a partial 
differential equation of the first order in ?t independent variables 
contains one arbitrary function which can have — 1 arguments. 

Let m = 2, ?? = 2 ; we infer that the general integral of a partial 
differential equation of the second order in two independent 
variables, when it is free from partial quadratures, contains two 
arbitrary functions each of a single argument. But there is 
nothing in the preceding discussion to shew whether the two 
arguments are different or are the same. 

Let 7^1 = 2, n = 3 : we infer that the general integral of a partial 
differential equation of the second order in three independent 
variables, when it is free from partial quadratures, contains two 
arbitrary functions, each of two arguments. But there is nothing 
in the preceding discussion to shew what relation, if any, exists 
between the arguments. 

Note 2. The preceding discussion has taken no account of the 
precise form of the equation F — 0 ; and therefore it may be found 
not to apply to equations of special types. In such cases, all that 
can be inferred is that, if arbitrary functions contain n — 1 argu- 
ments, the number of them in the general integral is not greater 
than the order of the equation : while this last property is not 
necessarily maintained if the functions contain fewer than — 1 
arguments. 


Ex. 1. Prove that the equations 

X^Fi {a, <l){a\ <t>' (a)y ..., 

y = /^2 {<*5 3, <#> (a), <^'(a), ..., (^<”*)(a)K 
..., (a)}, 

cannot represent the general integral of an equation of the second order. 

(Goursat.) 

Ex. 2. Prove that each of the quantities 

2 = 1 -H X2 + .^3 — (2.7?! q- ^73) Xi q- {xi q- 473) X^ q- {^2 - X^^ 
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where Xi, X3 are arbitrary functions of .ri, .r2, X3 respectively and 
A\\ X/y -1^;/ S'l’e their derivativ^es, satisfies a partial differential equation of 
the second order : and apply Ampere’s test to prove that, in neither case, 
is the integral a general integral. 

Kv. 3. The equation 

dht d^u 

?z^ ~ 

is satisfied by 

u—f -}-y cos a-\-z sin a) 

4* g {x cos jS + ?^?/ + r sin 

+ h (x cos y +y sin y + 22), 

where a, /3, y are arbitrary constants, and where /, g, h are arbitrary functions : 
discuss the character of the integral thus given. 

186. The two results, as regards the number of arbitrary 
functions and the number of arguments in an arbitrary function 
contained in a general integral without partial quadratures, can be 
brought into relation with Cauchy’s existence-theorem for an 
equation of general order in any number of independent variables, 
as has already been done for an equation of the second order in 
two variables. It was proved (§ 25) that, for an equation 

where Z is a regular function of all the variables and of all the 
derivatives (save only the derivative on the left-hand side) of all 
orders up to m inclusive, then an integral exists, which is a regular 
function of the variables in non-infinitesimal domains and is such 
that, when = Ui, the quantities 

dz d'^~^z 
dxi ’ * ’ ' ' dxi^~~^ 

become functions of x^, which are regular in the specified 

domains and otherwise are quite arbitrary. Thus m arbitrary 
functions occur : and each of them involves n ~ 1 arguments which, 
when .Xi = a,, are algebraically equivalent to x^, Xn. 

A more general form of the theorem is obtained merely by 
transformation of the variables, as follows: an integral exists of 
the same regular character as before which is such that, when any 
relation 

u{xu ..,,Xn)=^0 
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exists among the variables, the variable and the m — 1 derivatives 
of the successive orders 1 , m — 1 become arbitrarily assigned 
functions of Xj, x^. The number of arbitrary functions is the 
same as before, viz. it is m : the number of arguments is n — A, for 
the arbitrary functions in the initial conditions involve all the n 
variables subject to the single relation if = 0. 

It thus appears, whether from Cauchy’s existence-theorem or 
from Ampere’s investigation on general integrals without partial 
quadratures, that an equation of any order m contains m arbitrary 
functions in an integral. Two examples have been given (§ 184, 
Ex. 2) in which integrals occurred having three arbitrary functions 
in finite form without quadratures and yet satisfied equations of the 
second order in three variables: in those instances, the arbitrary 
functions each involved only a single argument: whereas Ampere’s 
investigation and Cauchy’s theorem alike insist on two arguments 
in the arbitrary functions which occur in the general integral of 
the equations in question. 

It should however be remarked that the integral, as given in 
the establishment of the existence-theorem, is found as a converging 
series and usually cannot be changed so as to have a finite form : 
the Ampere investigation only deals with integrals that are in a 
finite form and are without partial quadratures. 

No inference, however, can be deduced as to the number of 
arbitrary elements occurring in the explicit expression of an 
integral involving partial quadratures. As will be seen hereafter 
(§ 209), it is possible to express the general integral of a linear 
liquation of the second order in terms of only one arbitrary 
function : the matter will be considered during the discussion of 
those linear equations. 


Equation characteristic of the Argument of an Arbitrary 
Function in a General Integral. 

186 . There is still another result which can be obtained when 
the general integral of the equation is in finite form without 
partial quadratures. 

Let the equation be 

f{x,y, z, p, r, 5 , 0 = 0, 
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and suppose that its general integral is of the type specified. 
Differentiating m times with respect to y, and writing 


0^, '^2,Wi I 0^ 1 0^ ^ U — V, 

where the derivatives in U are of order not higher than m + 1 . 

Let a be the argument of an arbitrary function in the general 
integral and, assuming that a involves y, change the independent 
variables from x and y to x and a : then y is a function of x and a. 

. 

Also let 6 denote the value of — when a is constant. Thus 

ox 


dx ““ 


using the same notation as in § 183 for new derivations with 
regard to x: whence, substituting for and we have the 

above equation in the form 




^ ___ 0 ^-2^0, m+i 

ds dx dr\ dx dx , 


Now, for all values of ??, we have 

d^z fdyY 

the unspecified derivatives of z being of order less than n. Sub- 
stituting for >s^o,wi +2 i^nd for the other derivatives according to 

similar formulse of transformation, we have a term in ^ of 
which 

9/ ^9/ 9/ 

^TW+2^ 

is the coefficient. This quantity does not occur elsewhere in 
the equation, the other derivatives with regard to a being of order 
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not higher than m + 1 ; when the value of z is substituted, the 
quantity introduces a derivative of the arbitrary function of 


a, which is of order higher than any other derivative that occurs in 
the equation. But the equation must be identically satisfied when 
this value of Zy given by the general integral, is substituted ; and 
therefore the term involving the highest derivative of the arbitrary 
function of a in the general integral must vanish, that is, 


at 08 dr 


Also, 6 is the value of ^ when a is constant, so that 
ax 

dx ay 


hence 


y ^ = 0 

dr ds dx dy dt \dy) ’ 


being an equation satisfied by a. 

The same equation would be satisfied by the argument, say /9, 
of the other arbitrary function : and it may happen that a and ^ 
are the same. 


We have said that the equation is satisfied by a and by ^8. In 
general, derivatives of z would occur in this equation; and it could 
not be used for the immediate determination of a and /8. But if 
f is linear in r, 5, ty and has functions of x and y only for the 
coefficients of r, s, ty then the determination of a and y8 is effected 
by integrating 


^ 4 . 0 

3x) dr dx dy ds \^y) dt * 


Ji partial differential equation of the first order. 


Short of this actuality, however, which belongs to only a 
restricted class of equations, we can make other inferences from 
the equation 


¥ 

dt 


ds dr 


which is found to recur continually in the investigations on /=0. 
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Let m and n be its roots, when it is regarded as a quadratic in 6 : 
then we may take 


9a A 

^ + m ^ -0, 

dy 


dx 




Various cases occur. 


(i) Let m and n be distinct from one another, both being 
finite. There are two distinct arguments: and the two arbi- 
trary functions in the general integral have these for their 
respective arguments. The only condition is one of inequality, 
viz. that 



4 


dr dt 


does not vanish. 


(ii) Let m and n be the same, and be finite. There is only 
one quantity: it is the common argument of the two arbitrary 
functions in the general integral. The condition 


must be satisfied. 



dr dt 


(iii) If m is zero and n finite though not zero, then a is 
a function of y alone, and yS is not thus restricted. In this case. 


¥ 

dt 


= 0 : 


hence, when the equation does not involve t explicitly, one of the 
arbitrary functions in the general integral involves y alone. 


(iv) If m is infinite and n is finite though not zero, then a is 
a function of x alone and is not thus restricted. In this case, 


¥ 

dr 


= 0 : 


so that, when the equation does not involve r explicitly, one of the 
arbitrary functions in the general integral involves x alone. 


(v) If m is infinite and n is zero, then a is a function of x 
only, and )8 is a function of y only. In this case, 


dr 


- 0 , 
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SO that r and t do not occur explicitly. Resolving the equation 
with regard to s, we have it in the form 

s = g{Xy y, z,p, q): 


when it possesses a general integral without partial quadratures, 
the arguments of the two arbitrary functions in that general 
integral are respectively x and y. In particular, when the 
equation 

s + ap + 65 + = 0, 

a, h, c being functions of x and y only, has a general integral 
without partial quadratures, the arbitrary functions in that 
general integral are X and F, arbitrary functions of x and of 
y respectively. 


(vi) 
y alone. 


If both m and n are zero, then a and ^ are functions of 
In this case. 


¥. 

dt 


= 0 , 


df 

ds 


= 0, 


so that s and t do not occur explicitly. Moreover, q cannot then 
occur explicitly : for, as 

z^F{x, y, a, a', ..., ...), 

the occurrence of q in the differential equation would give rise to 
derivatives of a and of ^ which (on the assumption that F is in 
finite form) are of order higher than the derivatives of those 
quantities found in z, p, or r. Thus the equation can only 
be of the form 

f{x, y, .s:, p, r) = 0: 

which effectively is an ordinaiy equation of the second order, 
having z for its dependent variable, x for its independent variable, 
and having two arbitrary functions of the parametric variable y 
for the two arbitrary elements in its integral. 

(vii) If both m and n are infinite, then a and ^ are functions 
of X alone. The case is similar to the last case with the inter- 
change of X and y, with the corresponding interchanges : in 
particular, the original differential equation is 

fix, y^z.q, 0 = 0 . 
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Ew. 1. When the equation is 
the equation for the arguments is 



that is, the arguments of the arbitrary functions in the general integral are 

Ex. 2. The equation 

(b-{-€q)^r-2(b-\-cq) («*f cjt?) t^O 

satisfies the Ampere tests (§ 183) : it may therefore have a general integral 
in finite form without ^Mirtial quadratures. The arguments of the arbitrary 
functions in this general integral are given by 


the two arguments are one and the same, and may be taken as the simplest 
integral of 

{b+cq)^-{a+cp)^-0. 

This simplest integral is an integral of the equation 


that is, of 
that is, of 


dx __ dy 

adX’\^hdy-\‘C {pdx 4* q o?y) =*0, 
adX’k‘hdy’\‘Cdz—0 ; 


hence the common argument of the two arbitrary functions in the general 
integral is ax ^by^^cz. 


Ex. 3. Find the arguments of the arbitrary functions in the general 
integrals of the equations : 

(i) 3^ + %xy8-{-yH = 0 ; 

(ii) = 0 ; 

(iii) — ^pqs ’{■pH —0 ; 

(iv) qH 4- ^pqs -{-pH = 0 ; 

(v) 

(vi) q (1 ■¥q)r-{p-{-q-{-^pq) s^p (1 ■{■p)t^0 ; 

proving that, in the case of each equation, the Ampere tests which allow it 
to possess a general integral expressible in finite form without partial quadra- 
tures are satisfied. 


Ex. 4. Prove that an integral of the equation 

A-(r4-0+P=0 
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is given by 

z = j^f(^ cos + ly) d<t>^ j^g (.r cos ^ - ig) 

Does this integral involve two arbitrary functions that are independent of 
one another? Does the equation possess a general integral in finite form 
without imrtial quadratures? 

187. A similar discussion, in connection with an equation 
of order n in two independent variables, leads to a similar 
result as regards the arguments of the arbitrary functions. If 
the equation be 

•••» -^0, ») = 

where 

_ 

~ dxfdyt ’ 

and if w be any one of those arguments, then the equation 


dF /0 

u\" dF rduy- 

‘ dll 

4 . 

dF 

4 . 

/duV 

0«„.o \3 

^x) ^ dZn-.i,i\dx) 

3y 

3^0, n 



is satisfied : it being always remembered that the general integral 
of jF = 0 is assumed to be of finite form and without partial quad- 
ratures. 

Usually this equation would be only one of a set of equations 
satisfied in connection with the general integral of F—0, For 
the very restricted class of equations, in which F is linear in the 
derivatives of order n and has functions of x and y only for the 
coefficients of these derivatives, the foregoing equation becomes a 
partial differential equation of the first order for the actual deter- 
mination of the arguments u. 

188. Corresponding results can similarly be obtained for 
equations of any order in any number of independent variables; 
it will be sufficient to state them for an equation of the second 
order in three independent variables. A change in the notation 
will be made : we denote the dependent variable by v, the inde- 
pendent variables by x^ y, Zy and we write 

, dv dv dv 

h f h 

> 0 , /i , g^a > g^g^ > g^g^ » g^g^ , 
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respectively. Then an equation of the second order is of the 
form 

F{x, y, V, ly rriy n, a, 6, c, /, A) = 0 : 

we may suppose that .F is a regular function of all its arguments, 
and we shall assume that F is polynomial in the derivatives 

(t, by Cy fy gy L 

The Ampere test as to the possession of a general integral in 
finite form without partial quadratures can be applied as before. 
Let u be an argument of an arbitrary function in that integral, 
and let the variables be changed from Xy y, z to Xy y, Uy so that z 
becomes a function of x, y, tt : forming the derivatives of z, let 


We substitute 


dl 

dx 


dz dz 

dx dy "" 

dn 


6 = 


dm dn 


dy 


■^dy^^’ 


j, dn 
dn 

9 = ^-cp> 

, dl dn dm 


dn 

^dy 


■>fcpq. 


in *= 0, and arrange it in powers of c in the form 

i^o + ci’i + = 0 : 

in order that a general integral of the specified type may be 
possessed, the equations 

i^o = 0, = ..., F,n,-^0y 


must be consistent with one another, with 


and with 

dl dn _ dm dn 
dy ^ dx^ dx ^ dy' 

But, as before, these conditions are necessary, though not univer- 
sally sufficient : they provide a qualifying test. 
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In particular, the equation = 0 is 


F 


SF ,dF dF 


da 


dF 




dF 

'^9 


dF 

' dh '' 


Now p and q are the derivatives of z with regard to x and y when 
u is constant : thus 


0u dll 
dx^^ dz 


= 0 , 


du 



= 0 . 


Hence u, the argument of an arbitrary function in a general 
integral of supposed in finite form and without partial 

quadratures, satisfies the equation 


dF /duV dF idu\^ dF /diiV dF du du dF du du dFdu ^ 
da \dx) db \dy/ dc \dz) df dy dz dg dz dx ^ dh dx dy ' 


in connection with an integral of the partial differential equation. 

We shall return to the subject during the discussion of the 
methods of integration of equations of the second order involving 
more than two independent variables (Chap. xxiv). 

Ex. 1. One of the most important of these equations is 
a-|-6+c=0, 

which recurs continually in mathematical physics. A general integral has 
already (§ 181) been given in a form which requires partial quadratures. 

The qualifying conditions that it should possess a general integral without 
partial quadratures are easily found to be that the relations 

dl dn dm ^ n 
dx~Pdx'^dy~*^~d^~^' 

cU dn dm dn 
dy^^ dy dx ^ dx^ ’ 

shall be consistent with one another and with the original equation. It 
is easy to see that these conditions are satisfied : and thus the equation 
possesses a general integral without partial quadratures. 

Also, the last relation leads to 
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as the equation satisfied by an argument of an arbitrary function in the 
integral. A general integral of this partial differential equation of the first 
order is given by the equations 


(^-|-t>cosa+tysin a)-h</>(y, a) 

. . dd) 

0= 2 :+ta?cosa 4 -ty sin a + ^ 


0=:ty (-A’sina+^ cos a) 4-^ 


2. In connection with the last result, verify that, if 

<p(y, a) = yd(a) + V^(a), 

where ^ and ^ are arbitrary functions of a, then 

v^F{u\ 

where F denotes an arbitrary function, satisfies the equation 

CR -f* 6 + C 0. 
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Linear Equations of the Second Order in Two 
Independent Variables: the Laplace-Transformations. 

The greater part of the present chapter is devoted to what is usually 
called Laplace^s method for the integration of an equation of the second order 
that is linear in the dependent variable and its derivatives. The method* 
given by Laplace was developed and extended by Darbouxt : and it is upon 
his exposition that the present account of the method is based. Some detciiled 
references are given in the course of the chapter : and general mention may 
here be made of Goursat’s discussion of the method J. 

189. We proceed now to consider, in detail, equations of the 
second order; and we begin with those equations which involve 
two independent variables. Among them, two classes are marked 
out from the rest by their simplicity of form : one of these 
classes is constituted by the equations which are linear in the 
dependent variable and its derivatives : the other is constituted 
by the equations which possess an intermediate integral involving 
the first derivatives of the dependent variable. The two classes 
are not completely exclusive of one another ; but the main 
methods of dealing with them are quite distinct. We discuss 
first the equations which are linear. 

The most general form of equation, which is linear in the 
dependent variable and its derivatives, and which is of the second 
order, is (in the ordinary notation) 

Rt 4* ^Ss 4 Tf + 2Pjt) 4“ 4" Zz = C7, 

* Originally given in his naemoir M^moires de VAcad. royale des sciences, 1777, 
the memoir itself being dated 1773: see also CEuvres computes de Laplace, t. ix, 
pp. 5 — 68. 

t TMorie gSndrak des surfaces, t. ii, pp. 23 et seq. 

J In chapter v of his treatise already (p. 7) quoted. 
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where R, S, Ty P, Q, Zy P, are functions of w and y only. We may 
take U as zero : for, if U is not zero in any given instance, and if 
f is any particular value of -e (no matter how special) which satisfies 
the equation, then writing 

the equation for z' is of the same form save that U is zero. We 
shall therefore assume that U is zero. 


Let the independent variables be changed from x and y to u 
and V : the equation is unaltered in form, so that it is 

R v' 2<S s' 4* T't' -f* ^P'p 4" ^Q'q' 4” Zz = 0, 


where p', q'y r', s'y t' are the derivatives of z with regard to the new 
variables, and 


R' = R 



dudv ^/dudv dll dv\ 

dx dx dy dy dx) ^y^y' 


T'^R 



dxdy 



The quantities u and v are at our disposal : the simplest form of 
changed equation depends upon the roots of the quadratic 

Rfj? 4" ^SfjL 4" P == 0. 


Firstly, let the roots of this quadratic be unequal, and denote 
them by — m, — n ; and then let u and v be determined by the 
equations 


du , du ^ dv dv ^ 

— 4.wi^=0, 5- 4- >1^=0. 

ox oy ox oy 


Then we have 


also 


jR' = 0, r = 0; 


S' = 2 


du^ 

dydy\ RJ* 


which is not zero. The equation takes the form 


d^z dz 
dudv ^^du 


-hbf~-hcz = 0, 
ov 


where a, by c are ftinctions of the independent variables alone. 
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Secondly, let JR = 0, T = 0 : the changed equation will still be 
of the last form, provided 


and 


We thus may make 


dudu_ 

dx dy ' dxdy ' 


du dv ^ 

dx dy ^ dydx' 


u = any function of x, and v = any function of y : 
or 

u — any function of y, and v = any function of x. 


For either of these transformations, the deduced form of equation 
is invariantive. 


Thirdly, let the roots of the quadratic be equal, having — m for 
their common value. We then take 


and we have 


dv ^ dv ^ 
u==x, ^ + m ;^ == 0, 

dx dy 


JR' = jR, 

S' = (i2m + 5)|^ = 0, 

T' = 0. 


The equation takes the form 


d'*z 

dx^ 


dz 


^dz ^ 
+ a-+b^ + cg = 0, 


where a, b, c are functions of the independent variables. 


Fourthly, let S-0, T = 0. The equation originally is of the 
form last obtained: and it remains unchanged by the trans- 
formation if 




that is, if V is any function of y, and if u is any function of x and y 
which certainly involves x. 

Fifthly, let = 0, = 0 : taking 

u = y, V = Xy 

we again obtain the form in the last case. 
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Similarly, we can obtain one or other of the forms if only one 
of the three quantities R, S, T should vanish. Hence in every 
case, the linear equation can, by change of the independent variables, 
be transformed so as to become either 

5 + op + 6^ + = 0, 

or 

r 4- op + -f = 0, 

where a, b, c are functions of the independent variables alone. 

This reduction to one or other of two alternative forms may be 
compared with the determination of the arguments in the arbitrary 
functions in the general integral, there supposed to be of finite 
form and devoid of partial quadratures. From that determination, 
we infer that, if the equation 

s -\-ap + bq-\‘ cz — 0 

possesses a general integral of the specified t 3 rpe, the general 
integral will contain an arbitrary function of x and an arbitrary 
function of y in its expression. Also we infer that if, in the 
equation 

r 4 ap + 6^ 4 C 2 r = 0, 

the coefficient b is not zero, a general integral devoid of partial 
quadratures cannot be of finite form, while, if the coefficient b is 
zero and if the equation possesses a general integral of finite form 
and free from partial quadratures, that general integral will involve 
two arbitrary functions of y in its expression. 

Ex. 1. If R, S, T, P, Q, Z are constants, then, hy the transformations 

with appropriate determinations of 
a, dy 3', d', the linear equation can be changed to one of the forms 

r 42 '= 0 , 8+z—Oy «4p4g'~0. (A. Schwartz.) 

Ex. 2. Obtain the condition that the system 

fp 4 4 = 0, 

where (y rf, f, a, /3, y are functions of x and y. may be equivalent to a linear 
equation of the second order : and, assuming the condition satisfied, integrate 
the equation. (A. Schwartz.) 

190 . In the preceding reduction to one or other of two forms, 
the discrimination is made by the equality or the inequality of the 
roots of the quadratic 

J2p2 4 2&>4T=0. 

In many investigations, particularly those concerned with the 
general theory of surfaces and with characteristics, the inde- 
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pendent variables are real : and consequently it may be of 
importance to note the form of the equation according as the 
roots of the quadratic are real or are complex, the quantities 
jR, S, T being real. 


In the first place, let the roots be conjugate complex quantities, 
so that jRr— 8^ >0\ write 

Then 


\doo dy dy dx) 

so that — must be positive, a condition that will be 
satisfied by taking 

R'^T\ S'==0, 

Then 


R'R = (^ 
T'T= (. 


ox dy) 


(-V 

\^y) ’ 


R^+S^^ 
OX oy 




0 - (JJ |! + I? + s !;:) + «•?? 

\ ox oyj \ ox dy/ oy 


dy^ 


2^ ^ • 


and therefore 


where 


j^du ^ ^ du dv 

^rx^^Ty^^Wy^ 

j^dv o 

^ R 


using the relation R' = T'. The equations 


du ^ S du dv'\ 

dx R dy ^ R dy\ 

dv __ Tfjbdu ^ I 

dx R dy R dy) 

are of the form considered in §§ 8 — 13 : they give values of u and v. 
The transformed equation is 


that is, 


d^z . , jdz . dz ^ 

+ oTi 4*^5; HWl^4'W-^ = 0, 

du^ dv^ du dv 
r 4- < 4* + mq 4- = 0, 
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where I, m, yi are functions of the independent variables. This is 
sometimes called the elliptic case. 

In the second place, let the roots of the quadratic 

be real and different : the earlier analysis shews that the trans- 
formed equation is 

8 ap hq cz = 

where now the variables are real. This is sometimes called the 
hyperbolic case. 

In the third place, let the roots of the quadratic be equal : 
they are real. The transformed equation is 

r ->r ap ->rbq cz — 0, 

where now the variables are real. This is sometimes called the 
parabolic case. 

So far as concerns most of the processes of integration, the 
distinction between real and complex variables is insignificant : 
it becomes important in certain applications to physics, to the 
geometry of ordinary space, and particularly in regard to charac- 
teristics. So far as concerns the processes of integration discussed 
for the linear equation, there is no distinction between real and 
complex variables : by taking 

x^iy — x\ X — iy = y\ 

we change the elliptic case into the hyperbolic case. Accordingly, 
as here we are concerned with processes of integration, it will be 
sufficient to discuss the two forms 

^ -1- op -h == 0, 

r '\-ap + bq-{-cz = 0. 


The Equation s + ap + 6g-hc2:==0: its Invariants. 

191 . We proceed to consider the equation 
a^-ap-^bq + cz — Oy 

one of the two forms to which every linear equation can be re- 
duced. The form of the equation is unaltered if we introduce a 
new dependent variable such that 
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where \ is any function of x and ^ : it is unaltered if the inde- 
pendent variables are changed to x' and y', where 

= y = ^{y'), 

the functions </> and being arbitrary: likewise for the trans- 
formations 

X = ^ {y'), y=^<f> (x’). 

Consider the effect of these in turn. 


where 


Substituting z = \z\ we have 

8 4- a'p' + h'q 4- dz — 0, 

, 1 ax 

ft = (I 4" 


consequently, 
and therefore 


X (Sy’ 

,, , 1 0X 

^ 1 a^ . 

^ ~’^'^xair'*^xay'^X ‘bx'by ’ 

/ /L/ L 

c — ah - \ ^ - 4 - c - ft 6 , 

dxdy 

da' ,,, f . 1 I 

A - 4 - ft 0 — c =^-\-ab — c — h, 

(jQC CfOO 

db' ,,, / , 7 7 

^ 4 - ft 6 — c = ; 5 - 4 -tt 6 — c = 4 ;. 
dy dy 

The quantities h and k are thus unaltered for the substitution 

z = Xz'. 

Making the transformation 

x = <i>ix'), y = -^{y'), 


we find 


j = it>'(x')yj/{y)=^-, 


and making the transformation 

x = ylr (y'), y = <f> (x'), 

we find 

Consequently, for all the transformations which leave the form 
of the differential equation unaltered, the combinations of the 
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coefficients denoted by h and k reproduce themselves, either 
exactly or save as to a factor which does not depend upon the 
equation. Accordingly, these quantities h and k are called the 
invariants of the equation. 

Ex. Obtain the expressions of these invariants in terms of the coefficients 
of the original equation 

Rr + + TV + 2Pp + ^Qq + 

(Imschenetsky.) 

One important property can be associated with the invariants : 
it is that, if either of the invariants should vanish, the equation 
can be immediately integrated. As will be seen, this property is 
made the basis of Laplace’s method of integration. 


If h vanishes, then 



c = ab + ;^ , 

OX 

and so the equation becomes 



dx 

Hence 

... Iiz — J t/ , 

dy 

and therefore 



where X is an arbitrary function of x and Y of y. 

If A; vanishes, then 

c = a6 + 5- : 

proceeding similarly, we find 

where Xi is an arbitrar}? function of x and Fi of y. 

In either case, it is clear that the only inverse operations 
required are quadratures. 

192 . As it thus appears that different forms of the equation, 
all of the same type, are obtainable by the transformations, it is 
convenient to have some canonical form to which the equation can 
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be uniquely reduced. The reduced equation or the canonical form, 
chosen by Darboux*, is that for which 

d = a'6'. 

When this relation is used, we have 

0a' I 06' , 0MogX , 

^ = 6, ^ ^ I"— = a6~c. 

QX dy dxoy 

To obtain a' and 6' explicitly, we determine the functions of 
the variables introduced in the quadratures by the conditions, 
(i) that a' shall vanish when x has an assigned value Xq whatever 
y may be, and (ii) that 6' shall vanish when y has an assigned 
value 2/0 whatever x may be. Thus 


and 


a' = j hdxy b'= I kdy ; 

•'Vo 




so that, as h and k are known from any form of the equation, the 
coefficients in the reduced form are known. As regards the 
multiplier X, we have 


0a? 


I kdy - b, 

•'Vo 

01ogX , 

=a — a = / hdx — a, 

and \ is therefore known save as to a constant factor, which is 
trivial because the equation is linear and homogeneous in z and its 
derivatives. 

Two other forms might be chosen. Thus we might assign 

a' = 0 

as characteristic of a reduced form : then 

06' 


so that 


and the reduced form is 


= 6'=r(ifc-A)dy, 

J Vo 
i is 

s' + q' r (k — h)dy — hz'^ 0. 

^ Vo 

Thiorie ginirale des surfaces^ t. n, p. ! 
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Similarly, if we were to assign 

6' = 0 

as characteristic of a reduced form, it would be 
s' + p' f {h — k)da:-kz' = 0. 

J Xq 

Obviously the condition, necessary and sufficient to secure that 
an equation shall be reducible to a form 


8 = fJLZ, 

is that the invariants shall be equal : their common value is /i, 
and the multiplier X needed to lead to this form is where 

9a _ 06 __ dht 

dx dy dxdy * 

There is one other form to which the equation can be con- 
ditionally reduced. Suppose that some integral, no matter how 
particular, is known: let it be denoted by u. Then, when we 
substitute 

Xr=:Mf, 

where f is a new dependent variable, the equation for f is 


say 




ii cxj dy 


dxdy dx^ dy ' 


where a and V are functions of x and y. The term involving 
f alone is absent. 


The invariants of this equation are the same as before, as is to 
be expected : for 

,, 9a ,,, 
n = a6 

ox 


. I. 

= ^ + a6-c, 


on reduction : and similarly 


A; = — a 6 
dy 


d± 

dx 


-f a6 — c. 
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This form of the equation occurs frequently in the general 
theory of surfaces. In particular, it is the equation satisfied by 
each of the Cartesian coordinates of a point on a surface, ex- 
pressed in terms of the parameters of conjugate directions on the 
surface. 


Relation of the two Laplace-Transformations. 


193. Having discussed the simple cases when one or other 
of the invariants vanishes, we may now suppose that neither 
vanishes. 


In the first place, we take 
dz 


then 




+ az = Zii 


dzi j d'^z dz .dz (da , x 
= dWy + “ ^ + (ax + " 


= hz. 


and therefore 


a 

dy 




SO that the equation for z-^ is 

Si + + CjZi — 0 , 

where 

1 0^ d log h 

aj = a — y- 7^- — a , 

h dy dy 

bi = h, 

_ da db dh 
^ do'"^ dy h dy' 

The equation for is of exactly the same type as the equation 
for z. Let and A;, denote its invariants : then 


ki^h 


d^ log h 
dxdy 


In the next place, we take 


dz 

dx 


+ hz ^ Zly 
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SO that 


dy 


the equation for Zi is similarly found to be 


where 


Si 4* AiPi +BiQi + CiZi = 0, 


Ai = a, 


Bi=^b- 


1 dk 
k dx 


= 6- 


d log Ar 

'"dW ^ 


^ _ 9a db a dk 
^ ^ dx dy k dx * 

The equation for Zi is of the same type as the equation for z. 
Denoting its invariants by Hi and if,, we have 

Hi=k 

dxdy 

It would appear as if a couple of distinct transformations 
could thus be obtained, independent of one another ; as a matter 
of fact, they are in a sense the inverses of each other. Taking 

dz . . 

«i = ^ + «« = <^(4 

we had 

hz= + &z, = 2(^,) = So-(«). 
fo = ^* + aZ, = <r (Z,) = 0-2 (4 

Thus the two transformations, efifected in succession upon z, give 
merely a multiple of z and so (§ 191) lead to an equation with 
the same invariants as the original equation. Effectively, we may 
write 

2cr = A, 0*2 ~ ky 


as operators : or, as multiplication of ^ by a factor does not affect 
the invariants, we can regard the operations 2 and a as inverses 
of one another. 
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Hence, when we take any number of these substitutions in 
turn and in any order, it is unnecessary to frame combinations of 
a and 2 in immediate succession, so far as our quest is the form of 
the invariants of the successively transformed equations. All the 
independent sets of invariants will be obtained by taking 

cr, (7*, ..., 

2, 2«, 2^ ..., 

where 

cr'^{z)^(T[(T{z)], 

and so on. Moreover, as the invariants of the equation satisfied 
by 2(7-2 are the invariants of the equation satisfied by z, we can 
write 

2 = <7“^, 2^ = <7“^ (O— = (7~^ 

and so on : and, similarly, 

(7 = 2--S <7^ = 2-^ 

and so on. Thus all the independent sets of invariants will be 
obtained by effecting upon z the set of operations 

..., (7-^ (7~^, <7“^ 1, Cr, (7^ (7®, ..., 

or the set of operations 

..., 2 -®, 2 “®, 2 -\ 1 , 2 , 2 ‘^ 2 ®, 

the two sets being the same as one another in reversed order. 

It should be noted, that the coefficient a in the equation is 
unaltered for the operation 2 or and that the coefficient h is 
unaltered for the operation a or 


This inverse character of the two transformations relatively to each other 
can be illustrated by the two sets of equations giving the two sets of invariants. 
We have 


Ki^2k-h 


92 log /t 
dwdy 


Expressing 2 in the form €r~\ we should naturally express Hi and Ki in the 
forms /(_i and k^i : and so 


h^l — ky 


k^i^2k-h~- 


dHogk 
“bxoy * 
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giving a relation between the invariants of an equation and those of the 
equation next after it in the ascending series of transformations <r. Repeat- 
ing the relation, we have 


that is, 


ki^h, 


hx—%h-k~ 


02 log h 
dxdy ’ 


which are the equations expressing the invariants of the equation in az in 
terms of the invariants of the equation in z. 


Invariants of Successively Transformed Equations. 


194. Expressions for the invariants of the equation, having 
a^z for its dependent variable, can be found in terms of the 
invariants of the equations that occur earlier in the series. Since 


ftfi — n^n—i 


ICii — hn 


log An-I 
dxdy 


we have 

hn ^^n—i “h 


0‘MogAn-i 

dxdy 


hn—i 4- 8 

h n—2 ““ ^hn-~9 4 ^n— 4 


02 log 
dxdy ^ 
02 log An-3 
dxdy * 


adding, we find 


dxdy 


hn ““ hn—i — h h “ 


02 

dxdy 


\og{hhx...hn^i). 


Taking this for n - 1, ... and adding, we have 


that is, 


hn^h^nQi^k)- ^ log . . . h\.,hn^x\ 

hn = (n + l)h-nk~ log (A«A.»-' . . . 
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— hn—i 

= nh-{n-l)k- log (A”-7ti”-» . . . 

And then, knowing the invariants, we can write down a canonical 
form of the equation. 

Similar expressions can be obtained for the invariants of the 
equation having for its dependent variable. 


It is important also to have, in explicit form, the relation 
between the dependent variables z and a'^z. We have seen that 
the coefficient h is unaltered by the application of the <7-substitu- 
tion : also that, if 

3z 

^m+i ~ 0^ “h dm^ni ~ ~ Zy 

then 

dZrt, 

da; 

Consequently, 

fbdx __ 10 , fbdxs^ 




Zme' 


and therefore 


[bdx 0 0 ^ 

hdx' hidx hn-idx ^ 


where Zn, —a^Zy is the dependent variable in the ?ith transfonna- 
tion. Thus z is expressible in terms of Zn by a series of direct 
operations. 


Similarly, 


ze 


kdy ' Kiby K^^^idy 




is the relation between z and = 2^^:, the dependent variable in 
the /ith equation in the series of successive transformations 2. 

These expressions are important for the practical integration 
of the equation because, in this method, it is the variable z^, or 
which is first explicitly obtained. 


Ex. 1. The invariants of the equation satisfied by (r% when the equation 
satisfied by z is 

where a, /3y y are constants, can be derived from the preceding results. 
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We have 

^ ^ ^ (•2?4-y)2 

hence 

a^-a-y , 

Also 


02 log A 2 

dxd^ 

therefore 



h — ^ Jr — 

where is a constant partly dependent upon i. Now 

Ai=(t+l)A-il;-g^log(A‘V'...A^-2Ai-i) 

= (t + l)A-tA-^.^^yj{t'+(i-l) + ... + 2 + l} 

consequently, 

= (i + 1) (a^ - a - y) - i (a^ - ^ - y) ~ i (i + 1) 

= --y+(a+V)0-i-l). 

Hence 

r (g + n) 0~n"-l)- y 
, (a + W— l)(/3“ w) — y 

In the special case when y is a prime number, a and ^ also being integers, 
neither nor can vanish unless 

y=a+^-2. 

If both conditions, viz. that y is a prime number and is equal to a+^ - 2, be 
satisfied, then to is ^8 - 2 when An=0 or (what is the same thing in effect) to is 
^ - 1 when 

In the special case, when y is an integer that is not a prime, then parti- 
cular forms of a and /3 may make zero or zero. 

In the 8i>ecial case, when the constants a, 8, y (not being integers) are such 
that, for one (or more than one) value of to, either of the relations 

y=(a + TO)0-TO-l), 

V=(a-|-TO-1)0-TO), 

is satisfied, then at the corresponding stage, we have or ^„=0. 

In no other case will either of the invariants vanish at any stage in the 
successive transformations. 
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JEr. 2. Shew that, if the invariants of the equation satisfied by az are 
the same as those of the equation satisfied by z, both equations are repre- 
sented by 

on making the appropriate changes of variables. (Darboux.) 

Ex. 3 . Shew that, if the invariants of the equation satisfied by trh are 
the same as those of the equation satisfied by 2, then 


and that, by appropriate changes of x into a function of itself alone and of y 
into a function of itself alone, the values of h and k can be deduced from the 
integral of 

0 ^6) 

5 — 5- =sin 0). 
ox oy 

Obtain a reduced form of the original differential equation. (Darboux.) 


Ex. 4 . Shew that, if ^2=^, then k^^h subject to a transformation of x 
into a function of itself and of y also into a function of itself. 

Ex. 5 , The equation 

0% 02^ 02 02 

is transformed by a substitution 

Zi = X2, 

where X is a function of x and y only : prove that the quantities 

0^ 0m 
dy (ix ^ 

~ -f- ^ -f ^ 

ox oy 

are invariants for all such transformations. (Burgatti.) 


Ex. 6. Shew that, if both the invariants J and K of the preceding 
equation vanish, the equation is reducible to 

0^ ^ 0y2 

if J vanishes but not AT, the equation is reducible to 

022i 0221 ^ 

and that, if K vanishes but not J, the equation is reducible to 

^{az)^ 02 (/3g) 


where 




Ex. 7 . Apply the results in Exx. 5 , 6 to the equation 
s-^-ap-^-bq-^cz—O. 


(Burgatti.) 
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196 . From the relation between the dependent variable in 
the original equation and the dependent variables in the equations 
that arise by successive applications of one or other of the two 
transformations, it is clear that the general integral of the original 
equation can be obtained when once the general integral of one of 
the transformed equations is known. 

The integration is certainly possible for an equation when 
either of its invariants vanishes. Suppose that the nth equation, 
in the succession of ^-transformations, is the first of the equations 
characterised by the possession of a vanishing invariant : then hn 
must be the vanishing invariant, because the value of kn is h^-i 
which is a non- vanishing invariant of the next earlier equation. 
Thus 

^ (ay ^ ^ 

= 0 , 

because hn is zero: the coefficient h is the coefficient h in the 
original equation which is unaffected by the cr-transformations ; 
and therefore 

0^ -r ^ ^ > 


where X and Y are arbitrary functions respectively. If 
-y = jia„dy-bdx), e-y = ^, a = e-K<*i/, 

we have 

Zn=^a(X -hJF^dy), 

where a and are determinate functions of x and y. 
Now the relation between z and Zn is 


ze 


jbdx 


hdx‘ hidx' 


(z 


= 4 - . r-^- I V {e^ (X -^lYe-ydy)] ; 

lidx hidx hn-\dx ^ ^ ^ 

and therefore, effecting the differential operations, we have the 
value of z expressed in the form 

z = A(x + j Y^dy) + A, {X' + dy) + ... 

. 7 ..\ 



195.] 


PRIMITIVE 


57 


where A, A^, An are determinate functions of x and y, 
and where X is the mth derivative of X with respect to its 
argument x. 

The functions X and F are arbitrary : consequently, the 
integral obtained is a general integral and, in the form obtained, 
it involves indefinite partial quadratures. As F is arbitrary, we 
shall have a specialised integral on making F zero : and this 
specialised integral is 

^ = AZ 4- AiZ' + . . . + 


so that an integral exists, involving homogeneously and linearly 
an arbitrary function and its derivatives, when one of the invariants 
in the succeswsion of equations, constructed by a repeated (r-trans- 
formation, vanishes : and the specialised integral is in finite form, 
without partial quadratures. 

The converse of this result is also true : that is to say, if an 
equation 

5 + 4 = 0 

possesses an integral 


z = AX + A,X' -^AnX^^\ 


where Ai, ..., A^ are determinate functions of x and y, where 
Z is an arbitrary function of x and Z', ..., Z<"> are its first 
n derivatives, then the successive application of the (r-transforma- 
tion will, after ri operations at most, produce an equation for 
which the invariant h is zero. To prove this assertion, let the 
specified value of z be substituted in the differential equation: 
the result is 


where 


+ J5„ZW 4 ... = 0, 


D '^An 


4 dAnt 


n dAn-i , , ^“An ^^An , i^dAn , 


and, for values of m ^ n, 






dA„, 

dx 
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As X is an arbitrary function of Xy and as the differential equation 
must be satisfied identically by the postulated value of Zy we must 
have 

for all values oim^n. Thus 


dy 

from = 0 ; and therefore 


4* (1‘An == 0, 


Now let the o-- transformation be applied to a new de- 
pendent variable is introduced, and we have 
dz 

- + fif +‘^-) +••• 

so that the order of the highest derivative of X in is certainly 
less by unity than it is in z and, if A, = 0, it is certainly less by 
two units than it is in z. 


Similarly, when the corresponding <r- transformation is applied 
to the equation in a new variable z^ is obtained such that the 
order of the highest derivative of X which it contains is certainly 
less by unity than the corresponding order in z^ and, if hi = 0, 
the order is certainly less by two units than the highest order 
in Zi. 

Hence taking these substitutions in succession, we reduce the 
order of the highest derivative of X in the successive dependent 
variables by one unit at least in each operation: and therefore, 
after n operations at most, either we obtain an equation such that 
the invariant h of the preceding equation vanishes, or we obtain 
a dependent variable f such that 

where (7 is a determinate function of x and y, and Now 

an equation of the type under consideration, which is satisfied 
by Zf,y is 
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_ 1 W A _2 

Gdy’ '‘~Gdic’ 

and therefore 

J ^Obu 7 

= 0^ + 

on substitution. 

Ex, The equation 



possesses an integral of the preceding ty|>e in finite form involving an 
arbitrary function X and its first n derivatives, if 

y = (a + w) {^-n-\), 

where w is a positive integer. 

Obtain the general integral for the conditional value of y when 


1 ^ . 

Cdxdy' 


Integrals of Finite Rank. 

196. When the series of cr-transformations is finite in the 
sense that, after a finite number n of operations, an equation is 
obtained having its invariant h equal to zero, we have seen that an 
integral of the original equation exists in the form 

z = + ... 

Conversely, if an integral of the original equation of this form 
exists, then fi of the <r-transformations (where fi^n) lead to an 
equation having its invariant h equal to zero. 

If fi = n, the two properties are the exact reciprocals of each 
other. 

If ft < n, then an integral of the original equation exists in the 
form 

... 

where Xi is another arbitrary function of x. Hence it is necessary 
to consider whether expressions of this type can, by change of the 
arbitrary function, be changed so that the new form involves, in 
a diminished order, the derivatives of the new arbitrary function. 
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It is clear that the highest order in such an expression can always 
be increased by taking 

= OlX + 0li-3r^ + ••• •+• > 

where a, otj, Ofn-M are specific functions of a; alone: it is not 
clear (and it is not, in fact, the case) that it is always possible to 
decrease the order of such an expression by taking 

f = + ... 

where /8, are functions of w, specifically at our disposal. 

An expression 

AZ-f ... + 

is declared’^ to be of rank n -f 1, (or to be irreducible)^ when it is 
not possible, by any transformation 

f =aX-|-aiX'4- ... 

to make the order of the highest derivative of f in the transformed 
expression less than n. We may therefore say that, when n is the 
number of cr-transformations applied in succession and needed to 
produce the first equation having its invariant h equal to zero, 
the original equation possesses an integral of rank n + 1. 

All these properties are associated with the (r-transformations 
of which the first is 

dz 

Similar considerations occur in association with the 2- (or 
transformations of which the first is 

The general result, which can be established in a precisely similar 
manner, is that, if the equation resulting after m applications of 
the 2-transformation is the first in the succession for which an 
invariant (now vanishes, then the original equation possesses 
an integral of rank m + 1, of the form 

z^BY-^B,T^ ... 

where F is an arbitrary function of y and F', F", ... are its 
derivatives, and where j 5, J9i, ...» are definite functions of x 


Darbouz uses the term rang. 
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and y. Conversely, if an integral of this form is possessed by the 
original equation, the rank of the integral may he equal to m + 1 
but, if not, it is less than m + 1. 

197. As regards the possible reducibility of a given expression, 
the rank of which is less than n + 1 though it involves derivatives 
of the arbitrary function of order w, it is sufficient to reduce the 
highest order of derivative by one unit at a time. For if an 
expression is reducible by a transformation 

where a and are specific functions of x alone, let a quantity \ be 
determined by the equation 

V + aX - X," = 

and then take 

/jL = a— \ : 

if 

then 

that is, the original expression is reducible by the transformations 

f = X' + \Z, 

in succession. Similarly, if the expression in question can have 
the order of the highest derivative reduced by more than two 
units, we can secure the reduction by successive reductions of 
a single unit at a time. 

Ex. 1. The condition for reducibility (and, if the condition is satisfied, 
the reduced form) of an expression 0, where 

where a, ai , a 2 are functions of x and y, are easily obtained. Let a relation 

where X is a function of x only, represent the arbitrary function in a reduced 
form of 0 : then 

so that 

A" + (a2X+jD) X *4-(n2X*+joX) AT. 

In order that this expression may be the same as 0, we must have 

02X +/> 

02X^4’/^ ==a J 
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And therefore X satisfies the equation 

a2X^ = a — aiX+a2X^, 

while, when X is known, the value oip is given by 

jt?=ai — a2X. 

Now the equation satisfied by X is 

X'_x»=2-x2i, 

02 02 

and X is a function of x only : hence, taking 

\ du 
^~~u Tx' 

where « is a function of x only, we have 

d^u du - 

Hence also 

002 d'^u 0ai du 9a ^ . 

~dy dx^ hf dx^ Zy^~~ * 

and therefore 

d^u du 

dx^ dx u 

da 0 ai ^02 0 oi 002 * 

Consequently, necessary and sufficient conditions are 



The conditions can be simplified by taking 

0 —^ 02 , 01 = ^ 102 : 

they then become 



and 


2 
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« 4. 5”^ 9/3 8^g, 

^\h) iy dy dxZy' 

The value of \ is 


PI 



dy 


and that of p is 

Pl\ 

dy/ 

Ex. 2. Shew that the expression 

X' ' -^cti X" + 0,2 -A. ^ + o^ A. = 0 

can be transformed into an expression involving only A'l, A'l', Xi\ where 
Xi is an arbitrary function, provided the following conditions are satisfied, 
viz. : — Let quantities A, i?, C be defined by the relations 



dox 

0a2 

I 

1 

0ai 

dos 



i 

0y> 

dy 

02a 1 

0^a2 j 

1 

1 

d^ 

’ 

y ! 

1 

0 /- 

dy^ 

1 3ai 

0Cf2 


0a2 

doj : 

! dy' 

dy 


dy ' 

'^y 

32a, 

0^«2 


0^a2 

^ 1 

0/’ 



0y2 » 

0y2 


O — ^A.E —o^-\~Oi (A ^ J?) — 02 A j 
then the conditions are that the equations 


shall be satisfied. 




djB 

dx 


=0, 


Shew also that the reduced form is 


JTi" 4- («! - A) Xi' + (ag - «! A 4- _ ^B) Xi , 

where 

Xi=X'4-AX. 


Ex. 3. 
expression 


Obtain conditions necessary and sufficient to secure that the 
X'*' 4“ I X'^ 4" ®2 X^ + 0^3 X* 0 


is of rank not greater than two. 
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Equations having an Integral of Finite Rank. 


198 . We can now construct the aggregate of equations which 
admit an integral of rank w + 1 obtainable by means of the 
cr-transformation. 

When an integral is of rank w + 1, the invariant of the 

equation, which results from n successive applications of the 
<r-transformation, is equal to zero. Let and hn be chosen 
arbitrarily : then, as = 0, we have 


On — Cin^n “t’ 


dOn 
dx ’ 


which determines Cn ; and then 


h — b — c 
~ dy dx 

say. Now the relations 

k -2h -k 


give 


hfn = kyf, 

krn — ^kjn+i h„, 


dxdy ' 


logA?^ 


Consequently, 


dxdy 


hn—i 

" dxdy ~ dxdy ’ 

all the invariants for all the equations in the series can thus be 
calculated in backward succession. Also we have 

Vi ~ hi 

BO that the coefficient 6 in what is to be the original equation is 
given by 


Again, 


6 = 6n. 

d log hj 



198.] 


FINITE RANK 


65 


and therefore the coefficient a in what is to be the original 
equation is given by 

0 

a = an + ^ log (Ml . . . /i,i^i). 

Lastly, 

c = ™+a6--A=~ + a6 — A;. 
ox oy 

The coefficients in the equation are thus determined, so that the 
equation can be regarded as known : its actual expression involves 
the two arbitrary elements an and 6n. 

The integral of the equation is of rank + 1. Let 

7 = f(bndx - andy), 

j 

so that 7 may be considered known and, in particular, 


d^y 

dxdy 




ze' 


then the actual expression of the full general integral of the 
equation is 

■'‘■‘■sfc-i ■'!')}• 

where X and F denote arbitrary functions of x and of y 
respectively. 

A similar process leads to the aggregate of equations which 
admit an integral of finite rank m + 1 obtainable by means of the 
S-transformation. We take arbitrary quantities a^, 6^ : as 
vanishes, we have 

I 

Cm — W'mCm ”r ^ 

dy 

The successive invariants Ki and Hi are given by the relations 

Hi^, = Ki, 

the coefficients in what is to be the original equation are given by 

a- am, 

h = h^ + ^^\og(kK,...K^,), 
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and if 


'>=J(amdy- 


brndar), 


the full general integral of the equation is given by 



where X and F denote arbitrary functions of a? and of y 
respectively. 


Ex. 1. The equations admitting an integral of rank unity are of the 
form 

«4-ap+6g-Hc2=0, 

where either 

, . 9a 

when h vanishes, and the integral is 

zeSO'iy^X+j dy ; 
or 

A. 96 

c=a6+^, 

when k vanishes, and the integral is 

*«/*<**= r+ 

The coefficients a and 6 are chosen arbitrarily. 


Ex. 2. For equations admitting an integral of rank two, we have a couple 
of forms according as the vanishing invariant arises through the o-transfor- 
mation or through the 2-transformation. 


Taking the cr- transformation, the invariant hi is to vanish : we choose two 
arbitrary quantities a and <9, these being ai and hi . Then 


and then 


— 9® _ A 
9y ~ ^ 


6=^, 

9 Hog 4) 

a—a-f- — 5 ^- , 

dy 

It £> . , 9a 92 1og4 

c--A+„0+3^-+g^ + ^. 


These give the coefficients of the equation : it is easy to deduce from them 
the tests as to whether an equation with coefficients a', 6', c' belongs to the 
type. We have 
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, 0 log h 

so that, as 


^ dy dx ^ 


we have 

, db' da' d'^logh 

~ dy dx dxdy * 


as the necessary condition*. 


For the general integral of the equation 
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8-\-ap-\-hq-\-cz—0y 

when it admits an integral of rank two associated with the (r-transformation, 
let 


= j{hdx-ady)-\-\o^h 


= 2i + l0g/i, 

say : then, by the general result, the full integral is 


or, what is the same thing, 

The integral of rank two is, of course, 


Corresponding results hold when the integral of rank two is associated 
with the 2-transformation. We take two arbitrary quantities d and ^ : as 
Ki is zero in this case, we have 


dx dy ^ 




It is, in effect, hi^O, 
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and then 


.. l-j. Wj. ,31ogi , , 0*log^ 

fl=-^ + a/3+a - g^-+-g-+-g^g^ • 


The condition that a given equation 

s + a”p + b^'q + d'z = 0 


should belong to this type is that 

ijba” hh" log k 
dx di/ ^ ex dy ’ 

where 

kz= -c' + tt 0'+ . 

dy 


Also, the full integral of the equation 


when it admits an 
tion, is 

where 


5 4- op + tg' q- C2 = 0, 

integral of rank two associated with the 2 -transforma- 

“'“•-ir, 

V— [(ady — bdx ) : 


and the integral of rank two is 

Ex. 3. Prove that, if an equation 

s + ap-^bq-Yczf=:0 

admits an integral of rank the term involving the highest derivative of 
the arbitrary function is 

^-!adyj^(n) ^-Sbdxy(n) 

in the respective cases. 


Ex. 4. Integrate the equations 

(i) s+xp-{-yq-h(l-^xy)z^0 ; 

(ii) S‘i-mxp-hnyq-^(2m’^n + mnxy) z^O ; 

(iii) 8 4- myp 4- d^q + (2c 4- my) e^vz^^O ; 
where m, c are constants in the last two equations. 


Ex. 5. Prove that the equation 

8-^xyq-^nxz==:0y 

where n is a finite integer, possesses au integral of finite rank ; and obtain 
the integral in the two cases w=2, na= - 1. (Imschenetsky.) 
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Ex. 6. Let the equation 

be of rank m -|- 1 m one of the variables ; prove that the equation 
is of rank m4-2 in one of the variables, where 



Hy ^2? 23 are three integrals of the original equation, <t is the ratio of either 
Zi or Z2 to 23 , and 

T H/ 

S(a-, y) 

Apply this result to the equations 
(i) s=0; 

(ii) xys-\-xy-\-yq~ 0 . (R. Liouville.) 


Equations having Integrals of Doubly-finite Rank. 

199, Hitherto, the equations considered have been such that 
they have admitted an integi*al ^vhich involves an arbitrary 
function of one of the variables so as to be of finite rank in that 
variable : but the general integral, in the actual expressions 
obtained, involved partial quadratures so far as concerns the 
occurrence of the other variable. It is manifest that one specially 
select class of equations will be constituted by those possessing 
general integrals which are of finite rank in both variables and for 
which, therefore, both sets of transformations lead to a vanishing 
invariant after only a finite number of operations in each series 
effected upon the given equation. 

We have seen that, when the equation 
6 - + = 0 

possesses an integi’al of rank n + 1 in the form 
and when the or-transfonnation 
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is effected, then the rank of Zi is n. On the other hand, if the 
2-transformation 

is effected, then the rank of in the variable x is obviously n + 2. 
Similarly, if the equation possesses an integral of rank m + 1 in 
the form 

and if the <T-transformation 

dz 

dy 

is effected, the rank of z-^^ is m + 2, while if the 2-transformation 

is effected, the rank of Zi is m. 

Now suppose that both sets of transformations are finite in the 
sense that, in each set, only a finite number of operations is needed 
to produce a vanishing invariant ; then obviously the general integral 
of the equation is 

^ = ulZ -f- + . . . + ^ F + F + . . . + 

The effect of the cr-transformation on this quantity z is to increase 
the rank of the new variable Zi in y by one unit and to decrease 
the rank in x by one unit : that is, the integer m + w is the same 
for z as for z^, and therefore it is invariantive for the ©--trans- 
formation. Similarly, this integer m -h n is invariantive for the 
2-transformation. Accordingly, Darboux* calls this invariantive 
integer m -f R the characteristic number of the equation. 

In preceding investigations, when only a single series of trans- 
formations leading to a vanishing invariant was considered, the 
general integral contained terms of one of the two forms 



respectively: it is not impossible that, on integration by parts 
or through some other process, such terms could be replaced by 


L.e.f t. n, p. 88. 
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quantities that are of finite rank in the respective variables. 
Hence it is desirable to consider equations which are of finite 
rank in each of the variables. Accordingly, we assume that the 
equation 

« + op 4- -f- = 0 

possesses a general integral which is of finite rank w -f 1 in the 
variable x and of finite rank m + 1 in the variable y. 

Let the <r-transformation be applied to this equation so as to 
construct n equations in succession : the dependent variable of 
the last of these equations is of rank 1 in the variable x and of 
rank m + n + 1 in the variable y so that, writing 


we have 


/i = m 4- n, 

= iTZ 4- aF+ 0, F 4- . . . i- w. 


Moreover, the invariant of the last equation in the series 
vanishes, and so the equation is 

0 /0^n \ . L \ A 

also the values of K and (7^, the coefficients of X and of F^ in 
are* given by 

K = 

Taking 

the equation is 


and therefore 


II z=: £j«indy—bndx) ^ 

<l> = z„eM, 

da; U dy) ’ 

Z 4- juYydy, 


where Z and Fj are arbitrary functions of x and of y respectively. 
Having regard to the expression for Zn and to the value of K in 
that expression, we see that the Z in Zn and the Z in ^ are the 
same ; and then 

fuY,dy = GY + G,Y'+...+G^Y»‘>, 

* Ex. 3, § 198. 
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where 

and, in particular, 




(»' = 0, 1, ..., /j,), 


Hence Fj, which is a function of y only, must be of the form 

xF + x^r + ... 4- 

where X, Xj, ..., X^ are determinate functions of y, the function F 
being arbitrary. Thus 

0 


dy 


{GY+ G,r+ ... + + 2^F 


(m)1 


= ul\ 

= (X F 4 Xi F' 4- . . . 4* x^ 4 } ; 

and therefore, as F is an arbitrary function of y, we must have 

du 
dy’ 


u\fi (jf — 1 4 f 


wX^_j G^ fj,^2 4" 

U\r = Gr-i 4 


dy ’ 

dGr 
dy ' 


M\i = G + 


d^ 

dy ’ 


v\ = 


dO 
dy • 


The elimination of the quantities 0, Gi, ..., G^-i among these 
equations leads to the relation 

which may be regarded as an equation for the determination of 
the quantity w, where 

iandy-budz) ^ 


Moreover, when u is known (on the assumption that X, Xi, ..., X,* 
are known), then (r^-i, (?i, G are immediately derivable from 
the foregoing equations. The equation, having Zn for its dependent 
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variable, can be constructed: and thence, by the inverse substi- 
tutions repeated n times in succession, we construct the original 
equation. 

A similar result follows if we proceed from the original equation, 
supposed to possess a general integral of what may be called doubly- 
finite rank, by using the 2 (or <r~*) transformations. For the con- 
struction of the equation, it is necessary to solve an ordinary 
differential equation, still of order ya-f 1 and having x for its 
independent variable : the problem is of the same order of difficulty 
as under the preceding process. 

Accordingly, continuing the solution of the problem under the 
former analysis, we choose the quantities X, Xj , . . . , at will as 
functions of y : the variable x remains parametric in the determi- 
nation of u as an integral of the ordinary equation of order /a + 1 : 
and then, n being known, the quantities G, 0^, ..., are 
obtained (in reverse order) merely by differential operations. The 
knowledge of these quantities gives the value of <j > : we return, by 
the inverted cr- transformations, to the original equation and to the 
value of z. 

We have seen that an expression, involving an arbitrary func- 
tion and derivatives of that function up to any order p, may have 
its rank less than p: if such be the case, one or other of the 
transformations considered in' connection with the equations under 
discussion will lead to a vanishing invariant after a number of 
applications which is less than p. In the present case, the same 
question arises as to the rank of the quantity </> : the expression 

G^r-4- G,Y' -h ... 

must not be reducible because otherwise the rank of <f> in the 
variable y would be less than p -f- 1. The expression can only be 
reducible if 

xF-f XiF'+ ... + X^F<^^ -I- F'^+^> 
is reducible, that is, if the equation 

XF-h XiF'+ ... -fX^F<^> -f F<^+^^ = 0 
is reducible. The quantities X, X^, ..., X^ are at our disposal: 
they therefore must be chosen so that the preceding equation is 
irreducible : and this choice can always be made*. 

* A method for constructing irreducible equations has been given by Frobenius, 
CrellCy t. Lxxx (1875), p. 332: see vol. iv of this work, § 80. 
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200. Now that the existence of the result is definitely estab- 
lished, its form can be materially simplified by the use of other 
properties. Let , . . . , be + 1 linearly independent integrals 
of the equation 

\t; + ... 4* -f = 0, 

so that the determinant 


A = 

yi > 

y2 > .. 



yi' . 

3/2' , •. 

•, 2/V-f-i 






does not vanish, its actual value being where ^ is a 

non-vanishing constant. Then, for each of these integrals, the 
expression 

(%t + G^yi' + ... + 4 uy<w) 

vanishes, so that 


+ Giy/ + ... + -h 4* ft = 0, 

where fi is a function of w alone, and i has the values 1, ..., /i-h 1. 
Solving these 4- 1 linear equations for G, (ti, ..., and for u 
(which is Oft), and substituting their values in 

<f>^ X -h JwFjdy 


we have 


- Z 4 - (?F 4 - (?iF' 4 - ... 4 - 


say : and then 


Also 


X , 

F . 

F' , .. 


f . 

y^ > 

yi , .. 

• , yi*^’ 


3/2 » 

3 / 2 ' , .• 

■ , y*'^’ 

fM4., 


y M+i y 

yil^) 

•y y^+i 




A 


p.uV, 

dy 


= @, 


tt(\F+XiF'+... + + Ft^+x); 
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substituting for <f) and equating coefficients of we have 


«A = (- !>*+> 

. 

fa . 

2/i 

ya 

, yi , •• 

, y/ , .. 

1 1 





> 3/m+1> •• 



which gives the value of u. 

Also, since the expression 


F'^+'t+XF+XiF'+.-. + A^Fw 


vanishes when 

3/2, 


we have 



A(F'<‘+>'+XF+\,F' + ... 




= (- 


F , 

F , ... 

, Fm, 

F(»'+i) 



3/i > 

yi , 






y 1*^+1 > ••• 


„(**+!) 

i'M+l 


say, so that 


= (- 


where u and A do not involve the arbitrary function F. 

It is to be noted that no linear relation can exist among the 
quantities fi, fa? •••» ?#*+!' ^ relation existed, there would 

be a linear relation among the quantities 0 of the form 

(? = ai + . . . + -f 

= aiGi + ... + 

which by the use of the relations between u and these quantities G, 
would lead to a linear equation of order fi satisfied by u, contrary 
to the property that the linear equation of order /x + 1 satisfied by 
u is irreducible. 

We can now proceed to the construction of the original 
equation as well as to the derivation of its general integral. We 
have 


ze 


jbdx 


hdx * hidx hn^idx 


(Znelo^), 


z — Az -i- A — 4 . 4- A 

Az„ + Ai^^+... + A„ 


and therefore 
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When the value 

zn = ^e-l‘^r.dy 

is substituted, we see at once that terms involving X, X', X<^> 
will occur linearly : moreover, there will be terms involving F and 
its derivatives linearly, and it is known that the highest derivative 
of F that should occur is F^”^^ Hence we have 

^ = aX + a,X' + . . . -f anX<-) + ^F+ F + .. . + 

where the coefficients a, a^, A ...» /3m have yet to be deter- 
mined. 

Owing to the presence of the determinant O in the expression 
for Zny it is clear that Zn vanishes when 

X = h. Y^y,, 

simultaneously ; and this is true for all values of i. Also forming 
the derivatives of z^ with regard to it is clear that every one of 
these derivatives vanishes similarly when 

simultaneously: consequently, as ^ is a linear combination of z^ 
and these derivatives, z itself also vanishes in these circumstances. 
Hence 

«?< + o,fi' + . . . + + /9yi + A Jfi' + . .. + = 0, 

for 1 = 1, 2, . . . , /i + 1, where /a = m -f 7i. These m -f -f 1 relations, 
linear and homogeneous in the m -f ti -f 2 coefficients a and /3, 
determine the ratios of these quantities and can be regarded as 
determining all these m -f -f 2 coefficients, save as to an unknown 
common factor. Consequently z is known, save as to this factor. 

But the differential equation, so far as concerns its two in- 
variants, is unaffected by the association of any factor with z : and 
therefore, within this range, we can neglect the factor or, what is 
the same thing, we can make it unity. Hence, writing 


X , 

X' , .. 


F , 

F' , .. 

F"“» i -Z, 


, .. 


Vi » 

yi > •• 



rM+x. 

Un) 


y #*+1 » 
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and in this expression, i/i, •••, 2 /m+i A*--!- 1 linearly independent 

functions of y, while f i , . . . , are /i, + 1 linearly independent 
functions of x. 

Next, to obtain the differential equation of the second order 
satisfied by z, we suppose that Z is expanded and, when expanded, 
has the form 

where the coefficients a, ..., a^, are now known functions 

of X and y, and, in particular. 


a = 


fc («) 

• > SI > 

3/i' , •• 




fc(«) 

2/V+i> •• 

’ ^(.+1 


with similar expressions for With the foregoing value 

Z of z, we have 

dz _ da 
dx dx 

dz _ da 

3^2 _ d‘a 
dxdy dxdy “ 

and therefore, taking the equation for z in the form 
s ■\’ap-\-hq-\-cz = 

and substituting these values of 5, p, q, we have a relation 

dan 


z+., 

..+ a„Z'«+"+ 

F+.. 

dx 


z+. 

+ f 

dy dy 

¥+.. 

•• + 

y (m+i) 

z+.. 

dy dicdy 

F+., 

0^' 

J^(W+1) 


dy 


+ aan = 0 , 


from the coefficient of a relation 


dx 


+ = 0 , 


from the coefficient of F and a relation 
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from the coefficient* of X. These three relations give the values 
of a, 6, c : and so the differential equation is fully known. 

It thus appears that equations having general integrals which 
are doubly finite in rank can be constructed. The integrals are 
formed by means of a number of functions fi> •••> ?fi+i of X, having 
no linear relations with one another, and a number of functions 
yij •••, y> likewise having no linear relations with one 

another. The number of different kinds of integrals is the same 
as the partition of the integer /i into two positive integers n and 
w: each integral, thus provided by a partition of the integer 
determines a differential equation 

s + ap + ftg' 4 c-2^ = 0 

uniquely. The integer is the characteristic number of the 
equations : and thus there are 4- 1 different types of equations 
having one and the same characteristic number. 


Ex. 1. From the values of a and expressed in the forms of determinants 
of fi, ... j •••) ^f their derivatives, verify that the relations 

02a 0a , 0a 


are equivalent to one another. 


dx 

g+6^+c^=0, 


Ex. 2. Prove that the expression for Z given in the text can vanish 
identically only when X is a linear combination of fi, ..., with con- 
stant coefficients and, at the same time, Y is the same linear combination of 
yu •••> (Darboux.) 


Ex. 3. There is only one equation with the characteristic number zero, 
for there is only one partition of 0. 

To construct the equation and its integral, we require a single function of 
X and a single function of y, say f and i? respectively. Then 

X, Y 
(y V 





* There is also a relation 


02 ^ 

dxdy 


+ a 






0 


from the coefficient of Y. Both of these relations involving c are expressions of the 
condition that a and § are solutions of the equation obtained by taking A=l, 7=0, 
and X»0, y=l, respectively. 



EXAMPLES 


79 


200 .] 


we know that any factor associated with z can be neglected without aftecting 
the invariants of the equation, and so we neglect the factor fjy : and then, 
taking 

as new arbitrary functions of x and of y respectively, we have 
The differential equation is 

5=0 ; 

and we have 

A=0, 

The equation 5=0 is, in fact, the simplest reduced form of equation for which 
hss.0y k=0: the less simple form is 

. du , du ^ fdu du . \ 

^ ^ 'by ^ bx ^ \bx bxby)'~ ’ 

where u is any function of the variables. 

Ex 4. There are two tyj)es of equation with the characteristic number 
unity, corresponding to the partitions 1+0 and 0+1 of 1. We take two 
functions f i and f 2 ^wo functions rji and r )2 of y. 

For one type, corresponding to partition 1+0, the value of Z is 

z=i a:, r |=aZ+aiA''+/3r. 

?i> f/) »?i 

$21 $2f V2 ’ 

No loss of generality as regards the invariants of the equation is caused by 
taking 


and then 
so that 


$ 2 ^Xy rf2^y; 

a^y$i'-Tiii 

1 bai Xrji — 


6=+.®^ = 


^( 1 " 

> bx 

c=^aby 

the last being obtained either from the equation 
b^8 bB ,b8 ^ ^ 

on noticing that b does not involve y, or from the condition 

/r=0, 
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The value of 4 is given by 


and then 


A=|?+a5-c 

OX 

_0a 

0;p 0y 

0a _ 02 . 

= 2®“-2®?=0. 

0 ^ OX 

For the other type of equation, corresponding to the partition 0 + 1, the 
value of is 


Z= 


=ax+^r+^lr. 


X, r, F' 
fi» »?i> »7i' 

^2) *?2) »?2' 
As in the previous case, we may take 

a^m-yvii 


and then 
so that 


a=-^ — = 

a 0y rji-yvi 


0= — 


1 5/3 _ 


0Sa: 
c — ab. 

And, for this type of equation, we have 

4-0, Xi-O. 

Ex. 5. Integrate the equations 


(i) 

k being a constant; 

(ii) 


1 ^ n 

«--» + - q 2 = 0 , 

x^ xy 


\y x-y)^ x^ x\y x-y) 


2 


Ex. 6. Obtain the three types of equation 
« + ajD + 6^^ + ex: — 0, 

which have 2 for their characteristic number. 
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Is it possible to determine c so that 2 shall be the characteristic number, if 

. ^ i ^-y) V ' L _ i^-y) r 

where ^ and rj are functions of x and of y respectively ? 

Ex. 7. Prove that the equation 

si-7nxi/p-{-n^z=0 

is of finite rank in one of the variables if m-^nm an integer, m and a being 
constants. 

Obtain the successive invariants when this condition is satisfied ; and 
integrate the equation so as to obtain the general integral. 


Ex. 8. Transform the equation 

r 4- 2X8 (X^ — /tx^) ^ 4- op -f = 0, 

where X, /x, a, ^ are functions of the independent variables, so that it 
becomes 

84-ap4-^>? = 0 ; 

and express the invariants of the latter in terms of X, p, a, 

Apply this method to the equation 


shewing that the transformed equation is of doubly-finite rank. 
Ex. 9. Solve the equation 

by making a transformation similar to that in the last example. 


(Winckler.) 


Ex. 10. Prove that the equation 


p + q 1 « («•+! ) ._Q 


is of doubly-finite rank when is a positive integer (including zero). 
Ex. 11. Shew that the integral of the equation 




where n is a positive integer, is 


m=n 2”* 

2 (-1)^ ^ 


0 


m ! /2n\ 


^ xf^ yjri”*) {x 4-;/)], 
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where (j) and ^ are arbitrary functions ; and that the integral of the equatioi 

— 2w- , 

X 

where w is a positive integer, is 
(n-l\ 

m=»n— 1 Om \ <rn. / 

ms=o ^ 

\ m J 

Deduce these results also by transfomriing both equations into Laplace’i 
linear form. (Sersawy. 


Darboux’s Modified Forms. 


201. Darboux has given* another form for the succession o 
invariants and for the equation itself, when it is of finite rank ii 
either of the variables. 


Suppose that a linear equation is of finite rank in the variabL 
X, and assume that the invariant h of the r?.th equation in th( 
succession, obtained by the use of the cr-transformation, is zerc 
Thus, as hn = 0, we have 


L — 4-a b — c 

tVn — 0^ -T 


dbn dan 
dy dx 


_ 3* log a 

~ dxdy * 

where 


and the value of Zn is given by 


Now 


= X + ^aYdy. 

hfi—i = kfi 


and 


3“ log a 
dxdy ’ 


hm-hi 2/t», -f h 


3® log k 
dxdy 


m 


* Th4orie g€n€raU des surfacesj t. n, pp. 123, et seq. 
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2 1 

= -2 


dxdy 
log a 0^ 


dxdy dxdy 

d^OL 


/I _ 1 ^ ^ 
Va dy 


dxdy 
da da' 


^yJ) 


0^ fi ^ ^ 

”” dxdy \ dxdy dx dyj^ 


dxdy dx dyj 

This result suggests a new form : Darboux introduces quantities 
^0 = 
hM 


a 

a 




00 

dx 

da d^a 
dy ' dxdy 

da 
d^a 


dx^ 

0»a 


^ 

dy ^ dxdy ’ dx^dy 

d^a d^a d*a 
dy^ ^ dxdy^^ dx'^dy^ 

and so on. The expressions, by means of these quantities, of the 
two invariants already obtained are 

K = 0 , 


^n— 2 — 


0^ 

dxdy 


(log BO; 


and it is natural to inquire whether the expression of is 

This suggested expression for is actually valid : to establish 
the validity, we proceed as follows. 

Writing 


0*^*a 

dafdy* 


— ®r,f» 
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consider the determinant 



Hp+\ — ®o,o 

J ®1, 0 » 

. . . , ®p4.i, 0 1 


®0,1 

, «!,! , 

..., ®p-i-i,i 


®0,p+l 

j ®1,P+1) 

. . . , ttp+i,jp+i 

Let 

denote the minor 

of a^j in 

i : then, by a well 

property 

, we have 




'^p^p ) Apj^i^p 

= -Hp+, 

^0,0 > • • • > 3 , 0 


Ap^p^i, Apj^i^p^i 






®0, p—1 ) ••• ) ^p—1 , p~l 



— Hp^iHp- 


-^P+l.P+l 

-Hp^ 



'dHp.^i 

^®p+i,p 

dHp 

’ 


^^p,p-¥l 

dHp 

~ dx ’ 

A 

^ dlip^r ^ 

d^Hp. 

^^p,p 

d^p,p 

dxdy’ 


and therefore 


„ „ _ „ d^Hp dHj, dHp 

^dxdy dx dy 


Now suppose that 






for 5 0, 1, p ', then 


so that 


; (log Hp+i) 

03 

= — 2/tn«p-.i + An-p -f (log hn^p^j) 
= •— hn^p^2i 
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so that the form holds for 5=j3 + l, if it holds for « = 0, 1, j?. 
It is known to hold for 5 = 0, 1, so that it holds generally ; and 
therefore 

hn-i = - (log -fft-i). 

for all the values of i. 

202. Similar analysis can be employed to construct the whole 
series of equations that occur through the successive applications 
of the Laplace tr- transformation. The integral of the //th equa- 


= laYdy 


say. Let Zm denote the determinant 

Z,n- ^0 , . 

da 




let Zu denote the minor of in z^, and let Cu denote the 

minor of Oij in z^- Then, using the same theorem as before, 
we have 

m—i ) m— i 

also 

Zm 

Ay 0^ > 

/~i ^^m—i 

^jn— 1,171—1 — 0 ^ j 

m—i ~ j 


^ U XT ^ 

^ in— 2 — oZ m— i ' 


and therefore 
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Again, 


^ — (*” 1)”*^ ‘2’rn 
, rn— 2 > ^m, m— 2 ' 


da 


d^-^a 


’ dx' dx'^~^ 

d^-^a 


= (-])- 


and therefore, as 


0ym-3 » •••> 0^m-20ym-8 

0m-igj a2«^-3a 

0yn™i > •••> 0^m-20^tn--i ^ 

0iy »rt_2 , 
dy ’ 


we have 


Hence 


/y /y 


^ ^Hm—2 _ ^^m~i ^Hm—\ rr 

^ " dy ~d^ dxdy ' 


9 (log Hm-i) dZjfi—i ^ 1 2 

dxdy dx dy ~ Hm-i dy 

_ 1 a (log f ^ dffm-i TT 

■ ay f”*-' 'a^r a^ j’ 


by the former relation : consequently, 

d^Zm^i ^ (1^^ -fl^m—a) 9 (1Q^ -^w— i) 

aa;0y Oo? 0^ dy dx 

, ^ a (log iTy^l) a (log H^,y,_2) _ ^ 

aS a^^ 


This is a linear equation of the second order satisfied by 2 'y^i ; and 
it has the canonical form constructed in § 192, for which c = ab. 
Moreover, its invariants are 
0a 

ds^ = ^n-m+i > 

and 

0 a 

"" 0 ^ay == hn^m 

= m+i > 

which are the invariants of the equation that is deduced from 
the original equation by n — m 4* 1 successive applications of the 
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Laplace <r-transformatioii. Now an equation in canonical form is 
uniquely determined by its invariants ; hence the foregoing equa- 
tion, which is satisfied by Zm-i> is the (n — m+ l)th equation in 
the series derived from the original equation by the successive 
application of the Laplace cr-transformations. 

Moreover, an expression for (which is the general integral 
of the equation) has been given which involves the two arbitrary 
functions X and F of ^ and of y respectively, through the quantity 
Zo and its derivatives. It also involves the quantity a, which is 
not known initially but belongs to the last equation in the series. 
If, however, a can be obtained (and a must be determined, if this 
process of integration is to be effective in practice), then the whole 
series of equations is known and the integral of every equation in 
the series is known. 


When a is assumed at will, the preceding equation satisfied by 
Zm-^i is the typical expression of equations which are of finite 
rank m — 1 in the variable x. If, however, the equation is given, 
then the invariant h is known ; and, writing 


we have 


log C/'s — JJhdxdy, 




which is an equation satisfied by a : but, in the absence of other 
information, the value of m is not known, and the determination 
of a is not practicable by this method. 


Ex. Prove that 


dz^.idzm^i 


d.v dy 




dx dy 


ur jj . 

■Zim-2 ~ — 2 * 


dy 


(Darboux.) 


203. If however the equation is of finite rank in both 
variables, say of rank n in the variable x and of rank m in the 
variable y, then the complete series of equations can be repre- 
sented by equating the successive expressions 

a-^^F, F, <rF, 

to zero. In that case, we can begin with the equation 

a^F^O, 
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as before, assuming a quantity a ; and we can construct gradually 
the invariants of the equations in backward succession. Writing 

4 * “ 1 , 

we know that the invariants of are 


_ _ 0^ log ^ 

dxdy * dxdy ’ 

as the series terminates with the mth repetition of the trans- 
formation the former vanishes. Now 

for all values of p ; and therefore 


or, since does not vanish, we 

must have 

that is, 

a , 

da 

dx ’ 

= 0, 

d^a 


0a 

a=« 

0^+^a 


dy ’ 

dxdy ’ 

0^0y 


d^a 

0^+^a 

d'^a 


w 

dxdyf^ ' 

dx^^dy^ 


which is an equation for the determination of a. 
The equation shews that a relation 

0a 0^a ^ 


exists, such that are functions of x alone. Suppose that 

fi, are p linearly independent integrals of such an equation; 
then the most general value of a is 

a = 4- 772fa + ... 4* 

where •••y Vii independent of x, that is, are functions of y. 
The equation also shews that a relation 

0a 0^a 
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exists, such that t/o, are functions of y alone; the same 

argument as before shews that the most general value of a is 

a = + ^2^2 4* . . . + 

where fi, are linearly independent functions of x and 

T/i, are jx linearly independent functions of y. 

The value of the integral of the last equation of the series, 
depends upon which is 



and which thus appears to involve partial quadratures. In the 
case just considered when the equations are of finite rank in 
each of the variables, Zm. should be expressible without the use 
of such quadratures : the actual expression can be obtained as 
follows. 


The quantity a, where 

is the most general integral of the equation 

P(a) = y„a + y.g^ + ... + y,^=0, 

where rji, >7^ are jx linearly independent particular integrals. 
Let 

Q (/3) = 2/0'^ + ••• + 2/**' ® 

be the equation which is the adjoint of P(a) = 0: then* 
^P(«)-aQ(y8) = ^, 

where CT is a quantity free from partial quadratures and of order 
/A — 1 in the derivatives of )8. Now replace Y in the integral 

Jvady hy — Q(F), which is permissible because F is quite arbi- 
trary : and let a be the foregoing integral of P (a) = 0 : then 


* See vol. IV of this work, § 82. 
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on taking Y; and now 

X- jaQ(T)dy 

where U now is of order yx — 1 in the derivatives of y. This being 
the value of Zq, the value of Zm is explicitly free from partial quad- 
ratures : the construction of other forms of can be made exactly 
as before, in §§ 201, 202. 


Goursat’s Theorem on the Rank of an Equation. 

204. We have seen that the general integral of the equation 
s -h ap 4* = 0 

involves its arbitrary elements in linear fashion. It can be parti- 
cularised in many ways : each particular form is an integral : and 
any linear combination of such particular integrals with constant 
coefficients is also an integral of the equation. If, in any aggregate 
of such integrals, no one of them can be expressed as a linear com- 
bination of the others with constant coefficients, they are said to 
be linearly distinct. 

Now suppose that n successive applications of the <r-trans- 
formation lead to a vanishing invariant being the first vanish- 
ing invariant of the forward series of equations: the preceding 
theory shews that the original equation possesses an integral 

where X is an arbitrary function of a?, and A, Ai^ ..., An are 
determinate functions of x and y. Let n 4- 2 linearly independent 
and arbitrary functions Xi, Xn +3 be chosen in such a way that 
the n4-2 integrals, which they determine, are linearly distinct. 
Denoting these integrals by Zi, ...» Zn+^y and eliminating 
A, Ai, An by means of their expressions, we have 

z^ , X^ , 1 = 0, 

ir, , X* , ..., * 


^n+8> Xn+it »»•» 
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a relation in which the coeflBcients of Ziy are functions of 

X only. Hence, upon the supposition that n applications of the 
^--transformation lead to a vanishing invariant An» we have found 
a linear relation, the coefficients in which are functions of the 
variables, among n + 2 linearly distinct integrals. 

The converse * is also true, viz. : If linearly distinct 

integrals of the equation are connected by a homogeneous linear 
relation the coefficients of which are functions of one of the variables 
only, then n — 1 applications at most of one of the Laplace trans- 
formations will lead to a vanishing invariant, (The a- or the 
S-transformation should be applied accoixiing as the coefficients 
in the homogeneous linear relation are functions of x or are func- 
tions of y). 

First, let n = l, so that, if and z^ are two linearly distinct 
integrals, we have 

Z^ = ZiU, 


where is a function of x only. Substituting in the equation 
5 -h ap + 4- = 0, 

and remembering that Zi also is an integral, we have 

du fdzi 
dx \dy 

that is, since w is a function of x, 


(| + a..)=0, 


Consequently, 
and therefore 


dzi 

dy 


+ azi = 0. 


d‘Zt , dzt da „ 
dxdy * dx dx ’ 

dzi 


or, inserting the earlier value of ~ and removing the non- 
vanishing factor Zi, we have 

/t-s~-fa6--c = 0, 
dx 


which verifies the theorem for n = l. 

* The theorem is due to Goursat, Amer, Jmr, Math., t. xvra (1896), p. 848. 
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Take now the general case of a homogeneous linear relation 
between n + 1 integrals, and assume that the coefficients are func- 
tions of X only: dividing by the coefficient of Zn+\, we have the 
relation in the form 


Zn-¥i = + ^1^2 + • • • + 


It may be assumed that the coefficients fi, are not con- 

nected by a linear relation with constant coefficients: if any relation 
exists, such as 


then 


^ = fl (-^i + (^2 + « 2 ^n) + ••• f n— 1 (‘ 2 'n— 1 ^n—i^n)> 


a homogeneous linear relation between n linearly distinct integrals 
Zi'^diZ^i •••> ^n—i’^dfi^iZfiy Zn+i d^^z^, Thus the assumption that 
the coefficients fi, fn linearly independent of one another 
is really an assumption that nH- 1 integrals is the smallest number 
between which a homogeneous linear relation exists. Such an 
assumption is no limitation but only makes the problem more 
precise: it will therefore be made. 


Let the Laplace <r-transformation be applied to the equation, 
and write 


?r - gy + a^r, 


for r = 1, n: thus fi, integrals of the transformed 

equation. Now 

n 

-2'n+i ~ ^ 


SO that 


_ X t 

dy ^rJ^dr 


__ K f t 

dx 


0a; ^ dx 


)■ 


8°^»+i _ V / 6 4. ^ir 

dxdy dy dx)' 


substituting ^n+i for z in 

s + + 65 + 0^ = 0, 

and remembering that Zr is an integral for r= 1, ..., we have 


n 

s 


r»l 



d^ 

dx 


= 0 , 
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dx ^ dx ■*■ 


, y d^ _ . 

+ ;» d^ - 0 . 


Now no one of the quantities fi, ..., fn is a constant: otherwise 
the original relation would effectively be a relation between only 
n integrals of the original equation : hence we can divide by 

and we have 
dx 


Kn = + • • • + f n-1 fn-i- 

We have assumed that there is no relation of the form 

d* . . . + O^n—i ^n— 1 d“ ^n) 


and therefore there is no relation of the form 


dx 


= ai 


dx 


+ . . . q- Un- 


dir 


consequently there is no relation of the form 

d" • • • + ttn-if n-i d- 1 == 0. 

It therefore follows that a relation of the indicated type, among 
71 + 1 linearly distinct integrals of the original equation, leads to 
a relation of the same type among 7i integrals of the equation, 
which is the result of applying to the original equation the Laplace 
cr-transformation. 

Applying the Laplace or-transformation to the equation which 
has fi, fa; •••, ?n ibr its integrals, we obtain a new equation and 
are led to a relation, of the same type as before, existing among 
71 — 1 integrals of the new equation ; and applying it to successive 
equations 7 i — 1 times in all, we are led at the end to a homo- 
geneous linear relation between two integrals of the last equation. 

From what has already been proved, we know that the 
A -invariant of this last equation is zero: that is, 

An = 0. 

A similar argument holds when the coefficients in the homo- 
geneous linear relation between w + 1 integrals are functions of 
y alone: the successive application of the Laplace S-transforma- 
tion, n — 1 times in all, leads to a vanishing invariant for the last 
equation : that is, 

iTn-O, 

in this case. 

Thus Goursat’s theorem is established. 
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Ex. Shew that three integrals of the equation 

^ SB Q 

{x-yf 

are connected by an equation 

£?!, aiX^+2biX-\~Ci, aiX-^hi | = 0; 

«2, a2*^’^+262A’+C2, a^x-\-h2, 

^3, a3a?2 + 263A- + C3, a^x-frh^ 

and obtain them. Shew also that three integrals (’i, f2> Cz are connected by 
a relation 


i'll «iyH26iy + c,, aiy-f^i 

^21 «2/ + 2i'2y + C2, «2y + ^2 
fsi «3y + 263^ + 03, + 


-0; 


and obtain them also. 


(Goursat. ) 


Levy’s Transformation. 

206. In the two Laplace transformations 
dz f7 

z. = -^-+az, Z.-^+bz, 

the only quantities that occur are those which appear in the 
differential equation : and it might be deemed possible to secure 
a more general transformation by taking new variables of the form 

, dz , „,dz 

where m and v are quantities initially at our disposal. As a matter 
of fact, such a transformation is not so effective as the Laplace 
transformation : its main importance lies, partly in the analytical 
forms obtained, partly in some geometrical applications. As it 
does not lead to any new process for the integration of the equa- 
tion, only a brief outline will be given. 

The suggested transformation is adopted by L4vy* in the form 

/ dz . . 

* ifoum. de V&c. Polyteehnigue, t. xzxtii, Cah. lvi (1886), p. 67. 
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where a is the disposable quantity, the original equation still 
being 

s ap + bq + cz = 0. 

Proceeding as before, we easily find that the equation for z' is 


where 


s' + a'p' + b'q' + Gz + = 0, 


, 1 act 

a = a — , 

a ay 

b'^b, 

c' = c + A; ~ A — 


aa 

dx 


h dT, 
a dy' 


A log a aa a {h\ , , 

a dxdy dx dy \oi) ^ 


In order that the transformed equation may have the same 
character as the original equation, we take 


and then we have 


al=0, 

s' A a'p + b'q' + c'z' = 0. 


Denoting the invariants of this equation by h' and Ar', we have 

A' as — + a'b' — c' 
ox 


--I©' 


dx dxdy 
d /h\ 


on account of -4 = 0 : and 


k' = ^ + a'b’ — c' 
dy 


■.h + 


dx* 


a /A:'\ _ a fh\ a* log a 
ay \a/ ay W dxdy 

dx 

- A:' ~ ifc, 


Also 
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80 that 


ifc = A;' - 


dy 



It is clear that fc' cannot vanish unless A; = 0 ; hence, in so far as 
Levy’s transformation aims at securing an integrable form of 
equation, it is unnecessary to take further account of the in- 
variant k\ 


Let hi be the A-invariant belonging to the equation obtained 
by applying the Laplace (r-transformation to the original equation, 
so that 


then 


K 


= 2^ - A; - 


0^ log h 
dxdy 


If ^ 

^ dx dxdy dxdy 


dx 

0 

dx 




It is clear that A' can vanish only if Ai = 0: and therefore the 
L4vy transformation does not provide a vanishing invariant unless 
a vanishing invariant is provided by the Laplace <7-transformation. 
Hence from the point of view of integrating the equation, no par- 
ticular advantage accrues from the L6vy transformation. 


Ex. 1. Shew that, if the Laplace o-- transformation be applied any number 
of times in succession to the equation 


8' + a'p' + b'q ' + c V « 0, 


as transformed by L4vy, and if hi\ h^y ... are the A-invariants of the 
successive equations, then 




0 /ah'hi...h'y^^i\ 
0 / AAi... A„ \ 


where Aj, 4^ denote, as usual, the A-in variants of the equations obtained 
by the successive application of the cr-transformation to the original equation. 

(L^vy.) 

Ex. 2. Shew that the Laplace cr-transformation and a L^vy transfor- 
mation are permutable with each other in the sense that the invariants of 
the doubly transformed equation are independent of the order of application 
of the two transformations. (Ldvy.) 
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Ex. 3. Shew that, if { is any particular solution of the original equation, 
then the L(ivy transformation can be expressed in the form 


z' 

1 



(Levy.) 


The Equation r + 2a/> + 2y8^ H- 7^ = 0. 


206. We now come to consider, more briefly, the equation 
r + a'jt) + \)(i + = 0 ; 

this was found (§ 189) to be the alternative of 
s + op + 65^ + = 0 

as a form to which every linear equation can be changed. It will 
be convenient to take it in a form 

r + 2ap 4- 2/S^ + 7.2 = 0, 

where a, 7 are functions of the independent variables x and y. 


When we take 

the new equation having % for its dependent variable is 


where 


/8' = A 

, 1 0X 

\ 0a:'*'X dy'^ \ 0aj“ ' 


Obviously /8 is an invariant for the transformation in question. 
Again, 

, a?: 

^ dx ^ dx X 0y ’ 

and therefore 


0^ 

0ir 



.aa' 


(1 / 0a 

1/8 V aa: 


_0 

dx 
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on the assumption that ^ does not vanish. Hence, if 
, 9 fl / 9a .\) „9o 


/ 9a \| da 

9a: ]y3 V 9a: */] 9y’ 

then I and J are invariants for transformations of the type 

z = \z, 

which leave the form of the equation unaltered. 

Further, if ^ should vanish or if X should involve x only, then 


dx 


is an invariant for all transformations of the type / = Xz. 

Again, the equation conserves its form when the independent 
variables are changed according to a law 

X — a function of x^ = a function of y, 

and the form is conserved only for such a law. If we take 


f being a function of x only, and i\ a function of y only, and if the 
new equation be • 

r' -f + f z = 0, 

we have 


r 




and therefore 



where {f, x] is the Schwarzian derivative of f. 
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Thus I is invariantive for all changes of the independent 
variables that conserve the form of the equation. In order that 
J may be invariantive, we must have 



of which obviously there are four cases, viz. 


(i) if is a function of x alone, the transformations of x are 

limited by the relation 

where k is any constant : 

(ii) if yd is a function of y alone, the transformations of x are 

limited by the relation 

where k is an arbitrary constant, that is, 

. _ ae*® + h 

where a, 6, c, d, k are arbitrary constants : 


(iii) if /d involves x and y and is expressible in a form 

where X is a function of x alone and 7 is a function 
of y alone, then the transformations of x are limited 
by the relation 

{f , a;} = kX, 

where k is any constant : 


(iv) 


if /8 involves x and y and is not expressible in a form 

^ = X7, 


or if is zero, the transformations of x are 
the relation 


that is. 




limited by 


where a, 6, c, d are arbitrary constants. 



PROPERTIES OF THE 


Thus the quantity J, which is invariantive for all transformations 
of the form 

Z' = \Zy 

where \ is any function of x and y, is invariantive for only certain 
transformations of the independent variables. The more important 
transformations, however, are those which change the dependent 
variable only. 

207. If the invariant I vanishes, the equation is of the form 
9 *^ o 9 ^: . 

effectively an ordinary linear equation for which y is parametric. 
The one invariant is 

being the usual invariant of the ordinary equation of the second 
order for transformations of the kind considered : writing 

z' = 

we have the equation in the form 

The case needs no special consideration in the present connection. 
If the invariant J vanishes, that is, if 


1 / d<x A) „ 0a . 

^ V dx ^)\ dy 


then a function 6 oi x and y exists such that 


® dx^ 




When these values of a and 7 are introduced into the equation, it 
is easily transformed to 

Various cases arise according to the form of 



207 .] 


INVARIANTS 


101 


If neither I nor J should vanish, it is always possible to trans- 
form the equation so that it shall not contain the first derivative 
of z with regard to x. To make this transformation, take two 
quantities 0 and <f) such that 


then 



adx, 

Jdx; 


a = 


dO 

dx * 


and consequently 




dxdy dx ’ 


so that we may take 


^ V dx 






the arbitrary additive function of y being deemed included in 
Then, writing 

z = ze^, 


we easily find 




the invariant J' of this equation is 

''dx^ 

which, in fact, is J. 


Ex. 1. Suppose that the invariant J of the equation vanishes and that ^ 
does not involve x : then, if 

C=ie*, 

the equation takes the well-known form 

dx^ dt * 

If an integral of this equation is required which is such as to give 
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when it is easily obtainable in the form 

«)+... 

The construction of an integral of the original equation, which is such as to 
give 

when j?s=a, is now only a matter of transformation of the variables. 

Ex. 2. Obtain the integral of the equation 
dh ^ dz 

such that 

when ar«.0. 
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208. The somewhat cumbrous forms, occurring in the last 
example given, are the forms which are necessary for the mainten- 
ance of the type of the equation : and they suggest that no 
series of successive transformations, similar to the Laplace <r- and 
2-transformations, can usefully be constructed for the equation 
or can lead to types of equations the integrals of which are ex- 
pressible in finite form. 

Moreover, taking an equation for which neither of the in- 
variants vanishes, we have seen that it can be transformed so 
as to become 

where neither /S nor <f> vanishes. The conclusions of § 186 and 
the application of Cauchy’s theorem alike shew that there is a 
general integral involving two arbitrary functions in its expression, 
both of them having y for their argument : moreover, owing to 
the particular linear form of the equation, each of the functions 
and its derivatives enters linearly into the expression of the 
integral, when the integral is given explicitly. It is easy to see 
that, when these functions are quite arbitrary ^ the integral cannot 
he expressed in finite form which is completely explicit and free 
from partial quadratures. If possible, let such an integral be 

^' = aF+air4-... + anF(’»), 


where F is an arbitrary function of y: 

dz' 

value of z' introduces, through ^ , 


the substitution of this 
a term 


which cannot be cancelled, for F<”+^^ is not introduced elsewhere 
in the substitution. 


It is thus useless to seek for finite explicit forms for the most 
general integral provided by Cauchy’s theorem for an uncondi- 
tioned equation of the present type ; but for particular equations 
finite forms may be obtainable when the arbitrary functions are 
specialised. In the latter instances, the earlier argument does 
not hold : for in the case of a specialised function F, the term 


2/SanF<*»+« 
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may be balanced by other terms from 

^ F<"' + 2/3 ^ F<”' + 2/S(^a„FW. 

The result is limited to integrals that occur in explicit form : 
it does not necessarily hold for integrals the expressions of which 
involve partial quadratures. 


It therefore appears that, for the unconditioned equation 


dx^ 




the only integrals, which are of a general type and which are 
expressed explicitly, are not finite in form. Such integrals are 
given by Cauchy’s theorem ; and they are such that, when x = a, 
the quantity z assumes an assigned value f{y) and the quantity 
^z 

^ assumes another assigned value g(y), subject to conditions as 

to regularity — connected with the forms of a, /3, 7, f(y), g(y)> 
By taking all the functions f and g that are regular within a 
selected domain, and by taking all the domains within which the 
coefficients a, jS, 7 are regular, we obtain all the regular integrals 
of the equation. But the aggregate of integrals thus obtained is 
restricted to those which are regular; and if the integrals be 
constructed by the analysis used to obtain Cauchy’s theorem, no 
one of them is in finite form. 


Borel’s Expression for Regular Integrals 

NOT FINITE IN FORM. 

209. In connection with these integrals, and as illustrating 
the generality of some integrals with partial quadratures, it is 
worthy of notice that Borel has shewn* that the aggregate of 
these regular integrals can be represented by one form which 
requires partial quadratures. His investigation deals with equa- 
tions in n variables and of order jo, which are algebraically 

dPz 

resoluble with regard to 5--^: it will be sufficiently explained 

uX^ 

for the present purpose by taking ti = 2, p==2. 

* Bull, dea aciences math., B6r. ii, t. xix (1895), p. 122 : the idea of this mode 
of representation of an aggregate of integrals was suggested to him by some 
remarks of Delassus, tb., pp. 51 et seq. 
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Take any positions which are ordinary positions for the equa- 
tion in the planes of oc and of y respectively, and make these the 
origins. The integral given by Cauchy’s theorem is such that 

z=zf{y) and ^ — 9 (3/)> when = 0, the functions / and g being 

regular functions in the domain of y = 0 and otherwise arbitrary. 
The initial conditions therefore give the values of 

By”’ dxdy^’ 

when = 0 and y = 0, for all values of n : let these quantities be 
arranged in any sequence such that the total order of derivation 
does not decrease in the sequence and denote them, so arranged, 
ky y-i, .... 

Now take a function u 

u = 

and, forming the values of 


when .« = 0 and y = 0, for all values of n, arrange them in the 
same sequence as the derivatives of z above ; denote them, so 

arranged, by o-i, a^y a-^y Owing to the limitations of regularity 

imposed on /(y) and g (y), it is always possible to choose a value 
r' of r such that, for values of m equal to or greater than some 
selected integer A:, 

O-m > I I *• 

we shall assume that r is greater than r. 

Construct the Cauchy integral of the given linear differential 

02^ 

equation of the second order resoluble with regard to ^ , assigning 
as the initial conditions that 

dz du 

when a? = 0. On account of the linear form, this integral is of 
the form 

2- =S 4 - cr2i|r2 + cTsi/rj -f- . . . , 


such that 
1 



ay" ’ a^rBy" ’ 
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where the quantities ... are determinate regular 

functions of x and y in the domains considered. This integral 
is absolutely and uniformly convergent. 

By means of the quantity z, so obtained, construct a quantity 
0 defined by the equation 

6 {x, y, a) = cos a + cos 2a + cos 3a + , 

where a is a real parameter : thus B is convergent, and it is deter- 
minate, containing no arbitrary function. Also take 

F{a) = — cos a -h ~ cos 2a + — cos 3a + ... , 

(Ti <Tq (Tf 

which is absolutely and uniformly convergent: as F(a) contains 
the quantities /i.,, al,, ... derived through the arbitrary func- 
tions f(y) and g (y) initially given, it clearly is an arbitrary 
function. It is possible to integrate the product OF (a) with 
regard to a, on account of the character of the convergence of 6 
and of jP(a). Obviously 

1 

^ J 0 

and, in the integral with partial quadratures, 0 (a?, y, a) is deter- 
minate while F (a) is arbitrary. Now just as the integral, 
determined by the assignment of initial values <ri, cr,, ... to 
certain derivatives of the dependent variable, is given by 

so the integral, determined by the assignment of fii, g^y ... to 
the same derivatives of the dependent variable, is given by 

But the latter aggregate of assignments is the equivalent of 
the initial conditions in Cauchy s theorem which require that 
^z 

z and shall acquire the values /(y) and g (y) respectively, when 

xssO, the functions / and g being regular within the domain of 
y as 0 and being otherwise arbitrary. Denoting this integral by 
Z, we have 

Z « yLti-i/ri -f -f /igl/rj-f ... 

= ; f 0{.x,y,a)F(a)da, 

’fr j 0 
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where 0(w, y, a) is a determinate function, and F(a) is an arbitrary 
function because of the arbitrary quality in its coefficients. 

Thus the Cauchy integral, associated with the two arbitrary 
functions in the initial conditions, can be represented by an ex- 
pression, requiring partial quadratures and involving only a single 
arbitrary function*. 

Ex. 1. A simple example will shew how BoreFs construction of the 
integral with partial quadratures works out in practice. Consider the 
equation 

dH __ dz 
dx^ dy ‘ 

when the initial conditions are that z—fiy) and when :c=0, on the 

assumption f{y) and giy) are regular functions in a domain (say) of y=0 : 
the explicit integral (Ex. 1, § 207) is 

^=/(y)+J/(y)+|!/''(y)+... 

■^^9 W+lj/ (y)+ — 

For the actual expressions of f(y) and g(y\ let 

and in order to secure uniform convergence, let the domain of y for each 
of these functions be a circle of radius r, where r>r >1, r' itself being 
a quantity that is greater than unity. Then if if' be the greatest value of 
\f{y) I within the domain, and if M’ be the greatest value of | ^(^) | within 
the domain, it is known t that 

i I < I I < U'r-”', 
or if N denote a quantity greater than M and then 
i I < Air-"*, I X,„ I < Nr-^. 

When values of fiy) and g{y) are substituted so as to give a doubly- 
infinite series which obviously converges, we have 

rw ^ I/* ^ ) 

n=0 mlo ^ ^ (i^i+I)] » 

which is merely another form of the integral satisfying the initial conditions. 

* The explanation of the paradox in the present case, if it be regarded as a 
paradox, lies in the fact that the two sets of arbitrary coefficients arising from the 
two functions /(g) and g(g) respectively are included in the single function F(a). 
t r. F., § 22. 
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Now construct the integral of the equation which is such that 

02 

when Keeping for the moment coefficients so as to correspond 

with Vn y respectively, where, in fact, 

Vn = X„' = Ny 

we have the integral (say () in the form 

Jom=oW ! t2m! + 

In accordance with the notation of the text, we take 


(Tly 0 - 2 , 0-3, 0-4, 0-5, a-Qy ...—Po'y Xq', Vly Xl', V^y y . . . y 

and 

Ml> M2» M 3 ) M6) ••• =*'0» Xo, Pi) Xl, J/2» X2,...; 

and we construct a function 6 {Xy y, a) from ^ by changing cr^ in ( into 
cr^ cos fia y so that 

yfl r* 

6{x,y,a)='S. 2 U;;^i/'„ + „C08{(2?i + 2»! + l)a} 

n=o m=o ^ I • 

^2to + 1 

(2m + 1 ) ! ^ + 2) a} J. 

Inserting the values of Vn-^-m and X'„+,„, we have 

a) = jV 2 2 ^ ^008{(2» + 2m + l)a} 

n=0 m=0 ' 

^2m + 1 “1 

= ^ 2 2 ^ ^cos {(2»+®+l)a} 

»=op=o n\p\ 

= ^g* 0 O 8 a+y cos 2 a (a^-^ siii a +y sin 2a). 

It is evident, on simple substitution, that the relation 

dx^ 0y 

is satisfied. 

The function F (a) is now required : in accordance with the construction 
in the text, we take 

F{a)^ — COS a-b — cos 2a + . . . 

0^1 0*2 

= COS a + ^, COS 2a 4- cos 3a + cos 4a + ... 

Po aq Pi Xl 

**-Tf 2 [i/,„cos{(2m + l)a} + X,„cos{(2m+2)a}]. 

.t* m=sO 
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Because 


I Xm U 1 

N r»*’ N 


and r is greater than a quantity which itself is greater than unity, this series 
for F {a) converges absolutely and uniformly. Hence, writing 


we have 


6^(a)= 2 [i/,„C08{(2m-|-l)a}+X,„C08{(2m4-2)a}], 
m=0 

Z=- e*«*“+*'®““*cos(a+a:sina+ysin2a)G'(o)(*i, 

^ J 0 


which is an expression, requiring partial quadratures and involving the one 
arbitrary function O (a), for the integral of the equation determined by the 
initial conditions that 

^=/(y)=2^,r ' 

when ^=0, and when the suppositions as to the domains of/(y) and ^ (y) are 
satisfied. 

If the domains, within which assigned functions /(y) and y (y) are regular, 
be circles of radius r, where r is less than unity, the case can be changed to 
the case already discussed by taking new variables such that 

r" r’ r" r’ 

where r" is greater than a quantity which itself is greater than unity. 
Evidently 

1 /’2»r 

I cos {(2m +1) a} G (a) da. 
rr J 0 

1 f 2Tr 

\rn = ~ / cos {(2m 4- 2) a} G (a) da. 

J 0 

Ex. 2. Prove that an integral of the equation in the preceding example, 
viz. of 

"bh dz 

is given by 


= ^ (-^ + 2ay*) e cfa. 


where (f) denotes any function of its argument. 

Ex. 3. The functions 

/(y)= s s'(y)= 2 

HVxsQ ^ • fll^O ™ * 


(Fourier.) 
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are regular functions of y in a domain, round the origin, of radius greater 
than a quantity which itself is greater than unity ; and (a) is given by 

(?(a)=» 2 [v^jCOS {(2m + l)a}-|-X,nCOs{(2»i + 2)a}], 

m»0 


which is a uniformly converging series, 
equation 


dh 

da;^ 



Prove that an integral of the 


such that z and ^ are equal to /(y) and respectively, when a:=0, is 
given by 

s = ^ y, a) 0(a) da, 

where 


B(x,y, — *®^"‘^*{cos(a+y sin2a+;rcos2a) + 8in(y sin 2a+:rcos2a)} 

gj/cos 2 a+a:cos 2 a 2a -X COS 2a) - sin (y sin 2a - ^ cos 2a)}. 



CHAPTER XIV. 

Adjoint Equations: Linear Equations having 
Equal Invariants. 

The present chapter is devoted, partly to the consideration of the adjoint 
equation and of Riemann’s investigation whereby the adjoint equation is 
employed to further the integration of the original equation, partly to the 
consideration of equations which are self-adjoint and are of finite rank in 
both of the variables. In the account here given, much use has been made 
of the exposition given by Darboux*: and the method devised by Moutard, 
in the fragment of the memoir quoted in § 218, is explained and some 
illustrations are given. Reference may also be made to a memoir t by 
R. Liouville. 

210. Not a few of the characteristic properties of a linear 
ordinary equation are expressible by means of the properties of 
the associated equation which is usually called Lagrange's adjoint 
equation. It proves similarly convenient to associate an adjoint 
equation with a linear partial equation which, for the present 
purpose, will be limited to the form 

s -f = 0. 

Generalising the usual definition^ of the expression adjoint to 
an ordinary linear expression, which is the linear condition. to be 
satisfied by v in order that 

vP{w\ ••• +Pnw), 

may be an exact differential, we say that, if F {z) is a quantity 
which is linear in z and its derivatives with regard to x and y, then 

* Thiorie g6n4raU det Burfaces, t. ii, pp. 71 — 163. 

t Joum, de VJtc. Polytechnique, t. xxxvn (1886), pp. 7 — 62. 

X See vol. iv of this work, § 82. 
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the linear expression adjoint to F{z) is the quantity which must 
vanish in order that the double integral 

JJuF(z) dxdy 

can be expressed as a simple integral. The condition therefore is 
that u should be such as to secure that a relation 

, dM dN 

should hold, where M and N are free from all quadrature operations. 
For our purpose, we take 

F {z) s ap hq cz \ 

and then, if 

uF{z) = u{s + ap -\-hq + cz) = ^ , 

M and N must, qu^ functions of z, be of the forms 

M^A^^ + Bz, N=C^^ + Dz, 

oy ox 

respectively, where A, By C, D are functions of x, y, u, and do not 
involve z. Substituting these values of M and N, and equating 
coefficients of the derivatives of z, we have 

u = A Cy 

atfc = + -?r- , 


Evidently, 


, dA j. 

dB . dD 

^ dx^ dy' 

0 , , S , 0‘C' , 


SO that, writing 

r, / \ du ,du / da db\ 

the necessary condition is 

(?(«)= 0 . 
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When this condition is satisfied, the above four equations become 
equivalent to three only that are independent of one another : 
consequently, they are inadequate for the precise determination of 
A, B,G, B, and therefore M and N cannot be precisely determined. 
The latter result is, however, only a fair expectation from the form 

m w 

dx dy 


adopted ; for ^ ^ will remain unaltered in value if M and N 


be increased by — and — ~ respectively, where <f> is any function 
of X, y, Zy Uy which is linear and homogeneous in z and u. 

We therefore may satisfy all the equations and still may make 
one assumption that is not inconsistent with them : the simplest 
appears to be the assumption that A — C. Then 


and so 


so that 




C-h-jg, 






+ buz. 


Then, with these values of M and N, we have 

dM dN 


uF (z) - 


that is, 


dx dy 


= ZO (U)y 


IP/ \ n/ \ 

uF{z)-zG{u)^ ^ + ^ 


zO (u) — uF{z)~ 


d_M_d_^ 

dx dy ) 


The former shews that G (u) = 0 is the condition that the double 
integral J j'uF (z) dxdy should be expressible as a simple integral : 
the latter shews that F{z)=^0 is the condition that the double 
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integral J jzO (u) dxdy should be expressible as a simple integral. 
Hence the two equations 

F{z)^0, G(u)^0, 

are adjoint to each other, a property which is the same as for 
ordinary linear equations. 

Also, (?(w) = 0 is a linear equation, similar in type to F{z) = 0 
and of the same order. Denoting the invariants of F(z) = 0 by hf 
and kf, and the invariants of = 0 by and kg, we have 

Thus the invariants of either of two equations, which are reciprocally 
adjoint, are the invariants of the other merely interchanged : and 
it will be noticed that the coefficients a and h in the two equations 
differ only in sign. 

Further, if F {2)^0 and G (u) = 0 are effectively the same, so 
that each is self-adjoint, then a = 0, 6 = 0: the equation is 

8 -j-cz — O, 

that is, the equation has equal invariants. The converse of this 
property is obviously true. 


Relations between Adjoint Equations under Laplace 
Transformations. 


211. Consider now the two series of equations derived from 
F=0 by the successive applications of the two Laplace trans- 
formations. The two sets of quantities, which (by vanishing) give 
the equations of the series, are expressible in the form 

..., F, aF, ar^F, a^F, .... 


The invariants hi and ki of a^F, where i is positive, are given 
according to the law 
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and the invariants Hi and Ki of where % is positive, are given 
according to the law 


H^ii+i — 

Kfi^i = 2Kfj, — 


9* log 
'dxdy 


Let the ^.-invariant of F be denoted by \ and the A-invariant be 
denoted by h^i. Then 


Hi = A; = A_i, 
Ki^2k^h^ 


= 2h^i Ao — 


0® log k 
dxdy 

logAp 


so that we may write 


dxdy * 
Ki = h^2i 


in conformity with the general law : and then 

and so on. Thus the invariants of the equations may be arranged 
in the form 

•••’U’ A_J’ M’ h\> k\’-> 

that is, we have a succession of functions 

..., lh^2i 1 > kf k\y k^} k^y .... 

Now let the Laplace transformations be applied to the equation 
(r(w) = 0 any number of times in succession. The two sets of 
quantities, which (by vanishing) give the equations of the series, 
are expressible in the form 

..., a~~*Oy a'~^Oy <r'~^0, 6, <rG, a^G, a*G, .... 


The invariants of G are known to be k and k, being those of F 
interchanged. For aG, the coefficients are 



01og A; 

dy 


dy 5y 
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hence, for o-ff, 


and 




= 2k-h- 


02 log k 
dxdy 


=:h 


— 2 > 


dy 

= h^i ; 


and so on. Thus the invariants of the equations may be arranged 
in the form 


h,] 

1 ^,1 h] 

A-,) 

^—2 

w. 

h W’ h,l 


’ A-J 


that is, we have a succession of functions 

/t.3, hi, h, h—i, ..., 


being the same succession of functions as before, but in reversed 
order. 

Thus the invariants of are those of <t~^F merely inter- 
changed; and likewise for and a'^F, 

Again, if one of the Laplace transformations is of finite rank 
for F because it leads to a vanishing invariant, the other of the 
Laplace transformations is of the same finite rank for 0 . 

Again, if both of the Laplace transformations are of finite rank 
for F because each of them leads to a vanishing invariant, both of 
them are of finite rank for G, the orders of the finite ranks being 
interchanged : the characteristic number is the same for the two 
equations. 

Hence, if an equation is integrable by Laplace’s method, in the 
sense that a finite number of either of the transformations leads to 
an equation which admits of direct quadrature, the adjoint equation 
is also integrable by the method through the use of the comple- 
mentary transformation : the number of operations is the same for 
the two equations. 
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212. In §§ 199 — 203 it was shewn how, when an equation is of 
finite rank in both variables, it was possible to construct all the 
equations derived from the original equation by both the Laplace 
transformations and also to give the integral of each of the 
equations. The method there given can be applied also to the 
adjoint equation, because then it also is of finite rank in both 
variables : and, as the tale of invariants for the two sets of equations 
is the same save only for reversal of order, practically the whole 
of the former calculations can be used. 

The invariant hn of (t~'^G(u) vanishes; and so, as this is the 
vanishing invariant of we have 

In order to use the earlier results, we interchange x and y ; and 
we begin as before. Let 

jaXdx, 

and 




djj 

dy ’ ■ 



a , 

da 

9™a 


^ ’ ■' 



9™-* a 

d^a 

d^-'a 


I dx*^~^ ’ dx^~^dy^ * dx'^~^dy'^ j 
then satisfies the equation 

atm a ( log ffm) agm a (log ^m-i) 

dxdy dx dx dy dx 

di\ogHm)d{logH„,^,)_ 
dx dy 

on making the changes indicated. It is the linear equation of the 
second order satisfied by ^rn J and it is, in fact, the equation 

having the integral w = 
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Now this equation has the same invariants as the equation for 
Zfn, except that their order is reversed: hence it is equivalent to 
the adjoint of that equation for Zm, which is 

, R (log S (log ■gn^-l) , 9* 11 ^^ / IT rj m 1 jl _ A 


J «^ = 0. 


so that 




and therefore 


'K — 


Hence the equation, which is satisfied by 

Km ^ 

is the adjoint of the equation satisfied by z^n* 


Ex. 1. Integrate the equations: — 

(i) -xy)z^0 ; 

(ii) 8 — mxp--nyq-\-{m^2n’\-mnxy)z^0^ 

where m and n are constants ; 

(iii) 8-myp-~(f^yq-^{c-k‘my)ef^z^0, 

where m and c are constants ; 

(iv) «-~a?y^+wu?z=*0, 

where m is a finite integer ; 

where c is a constant ; 

(vii) »+ ~ y) ~ a, (x-y) ~ ( 4 ;-y)»} ’ 

all of these being of finite rank. 
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Ex, 2. Form the equation which is adjoint to 

construct its invariants and thence verify that, if the original equation is of 
finite rank in either variable, the adjoint equation is of finite rank in the 
other variable. 


Ex. 3. Prove that, by using the adjoint equation, any linear equation 

can be expressed in the form 

{a+P)$+l^p+^^q=,0. 

If z' and z" be any two integrals of this equation, supposed of rank n in one 
of the variables, shew that the equation 

is of rank w-f 1 in that variable ; shew also that its integral can be obtained, 
merely by quadratures, from the integral of the original equation. 

(R. Liouville.) 

Ex. 4. With the notation and assumptions of the preceding example, 
shew that, if f be an integral of the equation 


and if 


then the equation 


is of rank w+l. 




(a + /3) a + 


X-fff Sa 


X+of 0y 




X + of 0/3 
X-^£• 


0 


(R. Liouville.) 


Riemann’s use of Adjoint Equations. 

213. If, of two given equations which are reciprocally adjoint, 
the integral of either in finite form has been obtained by any 
process, the integral of the other can be deduced. When the 
obtained integral is free from quadratures, the earlier investigations 
have shewn that it can be constructed by Laplace's method through 
the use of a finite number of one of the transformations ; the result 
established in § 210 shews that the adjoint equation can also be 
integrated by means of the same number of applications of the 
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other of the transformations. When the obtained integral is not 
free from quadratures, the integral of the adjoint equation can be 
obtained by a method due to Riemann* who, indeed, was the first 
to use the equation that is adjoint to a given partial equation. 

The object of the investigation is to determine an integral of 
the equation 

= s + ap + + cz =; 0, 

which shall be the integral determined by the initial conditions in 
Cauchy's theorem in its most general form, that is, the variable z 
and one of its derivatives are to assume assigned functions of the 
variables as their values along a given curve in the plane. 

Let AB represent the curve and, taking any point P in the 
plane, draw PA and PB parallel to the axes 
and in their positive directions. Let z 
denote an integral of the equation, and 
let u denote an integral of the adjoint 
equation 

G(u)=0; 

then, with the notation of § 210, we have 

uF{z)-zG{u)^-^ + ^. 

We can consider PABP as an area in the plane, having PA, AB, 
BP for its boundary : hence 

J [ ( m )1 dwdy =//(^ + 1 ^) 

the integrals being taken over the area. Hence, when z and u are 
integrals of their respective equations, we have 

and therefore +, as 

//(^ + ~ 

* It oocars in a memoir, published in 1860 and apparently written the year 
before : see Gee, Werke (1876), pp. 158 et seq. The exposition of Biemann’s method 
as given by Darboux, ThSorie gMrale des surfacei, t. ii, pp. 76 et seq., is adopted 
in the aoooont which follows, 
t T, F„ § 16. 
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the single integral being taken positively round the boundary of 
the area over which the double integral is taken, we have 


that is, 


r (Mdy-JVda!)-hr Mdy^r (- iV') rfa? = 0, 

J A J B J P 

(Mdy~Ndx)-j"Mdy- iV(fo = 0. 


dz 


Now the variable z and one of its derivatives, say possess 
assigned values along the curve AB : moreover, the relation 
, dz ^ dz , 

is always satisfied : and, along the curve, dy is known in terms of 
02 ' 

dx ; hence ^ is known * along the curve. If then, u is completely 

known, that is, if we know an integral of the adjoint equation 
subject to any conditions we choose to assign, then 

^".{Mdy-Ndx) 

can be regarded as a known quantity in connection with that 
integral and with the assigned initial conditions for z. Again, 

= J {uz)^ - i {uz)p - (ll - ! 

and, similarly, 

j^Mdy = i {uz)b - i (uz)p -j z^^-a'(^dy, 

dz 

* If the curve be ff (x, y)-0, and if the values acquired by z and ^ along the 

curve be i’(x, y) and t («, y) respectively, then the value of ^ along the curve is 
given by the equation 


/dz 0 ^^ ^ 


de 
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whence, substituting these values, we have 

{ttz)p = i (uz)^ + i (uz)b -J {Mdy- Ndx) 

In the last two quadratures, the quantity z occurs and it is as yet 
unknown ; accordingly, we choose 

~ 5= 0, along PA, 

and 

^ — au = 0, along PB. 

Hence, assuming that u is determined as an integral of the 
equation (? (w) = 0 satisfying these conditions, we have the value 
of z at any point P of the plane given by 

(B 

(uz)p = i (uz)j^ + i (uz)s - {Mdy- Ndx). 

J A 

Denote the coordinates of P by x, y; and let f, 17 denote 
current coordinates for u. Then since 



da 

dx 


6u = 0 


along PA, that is, along the line 77 == y, we have 
for any point along that line. Similarly 




for any point along PB, which is the line f = x. It is clear that, 
without affecting the differential conditions imposed upon u, or 
without affecting the equation 0 (u) = 0, or without affecting the 
equation which gives Zp,'we can remove the factor Upi this removal 
can be effected by taking it as equal to unity. Thus the aggregate 
of conditions imposed upon u is : 

(i) it satisfies the equation 0 (u)=0; 

(ii) it acquires the value unity at P ; 
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When u is thus known, the value of Zy in connection with the 
assigned initial conditions, is given by 

= i i {uz)b - J {Mdy - Ndx ) : 

that is, the integration of F{z)^Q under arbitrarily assigned con- 
ditions is made to depend upon the integration of the adjoint 
equation G(u) = 0 under specified particular conditions. This is 
Riemann’s result*. 


214. Further significance can be given to the result by 
developing the reciprocal properties of the 
equations F(- 2 r)=: 0 and O(u) = 0, For this 
purpose, choose the curve AB so that it 
shall consist of two straight lines AQ and 
QB, parallel to the axes ; and let x', y' denote 
the coordinates of Q. Then 

J Mdy = J Mdy 



= i - i (««■)« ’ 


and, similarly, 

fy^.f 


Ndx 


/•« 

= - Ndx 
J B 


= i («■*)« - i (“«) b -j “ (ll 

Substituting, we have 

Bp = (MB)^ u (I + az) dy - J® M (I + hz) dx. 

Now a definite curve AQy QB has been chosen: and though 
initial (or boundary) conditions are imposed on z, nothing has 


L.C., p. 161. 




124 


riemann's theorem 


[214. 


been said as to their explicit form in the present connection. 
Accordingly, we shall assume that z is given along AQ and QB 
by the conditions, (i), that 

^g = l; 


(ii), along AQ, we are to have 

dz 
dy 


+ a-s = 0, 


that is, 


a dV 

z = e 


along AQ ; and, (iii), along BQ, we are to have 

dz 


that is. 


doo 


4- 6^ = 0, 


z = e 


rx' 

-J^ hdX 


(It may be noted that, in passing from an equation ( 2 :) = 0 to its 
adjoint equation 0 (u) = 0, the signs of a and b change though 
their values are unaltered otherwise: thus these conditions for 
z are the exact reciprocal of the conditions for u). Substituting 
the values thus obtained in the preceding relation, we find 


Zp^Uq\ 

or, as X and y are variables for z while x' and y are parametric, 
and as x and y' are variables for u while x and y are parametric, 
we can write the result in the form 


\ y') = u (x\ y ' ; x, y). 


It therefore appears that, if we can obtain an integral of either 
of two adjoint equations subject to selected associate conditions, 
we can obtain the integral of the other of the two equations subject 
to reciprocally selected associate conditions. In fact, in order to 
effect the integration of both of the adjoint equations, it is sufficient 
to determine the function which has been denoted by 

u{x\y] x,y). 


Ex. 1. CoDsider the equation 

F{z)^s q^O. 

The equation O (w)«0, when the independent variables are af and y', is 
0% 1 1 9m 2 
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There are three conditions imposed upon u by the preceding process 

(i) when we must have 

?e=l ; 

(ii) when y=y, we must have 

fxf-dX 

^ +y 

(iii) when we must have 

ey'-dV 

the first of which is in accord with the second and the third. 


Any form of u, which satisfies the equation O (u)t=0 and is in accordance 
with these conditions, will be sufficient for our purpose ; and the form, 
suggested by the conditions, is that of a rational fraction. Now the equation 
G (u)^0 is satisfied by 

provided 

m{m- l) + 2m- 2 = 0, 

that is. 


7w=l, or m*-2. 


Accordingly, we choose a form 


__ a+ -hyy' + 

(a/+y)2 ’ 

where a, ^3, y, $ do not involve x" or y : they can be functions of x and y and, 
having regard to the values of u when af^x and when y respectively^ we 
may expect that b will be a pure constant, ^ and y will be of the first degree 
in X and y, and a will be of the second degree in x and y. But the first 
requisite is that u should satisfy the equation G{u)^0: substituting, 
we find that the one necessary and sufficient condition is 


so that 


^-fy=0, 

a + y (y'~y) + &r'y' 

(^+y)* 


Having regard to the condition that when y=y, we see that 

(or+y) (a.-'-by)“dx'y+y(y-:r') + a : 
so that, as a, y, d are independent of a/, we must have 

yy+a««(jc-fy)y| 

Similarly, from the condition that when x^afyWe find that 

-a?+y 

-yjc-j-a=(^+y)4? 
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The four equations involving a, y, d are satisfied by 
5 = 2, y=y-j7, 


and therefore 




where a:' and y' are current coordinates for w, and a: and y are the coordinates 
of the point where the value of z is desired. We thus have found a value 
of u which, while completely known, satisfies the assigned conditions along 
the lines FA and PB which are given by 


respectively. 


y X =.r, 


By way of application, let it be required to find an integral z such that 


when and 


A- yf 

cx {xf-^yT 

. (f+y )* 


when Along AQ^ let Fbe the valuable of integration ; and along BQ^ 

let X be the variable of integration. Hence, along we have 

(y-f JT dz Ax' 


and therefore 


2(yr+ary) + (r~.r')(y-a,’) 

{7T7f ' 


■/Xl-.-ir-)- 

2 




Again, along BQ^ we have 


{(SLr' +y - ;r) (y' ) + 4:Fy - 2.r'y + ix'x} 


- y® - 34ry2 + ay (4y ' - 2^ ) +y (y'* - 2j/y ) 4- ^ (2a/y - y*) 4- 2a/y*}. 


(ar'4-y')3' Si (a/4-y')®* 

2 (Zy'4-ay)+(y - X) (y - x) 

= (X¥yp » 
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and therefore 


-/.'•(S-jj?')" 

- (y 1^ { X (2/ + X - y) + 2xy +yy' - xy') dX 


= ^y+y)s {(2y'+-<'-y)(^+^)+4^3/+2yy-ajy} 


= ,y 3 { - i-’ - (A)/ - 2/ ) + ^: (y* - 2yy) - y (.r'* - 2r'y ') + 2^^'}. 


Now 


consequently 


uq^ 

^<2 = 1 ; 


2 (^y ^ ) -f (/ -xf){y- x) 




on reduction. 


(x-hy)^ 

“■(.r'+y)3’ 


jE’.r. 2. Shew that the equation 

02 ^ m d$ n do ^00 
dxdy X’-y dx x-~y dy {x-y)^ 

can, by a change of the dependent variable represented by 

e^{x-yfz, 

where a is an appropriately determined constant, be transformed into the 
equation 

022 /y 02 ^ 

dxdy x—ydx’^x—ydy 

Obtain integrals of this last equation in the form 

/S', I), 

|3'+/3+X, 1+)3+X, I), 

where F is the ordinary symbol for the hypergeometric series, and X is 
Any arbitrary constant. 

Hence shew that, unless ^ is a positive integer greater than unity, 
the transformed equation possesses an infinitude of polynomial integrals. 

(Euler, Darboui.) 
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Ex, 3. Shew that, if (a?, y) is an integral of the equation 
dxdy x—y dx^ x — y dy ’ 

then 

^ = (cu:+6r''(ay+6r'‘>(^, |^) 

is also an integral of the equation, where a, 6, c, d are arbitrary constants, 

(Darboux.) 

Ex. 4. Denoting by u the variable of the equation which is adjoint to 

0*2 3' 02 ^ j3 

hxdy X- y dx~ X — y dy ’ 

and writing 

U = V, 

prove that v satisfies the equation 

^ ^ ^I-o 

ixdy x—ydx'^x—ydy’~ 

Shew that, if 

then an integral u of the adjoint equation is given by 

« = (y'-x)-^'(y-y)-»(y-x)»+'*'/’08, 1, <r) ; 

and verify that this integral satisfies the conditions imposed upon the 
function u in the Riemann method of constructing an integral of the 
original equation in z. (Darboux.) 

Note. Fiirther properties of those equations are given by Darboux*. 

Ex. 5. In the equation 

8-\rap-^hq-\’Cz^0, 

let a, 0, c be functions of x and y which are regular within a domain 
5 ^ (’*^)> ^(y)^ ^wo functions of x and y which also 

are regular within those domains. Also, let if, A, P, AT, A be not less than 
the greatest values of |a|, 10|, |c|, |<#>(^)|, |>Ky)l respectively, within 
those domains. 

Prove that the original equation possesses an integral, which is a regular 
function of x and y within the assigned domains, which reduces to <f>(x) 
wheny«»0, and which reduces to ^(y) when x==:Oj provided the equation 

^ M dZ N 0Z P 

dxdy™ \-x^y Zx"^ \ —x—y 0y (1 -a?— y)* 

* Thiorie g€nSraie dei iurfaces, t. ii, pp. 54 — 70, 81 — 91. 
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possesses* a regular integral, which reduces to when and which 

reduces to r , when 

Apply the results in the preceding examples to shew that the latter 
equation does possess the regular integral indicated. (Darboux.) 


Ex. 6. Shew that the equation adjoint to 




where 


^y 


L= -l^ iV=w-2^ — 2~. 


Let J' and K* denote the invariants of g{u)=^Oy which correspond to the 
invariants J and AT of /(-?)= 0 (see § 194, Ex. 5) : verify that 




Hence shew that, if J vanishes,/ ( 2 ) =0 and ^(w)«0 are effectively one 
and the same equation ; and that, if K' vanishes but not / the equation 
g{u) — 0 can be expressed in the form 


where 


02 fu 


+/3 









S*ndy 


Also prove, in general, that 

where 

dz , 07 1 

dz I 


Ex. 7. 


is 


Shew that the equation adjoint to 

/(^)=a?+2a 1+2^ l+y. =0 


(Burgatti.) 


* In connection with this existence- theorem, a memoir by Goursat, Annale* de 
Toulmise, 2“* S4r., t. v (1903), pp. 405 — 436, may be consulted. It also contains 
a number of references to other memoirs on the subject. 
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where 

A--II, 5- -A r-y-2^-2^. 

Denoting the invariants of g{u)^0 by /' and e/', which correspond (§ 206) to 
the invariants I and J of /(«)bs 0, prove that 


and verify that 
where 








dT , ^U 




U^^^uz. 


Ex. 8. Indicate how the results in the two preceding examples can 
be used to obtain integrals of the respective original did’erential equations 
satisfying the initial conditions imposed in Cauchy’s existence-theorem. 


Ex. 9. Shew that, if ( is any integral of the equation 
where satisfies the equation 

then 

0f 0* . , 

“Si 

and 

fco8<^<ir-|grfy 

are perfect differentials. Denoting these perfect differentials by dp and da 
respectively, prove that 

3<^ d<(> 0*f 

^ hx 0a:* ’ ^ ^ 0y* ’ 

are integrals of the original equation to be satisfied by z. (Guichard.) 

Ex. 10. Four linearly distinct integrals of the equation 
/’ («) «s « + op + 6^ + c^**0 

are denoted by 82, 23, z^ \ and quantities Ui, u^y U3, are determined 
by the equations 

^^1+ *^2^+^^+ ^4W4S»0, 

/>! Wi -|-p3Ws+;>4 W 4 *0, 

y 1 % + gj M* + S's «S + 3^4 W 4 * 0. 

Prove that these quantities u satisfy an equation 

. 0*M . 014 _0tt . - 
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Prove, further, that, if i; be the integral of the equation adjoint to 0 (u)bO, 
then 

V +/9«v) dx+u,L - avj dy 
is an exact differential dw ^ ; and that, if 


Z^Z\ IPi + 281^2 + Xstr8 4*^4 

then Zis an integral of F{z)^0, (Darboux.) 

Ex. 11. Two integrals, independent of one another and belonging to the 
equation 

« + ajo+6<^»=0, 

are denoted by Zi and zi\ and ZiZ^, is also an integral of the equation. Prove 


that 


where 




Apply this result to obtain a relation among the coefficients of the equation 

« + 65- + « 0, 

when four linearly independent integrals zu z^^ z^y z^ satisfy a relation 

4* +• ^4* ** 0. 


Equations with Equal Invariants. 

216. One of the more important classes of linear equations of 
the second order, in that their properties are more fully developed 
than those of the other classes, is composed of those equations 
which have their invariants eqtuil to one another. As has already 
(§ 192) been proved, the equation can be changed so as to acquire 
the form 

8 = \Z, 

where X is the common value of the equal invariants : and this 
form is canonical for equations with equal invariants. 

The equation, which is adjoint to 
d^z 
dxdy 
is 

dxdy 

as is seen at once by taking the general iorm, and making a and h 
zero : thus the equation with equal invariants is self-adjoint. More- 
over, it is the only equation which is self-adjoint : for if F (z) = 0, 
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(?(u)~0, be two reciprocally adjoint equations, their invariants 
are given by 

hg = kf, kg = hf, 

and therefore, if F{z) = Q and G(u) = 0 are effectively the same 
equation so that they have the same invariants, 

hj^ = hg = Ay , Ay = fcg = /y , 
that is, the invariants are equal. 

Suppose that a self-adjoint equation is of finite rank in one of 
the variables, say in a ; ; then the set of equations obtained by the 
Laplace cr-transformations is finite, in the sense that after a finite 
number of the transformations in succession an equation is obtained 
having a vanishing invariant. Let 


i^ = 


dxdy 


— = 0 


be 


the original equation : let the last equation of the set derived 
the a -transformation be 


We know that, in the case of any equation of finite rank in the 
variable x, the adjoint equation is of equal finite rank in the 
variable y. In the present case, F is self-adjoint ; and therefore it 
is of finite rank in the variable y, and the first equation of the set 
given by means of the Laplace cr-Ltransformation, which has a 
vanishing invariant, is 

a-^F = 0. 

Consequently, when a self-adjoint equation is of finite rank in one 
of the variables, it is of equal finite rank in the other variable. 

It therefore follows that, if a self-adjoint equation can be 
integrated by Laplace’s method, the integral can be expressed in 
such a way that the two arbitraiy functions are free fi-om partial 
quadratures. Moreover, the integral is of the same finite rank in 
y as it is in x, and thus it must be of the form 

e = ilZ H- ... -f -h + ... + ; 

we shall return later to the consideration of this form of the 
integral. The condition that a given self-adjoint equation 
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should be of finite rank m + 1 in each of the variables is derivable 
at once from the earlier investigations : we have 


// = X == A:, 


dxoy 


0^ log X 
dxdy 




dxdy dxdy 


{log(X»A,)i. 


/'m = {log (\”'hr-'hr-‘ ... A”™-!,*™-.)!. 

and therefore, as the necessary and sufficient condition is that 
ffm = 0, this condition is 

being an equation satisfied by X. The equation is of order 2ni. 


216. The construction of all the linear equations, which have 
equal invariants and can be integrated in finite terms by Laplace s 
method, can be effected if this differential equation of order 27n for 
the determination of X can be integrated in general. This inte- 
gi*ation has been obtained through a process, devised first by 
Moutard, of passing from one equation to another of contiguous 
rank ; an exposition of the process will be given almost immediately. 
Meanwhile, the results (§§ 201 — 203) obtained by Darboux for a 
linear equation, which is of finite rank in both variables, can be 
applied when the linear equation is of the self-adjoint type. 

The equations of the double set, derived from a self-adjoint 
equation F=0y can be represented by equating the expressions 

a-^F, cr-^^^F, ..., cr-^F, F, <tF, ..., a^F 

to zero ; hence the quantity ft of § 203 is given by 

2n = — 1. 

The invariant kn of a^F is the invariant of a^~^F, that is, 


where a is of the form 


kn 


0® log a 
dxdy * 


a f 1^1 4 - . . . + fsn+i^an+i • 
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and in this expression, 17,, are 2w + 1 linearly independent 

functions of y, while fj, are 2n+ 1 linearly independent 

functions of x. Again, the invariant of a'^F is zero ; and its 
invariant A-n is the invariant k^^i of that is, 


where is of the form 


_ 0* log ^ 


« a;,yi + . . . + a?^+iyjm+i : 


and in this expression, y,, y*n+i are 2714-1 linearly independent 
functions of y, while a?, , . . . , are 2a + 1 linearly independent 
functions of x. Now the invariants of cr^F are the same as those 
of a'^F except as to order ; and therefore 


that is, 


so that 


kfi — , 


a^ log g _ a* log j8 
a^cay ~ dxdy * 

a = 


where f and 17 are functions of x and of y, unrestricted so far as 
concerns this relation. As x^^ are 2n + l linearly inde- 

pendent functions of Xj being 2a 4 1 linearly independent integrals 
of an ordinary equation in x of order 2a 4- 1, the function f can be 
absorbed into each of them without affecting their linear inde- 
pendence ; and similarly, the function 77 can be absorbed into each 
of the quantities yan+i without affecting their linear inde- 

pendence. Let this absorption take place in both cases : then we 
have 


Adopting the same notation for the functional determinants in 
derivatives of a as before, we note that the invariant of a^F is 
zero, and that the equation i^ = 0 is removed from a" 0 by n of 
the cr-transformations ; hence J^=0 can be expressed in the form 

, - p I (log - g 1 (log ffn) + r I (log (log ff„) = 0. 

Again, the invariant ^-,1 of tr“^F is zero, and the equation = 0 is 
removed from by n of the a~^-transformations ; hence, 

constructing quantities K from the magnitude in the same way 
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as the qumtities H are constructed from the magnitude a the 
equation JP=0 can be expressed in the form 

* - ? 9^ (log K,-.) - p I (log iiTn) + A ^ (log K^,) I (log K^) = o. 


Now we have 


hence 


1 *“ 


a* 




^-(n-#'-i) =» — 






a* 


We therefore have 


a^(iog/f„-,_,). 


0a;0y (1°*^'^"^ *» ~ 0a!0y 

(log/r^,) = A-, = -~(log£r„); 


dxdy 


^d therefore a common form of the equation, whether derived 
from o-“i’=0 or from o-“if = 0, is 

^-ph^H^-d-ql-aogK^,) 


dx' 

+4(iog^»_.)|(iogiir,^,)=o. 


The equation is in one of the canonical forms adopted in 8 192 
Its two mvanants are ^ 3 • 

also , is the same function of /9 as IT^. is of «, and a = 5 • 
hen^ the invmants are equal. When the equation is express^' 
in the binomial form, it is ^ 


where 


^xdy • 

z = ZH^,. 
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217. In order to find the integral of this equation, we use the 
two methods of derivation of the equation and of its integral. 
When we construct it from cr^F^O as the initial equation, we 
have 


where 




dzQ 

d'^Zf, 

z = 

-^0 : 


' 



da 

d^a 


a , 

dx ' 

* dx^ 



9"a 




' dxd^^’ 

’ dx^dy^-' 


X Tlf 


and U is homogeneous and linear in the derivatives of F ; hence 
the part of z dependent upon the derivatives of X only is 


e(X)= 

X , X' , 

... Z'"' 


da 



^ * dx ' 

d^ 


9"-* a 9" a 

9’"-‘a 


dy”-' ’ dxdy”-^ ’ 

’ * * * dx*^dy^~^ 


and the coefficient of in this expression is (~ l)"jErn-i. As 

Z^ZHn-i, 


the coefficient of in Z is unity save as to sign. 

Similarly, when we construct the equation from as 

the initial equation, we have 


II 

f, a?« 

5- ' dy ’• 

a**?. 

ay” 


9a 

’ Ty '■ 

9»a 

ay" 


9"-* a 9" a 

o 

7 


007”-^ ' dx^’^'dy* * 

T 

1 


where 


ro=F-hF, 
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and V is homogeneous and linear in the derivatives of X ; hence 
the part of / dependent upon the derivatives of F only is 


^(F) = 

Y , T 

F'»' 


da 

a»a 



•’ dr 


d^a 

d^-'a 


a®”-' ’ daf'-'dy’ " 

** dx^~^dy'^ 


and the coefficient of in this expression is (— l)”^n-i- As 

z' = ZHn-^. 

the coefficient of F in Z is unity save as to sign. 

We therefore take 

z=^{0(jr)+a(F)i 

-Tin— 1 

-- -f . . . 

dx 

j- y(n) _ ^ P"(n~i) 4. 

dy 

absorbing the doubtful signs into X and F respectively : and this 
is the integral of the equation 

d^Z _ _ ^ 9^ log jETn-i 
dxdy dxdy 

It should however be borne in mind that, in establishing this 
result, the relation 

was changed to 

by absorbing the quantities f and tj into the sets of quantities 
used for the composition of a and When this change is not 
made, then we no longer have Kn-i = Hn-i • but as Xn-i is the 
same function of as Hn^i is of a, we have 

H 1 — AT ^i7)i f 

where and rji are functions of x and of y respectively. The 
equation 

a* log Hn-i _ y log -gn-^ 



188 SELF-ADJOINT EQUATIONS [ 217 . 


still holds; and the invariants of the equation as obtained are 
equal. 

In that case, the value of Z satisfying the equation 

^ 2 ^ ^ log H 

dxdy dxdy 

is found to have the form 

W .MU 

where fa and are functions of x and of y only*. 

The quantity a, which is subsidiary to the construction of the 
equation, occurs in the form 

where fi, fa> •••! fan+i are 2« + 1 linearly independent functions of 
Xy and ffi, rja, ..., i/an+i are 2w -h 1 linearly independent functions of 
y ; and it possesses this form as being an integral of the equation 

The appropriate values of a are obtained by Darbouxf through 
a consideration of the properties of' the ordinary linear equation 
satisfied by fi> •••> fan+iJ regard being paid to the source of that 
equation. He proves that this equation is self-adjoint, and shews 
how the equations can be constructed for successive values of n. 


Ej:. 1. The simplest case occurs when n — 0: then in this 

case, is zero ; the equation is 

and the value of Z is 


Y, 


Ex. 2. The next simplest case occurs when %«!. Then 


a ■* f 1 + |2»72 + f373» 


where fi, f 2 > iz ar© three linearly independent functions of Xy and likewise 
r)i , 1 ^ 2 , 73 are three linearly independent functions of y. 

Thus fi, ^ 2 , fa are a set of independent integrals of an ordinary linear 
equation of the third order which, as is known J, can always be expressed in 
a form 




* Sec, on this matter, § 219 hereafter. 

+ L.C., t. n, pp. 140 et seq. 

t See a paper by the author, Phil. Trant.y A, 1888, p. 441. 
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As the equation is to be self«4joint, R must be zero : and so we may take 

fs=*l* 

= >72*y, 78 = iy*: 

a«i(a?+y)*. 


Similarly 

and 

Thus 




the equation is 
and its integral is 


2_ 

(ar+y)* ’ 


z=^x; — jr+r — r. 

X’\-y AT+y 


Moutard’s Theorem on Equations with Equal Invariants. 


218. The process devised by Moutard* depends upon a 
theorem which facilitates the construction of the equations of 
successively increasing rank and, at the same time, puts the 
increase of rank in evidence. 


Let o) denote any integral of the equation 


0*0) 

dxdy 

where X is a function of x and y ; then 


0) 


/ d^z 

\dxdy 


“** Aii' 



dy 


0*ft) 

dxdy 


-‘Z 


0Q)\ ,10/ 0-^ 0a)\ 

dy) ^ dy\ dx ^ dx) * 


* It ie contained in a memoir, Joum. de vAcoU Polyt.^ t. xxvm (1878), 
pp. 1 — 11, which originally was merely the third or last section of a memoir 
presented to the Acad4mie des Sciences in 1870 ; see Comptes Rendut^ t. lxx (1870), 
pp. 834, 1068. The latter was never published : it seems to have disappeared in 
1871 (Darboux, ThSorie g6niraU des surfaces, t. n, p. 68) daring the fires of the 
Commune, which also caused the destruction of all the materials prepared by 
Bertrand for his work on differential eqaations that was to be the third volume 
of his Traite de Calcul diffSrentiel et de CaletU itUigral, (Darboux, ‘*£3oge de 
Bertrand,” being the preface to Bertrand's iloges acadimiques, NouveUe 
Hachette, 1902.) 



moutard’s 


so that, when z also is an integral of the same equation, a function 
^ must exist such that 


d(o 


(-) 

^ dx 

““ dx 


do) 





^fi)/ ‘ 

)^dSo 

(L ^A\ 

dy) 

= 0, 


Hence 

dy Vo)* dx J dA \(o'^ dy J 

and therefore 

d^<f) do) d<f> ^ do) ^ _ Q 
^ dxdy dy dx dx dy 

Te express this equation in a canonical form, we take 

(f> as 0)0, 

and we easily find 

1 d*d 1 d^o) ^ 2 0G) ^ 

6 dxdy o> dxdy dx dy 

JL (\\ 

^ dxdy vii) 

1 dxdy \q)J 


vdy \q)J 


The relations between z and 6 are simple : on the one hand, we 
have 

<w ^ 


and, on the other hand, we have 




Thus we have Moutard’s theorem 
Writing 


z dxdy 


^A(z), 
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where A is regarded as a symbol of operation, then any integral of 
either of the equations 

A(^)*A(o,), A(^) = A(i), 

leads, by a definite simple quadrature, to an integral of the other 
equation. 

The importance of the theorem lies in its application to the 
construction of the equations of successive rank with equal invari- 
ants ; it obviously leads to the following method of proceeding : — 


Let the general integral f of the equation 


1 

z dxdy 


= A(^) = X 


be supposed known : and let co denote a value obtained from ^ by 
assigni'iig any general* values to the arbitrary functions which 
occur in then the general integral of the equation 



is given by 



and the rank of the equation 


1 d'^z 

z dxdy * 


in each of the variables is greater by unity than the rank of the 
original equation 

- — = \ 
z dxdy 


The first part of this statement is merely a repetition of 
Moutard’s theorem in a slightly modified form. As regards the 
second part relating to the rank of the equation, the quantity 


™ under the quadrature is of higher rank in x than f by one 
unit; and it is there multiplied by w, so that this increase of 


^ The Rignificance of this limitatioo will be illustrated later (Ex. 7) : at present, 
it can be regarded merely as a direction not to take exceedingly special ralues 
of the arbitrary functions that occur in 
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St 

rank is maintained after the quadrature; and similarly for 

Thus the rank of the new equation in each of the variables is 
greater by one unit than the rank of the original equation. 

Before proceeding to a general proposition dealing with the 
quadrature, some examples of the process will indicate its working. 


1. The general integral of 
is 

C^JT+r. 

Let 0 ) denote the particular value of C represented by + 7i : then 

SXi'Fi' 

where JCi and Fi as usual are the derivatives of JTi and Fj. It follows, 
from Moutard’s theorem, that the general integral of the equation 

1 

is given by 

(.^1+ Fj)«==-8:« 

-/{(” &- f f I) *^4 

= j[{(Xi+r,)X'-(Ji:+r)x,'}ch 

-{l,Xr+Y{}Y'-(X+Y)Y{)dyl 

Now 

(jr. + r.) X - (x+ Y) {(Z. + F.) (z- r)} - azz.-, 

- (z,+ r,) r +(z+ Y) {(z.+ r,)(z- r)}+2rjv, 

and therefore 

(Z, + r,) - 2 1 XXi'dx+i j YY{ dy 

+ j[^.{(z,+r.)(z- r)}<te+|{(z.+ r,) (Z-F)}rfy] 

- -2 jxXt'dx+2 j rr,'rfy+(Z,+ F,)(Z- Y). 


Let two new arbitrary functions f{x) and (y) be introduced by the defining 
relations 


XXi' 


dx* 
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then 




II 

r L ^ 

’ iV<<y’ 

and so 



li 

1 

to 

1 df 1 dff 


or now writing X and Y for / and g respectively, we have the general integral 
of the equation 


given by 


1 (^z 

z 0^0y“(A'i+r,)* 


z— 


^ r 


2 


X-hY 


Note. The invariant hi connected with this equation vanishes : but 


A| a* A — 


and 


0<logA 
dxdg * 


L _x 

(Xi+Fi)** 


Hence, if we take we have 


and 


2< p' (x) jr' (g) 


The latter is the general integral of the equation for f, a result first given by 
J. Liouville. 


Ex. 2. Without any loss of generality, and merely by changing the 
independent variables, the equation 


z dxdy (Xi^Yi)^ 


can be changed into the equation 


1 d^z _2 , 

z dxdy^(x-\-g^* 

and the general integral of the latter is (after the preceding example) given by 

x+y 

Let <» denote the particular value that arises by taking 


in (: thus 


F-y», 

»=*3cF»+3y*- 2(a?*~ay+y*) 
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Also 



and therefore the integral of the equation 

1 ^ 
z hx'by (.r+,y)^ 

is given bj 

*(a!+y)2 = 

- |(•^;+y)* ^ - 2 (^+.y) f| dyj-o. 

The quantity upon which a quadrature is to be effected is 
(fO- (a'-fy)2(A'Ur~ 7'%)- 4(a;+y) Y'dy) 

-2{x-^y)( V'clx — X'dy) -f* 6 ( - Xdy ) + - 6 Ydy. 

Now 


fl?{(ar+y)2(X'~ = iX"dx- Y"dy)-^2{x-\-y){X' - r){dx-^dy), 


and therefore 

<f{0-(^+y)2(X'-r)} 

= - 6 (J7 ) {X'dx- Y'dy ) + 6 ( Ydx - Xdy) + QXdx - 6 Fcfy 
= - 6^ {{x ^y)(X-Y)} + l2 {Xdx - Ydy ) : 

hence 

Q = (a;+y)S(X'- y')- 6 (x+y)(y- y) + 12 j{Xdx- Ydy). 

Writing 

f=Jx<ir, ,,= -jrdy, 

we have 

O « (;r +y)2 (f ' + r,") - 6 (a: +y) (f + ly') -f 1 2 (f -H »/) ; 
and therefore the integral of the equation 


is given by 


1 ^ 6 

z dxdy^ (^+y)* 


2=f'+iy"“6 


f 


+ 12 


(x+y)«» 


whare ( and i; are arbitrary functions of x and of y respectively. 


Ex, 3. Deduce the integral of 

1 a*2 6Z/1Y 

z a^"(y,+y,)*- 

Ex. 4. Comparing the integral of 

1 d*i 2 
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which is 


with the integral of 


which is 




x+r 

x+y ’ 


1 

z dxdy 




Jf.+ r, 


though (owing to a transformation of the independent variables) the two 
equations are essentially the same, we have an illustration of the remark 
(§ 217) that, according to the form of the equation, the derivative of highest 
order of the arbitrary function X has either unity or a function of x for its 
coefficient, and likewise for the derivative of highest order of the arbitrary 
function Y. 


The same holds good of the two equations 

1 ^ ^ A 1 Al = 

z dxdy~ {x-^yf^ z '^xdy'^ (Xi-\-Y{f' 
which are essentially the same : and so in other coses. 


Ex. 5. Shew that the equation 

1 dh _ 
z dxdy~ {x-^yf' 

where is constant, is of finite rank in each of the variables when fx is 
of the form 

/i=w(iH-l), 

where n is an integer (which manifestly can be taken to he positive). 


Assuming that ft has this value, prove that the general integral of the 
equation is 


5 (/ iNr (^ + r)! , ^ ^_J d^-^X . d^-^YW. 

where X and Y are arbitrary functions of x and of y respectively. 


Ex. 6. The equation 

1 JL- 

z dxdy" {x-^y)^ 

remains unaltered when x and y are changed into ^ and ^ : discuss the effect 
of these changes upon the general integral in the cases 

Ex. 7. As an illustration of the remark (in § 218, p. 141) that an equation, 
of rank next greater than a given equation, may not necessarily arise when 
any special form at of the general integral ( of the given equation is chosen, 
consider once more the equation 

d^z 2 
dxdy (jr+y)*^’ 



146 


SELF-ADJOINT 


[218. 


the genera] integral of which is 

— — — 

.r4*y 

If we take a as the form of { defined by 


we have 




and then 


• 4 ©=»- 


The resulting equation for the quantity d, being 

6dxdy ^dxdy\m) * 

is actually of lower rank than the equation from which it is derived. 

On the other hand, the assumption 

F=-l. 

^ y 

does lead to an equation of higher rank. 

219. The law by which equations, of finite rank in both 
variables and having equal invariants, can be constructed in 
succession, may be expressed in a different form. Let the equa- 
tion of rank n be 

1 

^ dxdy ■“ 

and let its general integral be 

where fn contains two arbitrary functions ; and let be a form 
of f„. Then, by Moutard’s theorem, we form the expression 

and then the equation of rank w + 1 is 

1 yz ^ 

t dxdy 


a>«i dxdy * 


Moreover, 




Each of the quantities <Wi, 0 ) 2 , Wn-i contains two functions 
that can be regarded as arbitrary : hence this expression contains 
2» — 2 arbitrary functions, n — 1 of them being functions of x, and 
n — 1 of them functions of y. Now it was seen (in § 217) that the 
relation, satisfied by a quantity \ which belongs to an equation 
of rank m + 1 in each of the variables with equal invariants, is 
a partial differential equation of order 2m; hence our quantity 
satisfies a partial differential equation of order 271 — 2. Thv 
expression obtained for Xn contains 2/1-2 arbitrary functions: 
hence so long as they are kept arbitrary, the expression provides 
the general integral of that partial differential equation. What, 
however, is of greater importance for the present purpose is that 
the value of Xn is given explicitly, when we know the general 
integral of each equation of lower rank in the series. 


Integrals of Equations having Equal Invariants. 

220. The result just established renders it possible to form 
the equation of any finite rank : and, as is known from Moutard’s 
theorem, its integral can be obtained fi:om the general integral of 
the equation of next lower rank by a process of quadrature. The 
process of quadrature can be effected in general through the 
following simplifications. 
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Let the equation, supposed to be of finite rank w + 1 in each 
of the variables, be 

and let the part of the general integral f, which involves the 
arbitrary function X and its derivatives linearly, be denoted by 

+ ... + AnX. 

This part of f must of course satisfy the differential equation 
identically : hence substituting and taking account of the highest 
derivative of X after the substitution, we have 


and therefore 


dy 


= 0 , 


A = function of x alone 


say. Let another arbitrary function Zj be introduced by the 
relation 

then the new form of f is 


in other words, we can take A as equal to unity without loss of 
generality. Accordingly, we take 


Thus 


4- + ... -f AnX, 


V (n) 

dxdy^dy ^ 


^ , dAr 

=1 1 dy 


2f(n-r) 


, d‘An y 
"^diody 




and denoting by to the particular value of f, to be used in 
constructing the integral of the equation next higher in rank, 
we have 


Hence 


0^0) 

dxdy 


= X<w. 


^ = i- ^Ai±A = -L ^ 

dy Ar [dxdy ^ dy An dxdy 


1 0*6> 

G) dxdy * 


for ra»l 


n — 1. 
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Now we had 


hence 


d (coO) _ ^ ' 

da: ^ dx ^ dx ' dy ^ dy ^ dy ^ 


- " {^'"'' + ^. + a + ^») -f 

dcD ( , 

r 


where 


and 


^Zi»i + ’‘2 Z,Z''-^ + ^„zl 

r=l » 

= a)Z<«+i> + piZ<") + '‘s Pr+iZ<~-»*) + pn+1^, 

r=l 


. 06 ) 

a.4„ . 06) 

. 0.dy . 06) 

Pr^,^<0Ar^, + e0 -^-Ar^, 


the last holding for r = 1, ..., n — 1. Similarly, 

n-l 
^ 2 
r=l 


where 


= o-.ZW + ”l Z'»--> + <r„+. Z, 


06 ) 


. U€0 UA^r 

^r+l ~ ~ ® 317 > 


06) 0-4 r 

the last holding for r=: 1, ..., n. 

As regards these quantities pi, ..., pn+i» •••» <^n+i» we have 


dy 


II 

(^mAr + 

dAr. 

6) -^— 

dx 

-1 

• z M\ 

-If 

aasV 


06) , 

dAr . 


9‘Z,_. 


^Ar 

dy 

“5 — ^ 
dy 

n 

1 

> 

c§ 

3 



06) , 

Mr- 

26) 



-Ar 

^ +0) 

dy 

9y 

dy 



0^6) \ 


— tr ,.^1 , 
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on using the relations between the coefficients A given by the 
condition that f satisfies the original equation. This equation 
holds for r = l, n; also 

^ ft / A n j \ 

dv da: \ dxdy ^dxdy) 


Hence 


^ , dpr 

dffr _ 9*0’r-i _ d^pr-i 
dx da^ dxdy * 




daf^^dy ’ 


^ Sar-%’ 

and therefore, on adding, we have 

for the values r = 1, n. Similarly, if 


SO that n is a function of x alone. Let 

for r » 1, ..., n, so that 

8wr_ dlTr 

7r.+. + ^=p,+,. 

with the convention w»+i = il ; and let denote the function 
ir m «Z<»I + 7r,Z<»-« + + ... + 7r„x 

a (6)0 - ^) 

0y 

dx 


Then 
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Now XI is a function of x only ; hence we may take 


- 


ilXdXy 


that iBy 


'-t=/ 

(t)6 = 4 " + ••• * 4 " + J 

Introduce a new arbitrary function Xi such that 

J^nxdx=nx,, 


QXdx, 


so that 

then 


Jlr> = X^,r+i) + + . • • , 


for r = ] , . . . , n + 1 ; substituting these in the expression for o)^, 
and dividing by o), we have 

SO that ^ is of grade n + 2 in x. 

Similar calculations, applied to the part of f which involves Y 
and its derivatives, lead to a quantity 

^ + ... + Cn+iYu 

where Fj is an arbitrary function of y : and then the quantity 0, 
where 

0 = ^ + ^, 

is the general integral of the equation 

i_ ^ ^ n\ 

0 dxdy ^ dxdy Vci>/ * 

which thus is seen to be of finite rank rt + 2 in both variables. 


Note. In stating this conclusion, two assumptions have been 
made. One of them is that the equation 

n = o 

is not satisfied : if it were satisfied, then 6 would only be of rank 
71 4- 1 in the variable x instead of being of rank » 4- 2. The other 
is that the corresponding equation, say T 0, arising in connection 
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with the part of a>6 which involves V and its derivatives, also is 
not satisfied. 

Now fl, which has been proved to be independent of y, is 
really a linear combination of the derivatives of co with regard to 
X ; and T, which is independent of x, is really a linear combination 
of the derivatives of © with regard to y. If co preserves some of 
the generality of then neither nor T will vanish ; and the 
equation for 0 will then be of rank n + 2. Even if oj is made 
exceedingly special, the new equation for 6 will he of increased 
rank, promded neither 12 nor T vanishes : and these conditions are 
sufficient as well as necessary. 


Ex, 1. The last proposition can be illustrated by one more reference 
to the equation 

1 

z dxdy 

having 

C=x'+ 

x-+y 

for its general integi'al. 

For the calculation of Q in this case, we have 
n = 


Ai^’ 


2 


x-^y^ 


A 

dAi . 3 <» 


dx^ 




and similarly 


= 2/'—+ — — V 


Hence the particular form to of obtained by specialising X and F, must be 
such that neither of the quantities 

2 0ft> 0*ft> 2 do» 

dx* r+y dx* ^ 9y 

shall vanish. 

It is easy to verify that both the quantities vanish if : 

for then 

xy 

x^y 


(See Ex. 7, § 218). 
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Ex. 2. As a particular example of the general method of proceeding, 
consider the equation 

1 _ __2 

having the general integral 


f=A'+r-2- 


To obtain <•>, let 
and then 


Y=y\ 

a» = (:r+y)2, 


so that (see the last example) 


and similarly 


2 0ci>\ 


thus G) will lead to an equation of higher rank, and the equation i 

i - 9W 1 \ b 

Q dxhy~ dxdy\(u>) (x->ty)^' 

Now, in the present case, 

^=1» ^i=='-Z7,» 


0ft) 

p, = <aJ,-g^=-4(^ + y), 

j fi 

0ft) 


and therefore 


-i-TriE 

^(x+y)^X'-6(x+y)X. 
The required part $ is given by 

(x + y)^ d — = 0)6 yfr 

= 12 fjrdx : 


we have 


J',= Jj^dx, 


^ x+y^‘'+(a:+y)*^‘- 


Similarly, the other part 5 is given by 


« XT,/ 6 , 12 ^ 
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The general integral of the equation 

1 _6 

is given by 

Ex, 3. We proceed to construct the equation of rank 3 having equal 
invariants which, subject to change of the independent variables, is the 
most general. 

The equation of rank 1 is 
its most general integral is (say) 

and (in the notation of § 219) we can take 

this assumption effectively fixing the independent variables. 

The equation of rank 2 is 


its most general integral is 




x^y 

and (in the notation of § 219) we can take 

where f and ly are functions of x and of y respectively. 
Let the equation of rank 3 be 

1 020 , 


then, by § 219, 


O "bx^y 

02 

^ 2 0^^ {log (®1 «2)} 


* ~ 2 [log {(a? +y) ((' -h I?') - 2( - 2iy}]. 

We proceed to construct 0, by the use of the preceding analysis. We have 

JT'---- jr 

x+y 

as the part of (2 involving the arbitrary function of X : thus 

n«l, Ai ^ — ; — , 
x+y' 

2»2 ^^2 2 2 0 a »2 

0Qi>2 2 04i>2 2 
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Consequently, 


on reduction : also 


00)2 


2-^-2^ 

x-^-y ox 



dpi 


8^ft>2 

W 


on reduction. 


Hence 


-2r, 

0 ) 2 ^ ** 0 ) 2 ^ +"’ 1^+2 j X^'*'dx^ 


wliich gives the part of B depending upon the arbitrary function of x. To 
exhibit the rank more clearly, we take 


and we have 

^-Z," + aiZ/+a2X,, 

where 

_iri rflog f'" 

0)2 dx 

^ 2 A I 

fi »2 dx ’ 

_2f " ^ ^ cglogr ^ ^jogT 
0)2 ®2 


Similarly, the part of 0 depending upon the arbitrary function of Y is 
S « Yi' 


where 


0)2 c?y 


«2 ^ / o?y ’ 

a + 11 + — 

0)2 ^«2 dy dy^ 


The value of 0 is 


0«^+5 

=rXi"+aiJr/ + a2Xi+ Ti"+^lF^'+^2l^l ; 


and it is actually of rank three in each of the variables, provided neither 
nor Tf'" vanishes, that is, provided neither f nor i; is a quadratic poly- 
nomial in the respective variables. 
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Ex. 4. Prove that, on taking 

in the preceding example, the equation for 0 is 
1 020 6 


and that, on taking 


0 'boo'hy (^+y}2 ’ 

in the preceding example, the equation for 0 is 

1^ ^ 

0 0.v0y (^+y®)2'' 

Deduce the integrals of each of these equations. 

Ex. 5. Verify that 
satisfies the equation 

1 02^ _ 7W(m — 1) 

2 0.27 0y (^+y)^ ’ 

and apply Moutard’s theorem to prove that the equation can be integrated in 
finite terms when m and n are integers. (The integers evidently can be taken 
positive.) 

Obtain the integral in the form 

0in4 


2 {x^ - 2^y -f 12.272y2 _ -f 2/^). 


to=={x~y)^{x-\-yY 


+ - vi)} 

where u==^{x-y)^^ 0, yjr are arbitrary functions. 

Ex. 6. Prove that, if an integral 


(Darboux.) 


of the equation 


,=l"+,"-6t±? + i2 ii-’ 

a.-+y {x-^yf 


1 dh 


6 


z dxdy {x+y)^ 

is used, by Moutard’s theorem, to construct another equation, the equation so 
constructed will not be of rank 4 in both variables unless the quantities 

df 

are different from zero. 

Assuming that f and t] are not quartic polynomials in their respective 
variables, form the equation of rank 4 and obtain its general integral. 

Ex. 7. Integrate the equations : — 


(i) 

(ii) c2A’^r-^=0; 

4» 

(iii) (221+1)2 

where fi is an integer in (i) and in (iii). 


(Sersawy, Winckler.) 
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= <^(ar+y)-Vr(A-y) 


Ex. 8. Shew that the equation 
1 

z dxdy 

possesses an infinitude of integrals of the form* 

<^-^f{x^y)g{x-y\ 

where the forms of the functions / and g are determined by the ordinary 
linear equations 

•^=</>W + a, = + 

the quantity a being a constant. 

Denoting any other integral of the equation by 
z=zF{x-{-y)0{x-y\ 
prove that the integral of the equation 

1 d^Z _ 

Z ox dy ^ dx dy ’ 

which is derived from z by Moutard’s theorem, is 


10 ' 




(Darboux.) 

Ex. 9. With the same notation as in the last example, shew that the 
general integral Z of the equation 

I 

Z'dxdy~ /2 

is given by 


-ylr(x-y)-a 


dx dy / 


where z is the general integral of the equation 

1 ^z 
z dxdy“ 

the quantity a being a constant, and the form /of /{x-^y) being determined 
by 




/"W 


fW 




(Darboux.) 


Ex. 10. Prove that, if u be any integral of the equation 

1 a*r 


then 


z dxdy 


= <#>(x+y)-V.(x:-y), 


O = + ^ - 2« {<^ (x +.v) + ^ (a- - y )} 


is another integral of the equation. 


(Darboux.) 


* The equation is called a harmonic equation : an integral, such as oi, is called 
a harmonic integral. 
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Ex, 11. Shew that, if the equation 

can be a harmonic equation, so that it is expressible in the form 

then the independent variables are given by 

a/=Jx-*clx, y=^Jr-idy, 

where the equation 

must be satisfied. 

When the equation in question is Euler’s equation 

1 3 % 

2 dxdy^ (a?— ’ 

where m is a constant, prove that JT is a quartic polynomial in x and that F 
is the same quartic polynomial in ^ ; and obtain the various forms of 
equation according to the equalities of the roots of X. 

(Darboux.) 

Ex. 12. ^hew that the equation 

1 02^ m(m — 1) n{n-l ) m'(m'~l) 7i'(w'-l) 

2 0.r0y“ {xlt-y)^ ^ (1+^)^ ’ 

where wi, 71 , m', n' are constants, can be made harmonic. 


(Darboux.) 



CHAPTER XV. 

Forms of Equations of the Second Order in Two 
Independent Variables having their General Inte- 
grals IN explicit finite form. 


The substance of this chapter is based entirely on Cosserat’s proof of the 
theorem enunciated by Moutard : the proof is contained in Note iii at the 
end (pp. 405 — 422) of the fourth volume of Darboux’s Thiorie gmiSrale 
des surfaces^ published in 1896. 

It should be added that these investigations are the matter of a paper ♦ 
by Tanner whose results, expressed in a slightly difterent form, are a clear 
anticipation of many of Cosserat’s results. There is a difference in notation, 
but it is unessential to the main properties : Tanner uses the successive 
integrals of an arbitrary function of x or of y, instead of the successive 
derivatives. When the corresponding changes are made in the notation, 
comparison of the two sets of results is easy and immediate. 

Reference may also be made to a memoir by Goursat t. 

221. In the two preceding chapters, we have been occupied 
mainly with the discussion of linear equations of the second order 
the integrals of which, whether half general or completely general, 
are expressible in finite form ; and in each instance, it is the 
equation that is given while it is the integral that has to be 
determined. 

But a different point of view may be adopted: as was the 
case with early investigations of classical analysts such as Euler 
and Lagrange, we may consider equations as determined by their 
integrals. In particular, we shall consider those equations of the 
second order the integral of which is composed of a single relation 

* Proc . L . M , S ., t vin (1876), pp. 159—174. 

+ Ann . de Touloune ^ S4r., 1. 1 (1899), pp. 31 — 78. 
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between x,y^z\ this relation is to involve a couple of arbitrary 
functions, as well as derivatives of these arbitrary functions up to 
specified orders which are finite for each of them ; the arguments 
of the arbitrary functions are to be given explicitly in terms of 
the variables, and are to be distinct from one another; and all 
expressions in the relation are to be free from partial quadratures. 
What is required is the aggregate of equations possessing inte- 
grals of this type : they are subject to the following theorem, first 
enunciated* by Moutard : — 

Equations of the second order y which have an integral of the 
type indicated and which y hy a transform nation of the variables , 
cannot be expressed in Laplaces linear form 

s 4- ap 4- 69 -h = 0, 

or in Liouvillds form 

s = e^y 

arej with two simple exceptionSy reducible to the form 

where A and B are functions of the independent variables alone, 
satisfying certain conditions ; and the integration of this equation 
can he made to depend uniquely upon the integration of 

dxdy A dx dy^ 

which is of the linear type considered by Laplace, 

In the preceding statement of the type of integral relation 
which is to lead to a partial differential equation of the second 
order, it has been laid down as a condition that the arguments of 
the two arbitrary functions are distinct from one another. This 
condition is effectively bound up with the finiteness of the form 
of the integral relation. For if the two arguments be the same, 
let a change in the independent variables be made whereby this 
common argument becomes the variable y ; then the only deriva- 

* The proof of the theorem formed the 6r8t part of the memoir, mentioned on 
p. 189, note, which was destroyed in 1871. The author did not rewrite this part; 
the statement of the theorem is taken from the abstract, as given in the Comptet 
MenduBy t. lxx (1870), pp. 834—838, and as reproduced in the Joum. de TJ^c. 
Poty.y t. xxxvn (1886), pp. 1—5. 
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tive of the second order that can occur is r. Suppose the 
differential equation resolved for r, and let the resolved form be 

r =/(«;, y, p, q)- 

If z is finite and explicit in form, so that derivatives of r) and Y 
(the two arbitrary functions of y that occur in z) of only finite 
order occur in z, then (as in § 186) q contains derivatives of one 
order higher than those that occur in r, Zy p : thus, if the equation 
is to be satisfied, q cannot occur in f. An equation 

r =/(*. y, • 2 . p) 

is effectively an ordinary equation, not a partial equation*. 

Accordingly, we adhere to the condition that, for the present 
purpose, the arguments of the two arbitrary functions are to be 
different from one another. 


Cosserat’s Proof of Moutard’s Theorem. 

222. The following process of establishing the theorem is 
duef to Cosserat. 

Let a;' and y' denote the arguments of the arbitrary functions 
in the integral relation ; they are to be definite and explicit 
quantities involving Xy y and (it may be) z] and they will be 
assumed different from one another. Let {x) and yfr (y') be the 
arbitrary functions; and suppose that </>,, ..., are 

all the derivatives of and y/r that occur, the suffix in each case 
being the order of derivation with regard to the argument. The 
integral relation can be expressed in a form 

F(Xy y, Zy <f>, <f)^y ..., 'f, "fn 

Change the independent variables so that they become x and //' ; 
denote <t>y a function of one of the independent variables alone, by 
f and denote a function of the other independent variable 
alone, by q ; and suppose that the equation, after the transforma- 


* Bee also, oo this argument, § 208. 

t In Note III, pp. 405 — 422, added at the end of the fourth volume of Darboux’s 
Thiorie gin^rale des surfaces. 
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tions have been effected, is resolved with regard to z. Then it 
can be taken in a form 


^ > y i * • • > Vi Vii • • • > Vn^ 

i y i f f 1 > • • * > f m * Vi Vii Vn)i 

on dropping the dashes; and this relation is to be the general 
integral of an equation of the second order. As the arguments 
of the arbitrary functions in the integral are x and y respectively, 
the only derivative of the second order that can be expected 
(§ 186) to occur in the equation is 8, 

We have 


- + S a t ^i+i, 9 - gy + Vj+i , 


..11+ i 

dxdy j^odxdrfj 




d‘/ 

is=0 i=0 


ii+iVj+1 • 


as already explained, r and t will not occur, all the more obviously 
because r alone contains fw+s RRd t alone contains fjn-h^i neither of 
which quantities occurs in z, p, q, s, and neither of which could be 
eliminated among these derivatives. To construct the differential 
equation, the two arbitrary functions and their derivatives have to 
be eliminated : eliminating and Vn^n which do not occur in 
z, we have an equation of the form 


8 + ^pq + op + + c ss 0, 

where f, a, 6, c are functions of x and y. When the other deriva- 
tives of f and ff are eliminated by means of z, this equation being 
the required differential equation of the second order, f, a, 6, c 
are functions of x, p, and z. Evidently, 

i ¥ A 


80 that, in its first form, f is a function of x and y only and 
involves no quantities that do not occur in and in its final form 
f is a function of x, y, z. 

Liet the value of j ^dz be obtained, on the hypothesis that 
X and y are constant through the quadrature: and writing 
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it a new variable Z be introduced, defined by the relation 

^ — j 

rith the same hypothesis for the quadrature as before, so that 
- is a function of x, y, z, which clearly will be of the same general 
irpe as the original quantity z. Taking Z as a new dependent 
ariable, we have 

ri ( ^Zq ^Zq\ BZq C 3*^0 J 

S=sz, + q[p-^^ + ^]+p^+j^dz. 


= •^o(«+P9?) + ?|5+i>^‘ + 


li 


dy Jdxdy 


dz ; 


ad the quantities, for which quadrature with regard to z is 
squired, are functions of x^ y, z. Thus the differential equation 
)r Z is of the form 

S-h^P + .BQ + 0 = 0, 

^hen z is eliminated from the coefficients by the relation 


- = J z^dz. 


’he integral Z of the equation is of the same type as before. We 
lay therefore make f = 0; and thus we have to determine a, 6, c 
3 functions of Xy y, z alone, such that the equation 

s-fap-f6g-fc = 0 

ad the relation 

Zssf(Xy y, ^ 1 , •••, Vi9 •••> 

re equivalent to one another. But, as ^ now is zero, there is the 
mitation 

-^ = 0 

pon the form of the integral relation. 
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Three Types of Coefficients a and h. 


223. Let the deduced expressions for 5, p, q be substituted in 
the equation 

5 4* op -f 65^ + c = 0, 


which is to be satisfied identically. The term, which involves 
arises through s alone: it disappears, owing to the fore- 
going limitation upon the form of /. The term, which involves 
fw+n must disappear: thus 






din 


= 0 , 


and this must be satisfied identically when the value of z is sub- 
stituted in a. The term, which involves ^n+i, must disappear: 
thus 


dxdr)n a=o 




and this must be satisfied identically when the value of z is sub- 
stituted in h. 


p\2 ^ 

It follows, from the condition - = 0, that does not 
0a f 

contain hence* o contain 77^. The first of the 

two equations, which become identities when the value of z is 
substituted in a and in 6, contains a term 


.,jy . 

consequently a involves only in the first power after the value 
of z has been substituted. The equation is then satisfied identi- 
cally; hence, differentiating with regard to we have 


ay 

d^mdVn-i ^ Sfm dz dvn 
(if 

also satisfied identically. Now does not contain T}n, and 

* The quantity is only the partial, not the complete, derivative of 


with regard to y. 
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therefore ;/ does not contain it: hence, differentiating the 

last identity with regard to T/n* we have 

dtjn \d2 dvJ 

that is, 

djz dr)^ dz^ \dr)n/ 

which is to be satisfied identically when the value of z is substi- 

. , 1 . 9a j 
tuted in and 

dz dz^ 


This relation clearly will be satisfied identically, if a does not 
involve z ; we thus have one possible case. For other ctises, 
we have 

dz^ 

da 

dz [dvJ 


Now, ^ does not involve 


because of the relation , 




0 ; 


dl^mdVn 

hence the right-hand fraction, when expressed in terms of a?, y, z, 
cannot involve z. If the fraction is zero, then 


a = /X- 4- X.^, 


where ^ and \ can be functions of x and y ; and then 


9W 


= 0. 


If the fraction is not zero, then 


a = ft -h 

where yii, X, p can be functions of x and y ; and then 



Consequently, there are three possible forms for a, viz. 

/i, /a 4- X^, p 4- Xe^, 

with corresponding limitations upon the form of / for the second 
and the third ; and the quantities X, p, p can be functions of the 
independent variables. 
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Proceeding in the same way from the other of the equations 
which become identities when the value of z is substituted, we find 
that there are three possible forms for h, of the same type as those 
for a, and accompanied by the corresponding limitations on the 
form of f for the second and the third. 


Ex. 1. Given an integral relation 

F{Uu ...» Wr, y, ^) = 0, 

where v-i, are r arbitrary functions, each having one definite argument, 

and where -F is a definite function, shew that, if diflTerential relations equi- 
valent to F=0 are formed, the lowest aggregate will generally consist of r 
equations of order 2r--l. (Falk.) 

Ex. 2. Shew that, if 

z—F{u, v) 

be an integral equation in which F is a determinate function, and w, v are 
arbitrary functions of definite arguments, then z satisfies a differential 
equation of the second order if (and only if) 

a^F 

ww 

du dv 

is independent of u and v or can be made independent of u and v by means 
of the primitive relation. (Falk.) 


224. We procejed to consider the possible combinations, 
the first place, let 

a = -f Xe^f* ; 

we then have 


av 

dVn 





= 0 , 


In 


so that, as p is a function of x and y only and as 
involve we have 

9 /_ 1 

p(Vn+/<,)’ 

where f is a quantity that does not involve 
therefore 


3^ does not 
df}n 


or Tjn I aJid 


where jP is a quantity that does not involve vjn* Now the value 
of b is to satisfy the equation 
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SO that, on substituting the obtained value of ^ , we have 


and therefore 




The right-hand side does not involve : hence the left-hand side, 
when expressed in terms of the variables, must be explicitly free 
from z. It is therefore either zero or, if not zero, a function of x 
and y at the utmost. 

If the right-hand side is not zero, let its value be denoted by 
<Ty where a can be a function of x and y ; then 

6 = - ^ -h 
p ox 

If the right-hand side is zero, then 


6 = 

p OX 

These are the two forms for b which can be associated with 
as the value for a: the combination 

a = /u. -h 6 = ya' -f- \'z, 


is not possible. We take the two possible forms in turn. 


First Combination of Coefficients. 

226. Suppose that 

a- fi + b — 

p ox 

the form of b being derived from the assumed form of a. A pre- 
cisely similar argument can be used to deduce the form of a from 
an assumed form of 6: we merely need to change the sign of p and 
to interchange the independent variables, and we have 



FIRST 


Moreover, as regards Zy on taking account of these interchanges 
and changes, we have 

where /i is a quantity that does not involve or and G is a 
quantity that does not involve ; and also 

The two expressions for Zy given by 

^ = (»;« +/») -P’. = (^m +/l) G, 

can be combined into the single expression 

Sm "T/l 

where now the quantities do not involve either or 

Also, from the equation 


we have 


and, similarly. 




= JZ {^OgiVn +/ 2)1 ; 




The differential equation becomes, on substitution for a and 6, 

and so, introducing a new dependent variable Z such that 

Z=zpy 


we have 




where (7 is a function of a?, y and (possibly) Z ; and the integral of 
this equation is 
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Substituting this value of Z in the deduced equation, and taking 
account of the earlier values of and we have 

dx'dxj * 

Now, as /a does not explicitly involve either or the right- 
hand side can involve both of them in a term 


Oqm—\^Vn—i 

and into no other term do both and enter. If G should 
involve Z, the quantities and enter into its expression (when 
substitution takes place) only through the fraction 


fm +/l 


The two forms are incompatible ; hence (7 is a function of x and y 
only. Consequently also is a function of x and y only ; and 


therefore we may take 


/a = 5^3 + 


where is a specific function of x and y only, free from the 
arbitrary functions f and while X and F are any functions we 
please of f and of rj respectively, subject to the limitation that 
does not involve nor rjn- Let z' be a new variable, where 


z'^Z^g.^X^Y, 

and let the factors and be absorbed into X and <r 

respectively, making them A and B respectively. Then the 
equation takes the form 




and its integral is 
that is. 


z' = log ^ 






where /j and /a do not involve either or The quantities A 
and B are functions of x and y only ; and 



170 


FIRST 
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that is, 


and, similarly, 




+/.)=£ (>?«+/.)• 

The differential equation is to be free from any expression of the 
arbitrary functions, so that A and B are functions of w and y only; 
these two equations limit the forms of /j and /g, and they may 
impose conditions upon A and B. If with given coefficients A and 
B, satisfying the conditions (if any), the values of /i and /a can be 
obtained, then the integral of the original equation can be regarded 
as known. 

Assuming that the conditions affecting A and B are satisfied, 
we evidently have 

so that, if 

'W = +/i, 

u is an integral of the equation 

which is of Laplace's linear form. Similarly, if 

= ’?n +y2» 

V is an integral of the equation 

d^v I dBdv _ .n 

also of Laplace s linear form. Moreover, 

J. du n 

Av=:r-, BU-^, 

dy ox 

so that, if the integral of either equation can be obtained, the 
integral of the other will be known ; and therefore the integration 
of the equation 

av ^ 






(Ber^)^O, 


where A and B satisfy the appropriate conditions, can be made to 
depend upon the integration of an equation of Laplace’s linear 
form. 
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Thus the combination 

pay p ox 

leads to the establishment of part of the theorem enunciated. 

Note. The relation between the differential equation and the 
two linear relations can be exhibited in a different form. The 
differential equation is 

__ 0 /I dv\ 
dy \v dxj * 

so that we may take 

dz' . . 1 dv 

— I- Ae^ = — ^ , 

oy V oy 

that is, 

0 / ^ 1 01 ^ _ 1 ^ 

dy^ udy"^ V dy' 

Similarly, we have 

dz* n ^ 1 du 

dx u dx 

that is, 

dz' 1 _ 1 0u , 

dx V dx udx* 


both of these are immediate inferences from the integral of the 
differential equation, which is 



Ex. 1. The simplest case of all is provided by w*0, : but it is 

trivial, for we easily see that 

^= 0 , 

and the equation is merely 

«= 0 . 

Ex. 2. The case, next in simplicity, is provided by taking 
m^O, n=l : 

the case msl, n—O, can be derived from it, by an interchange of the 
independent variables and a change in the sign of z. Then 
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where fi and /2 may involve i; but not Writing 

w=f+/i, 


we have 




and /2 does not involve f : hence /3 is zero, and does not involve x. Also 

»(-!+/2)=^ = g^V+=^, 


so that 

II 

4- 

and then 

j. da 



that is, 

- 1 0a 




Now /2 is to be independent of x : thus we must have 

e=g{x)k(t/\ 


and then 


the equation is 


/, = {,A'(y) + i(y)}sr(a;); 


dx ' 

Without any loss of generality, we may take 


A'(y) = l, 

and ^ (y) can be absorbed into 1 / : hence the type of equation is 
and its general integral is 

e*= ^ - 

where f and »y are arbitrary functions of x and of y respectively. 

All other equations of this type, for which m=0, n*=l, are deducibk 
from the foregoing by transformations of the variables 


x'^<l>(x), y'=V'(y)- 
Ex. 3. Next, consider the case 


w=0, w = 2; 

the case m=«2, 71=0 can be deduced from it by changing the sign of z anc 
interchanging the independent variables. For the present, we have 
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V — rj"-\-f2, Ut=(+fi ; 

in this case, /j and may contain rj and rj' but not Also 

du » dv 
av=—. pu = — , 
oy oj; 

As f-i does not contain f, the last equation shews that 

^= 0 , 1 = 0 , 

so that /2 is a function of y only. Again, 
a(';"+/ 2 )=a» = ^ 

- 0 ,'’' + 0 , ’+ 0 ^,’ 

and therefore, as fi does not contain ly", we have 

/i=ai/'+y], 

where now gi may contain rj but does not contain jy'. Also, on substituting 
this value of /i, we have 


Hence, as /2 is a function of y only, we must have 
da dgi \ 


where yi and y2 are functions of y only. Hence 
d^a d d . 

hence, as a is independent of jy, we may take y2 and yi as linear in ly, and yi as 
independent of ly. Consequently, if 

i;«iy"+yi,y' + P,y + §, 

= f +aiy' 

where P and Q involve y alone, the relation 

du 


leads to 


^ dR ^ dS 

oP-^, a«=^. 


We may make Q and S zero ; for let 
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where iJ is a new arbitrary function of y, and ^ is a function of y at o\ 
disposal. The new values of v and u are 

u=-i +aH' 

Now 

-f' -> p , -^R 


Choose rjj so that 




then 

S — a^' — R^ 

is a function of x only, and it can be absorbed into f . Thus we may take 

V==rf"+yirj' + Prf) 

W ^ 4" 4- Rrj } 


with the relations 


the equation for a is 


9a o p 
9*a 0 . 


SO that, as yi and P are functions of x only, we have 
a^g(x)a(y)+h(x)b(y\ 

where g and h are functions of x only, a and h axe functions of y onlj 
Then 


and therefore 


a"=yia'4-(y/-P)a, 
9"=yi9'4-(yi'-P) b, 
a%-ab" 9 , . 


say ; and therefore 


R^ayi’ 


d f, /a'b^ab'W 


=“f + a(V4-p»?), 

v^Ti"+yiy' + Pfj 

^ 1 9t4 

“a dy 
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Hence the differential equation 

where 

a=g{x) a{y)+h{x)b{y), 
has its general integral given by 

0 

g^{a (’?'+#»?)} 

** o^ + o*(’?' + P’?)’ 

where 

0 f, fa'b-ah'W 

A^o^e. In the particular case, when 

h{y) = Aa{y\ 

where A is a pure constant, we have 

yi=0, p=0; 

we can take a (y) = 1 without loss of generality, and then 


af + aV f-hai;'’ 

in effect, the result in Ex. 2, above. 

Hence, /or the present case, where m=0 and w — 2, we must have ah' - a! h 
different from zero. 

Ex. 4. Consider the case provided by taking 


the differential equation 


m—\, w = l ; 


has 

f +/i 

for its integral, where fi and /2 involve only Xy y. Also, if 

“ = f+/l, ® = >?'+/2. 


we have 


and therefore 


0W , 0/i 


Consequently 
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where may involve f but not and g^ may involve 17 but not f : also 


We therefore take 


0^'=:=a/2*a/3f-fa^2, 

+ 5^2=^2*? + <#>2> 


where 0i and <^2 not involve f or 1/. Substituting these values and equating 
coefficients, we find 

/j ft ri. 




and therefore 


+/i=f If + 

1 0a 

^^ = *?'+/2*»7' + ^J + - 0^*7 + 02- 

The two equations determining <l)i and <^2 fbe same as those determining 
u and V : also, <^i and </>2 do not involve f or % so that, taking particular 
functions X of x and Y of y, we have 

^,= r+^A'+l|r. 

Obviously </>! and 02 ^ absorbed into the other parte of u and v 

respectively by taking new arbitrary functions f-f A', rj+Y: hence, keeping 
f and ri perfectly general, we have 

We still have to satisfy implicit limitations on a and Now 

e, 0, 

0* log g 0^2 ^^0di ^ 0^1og^ 

0 j 7 0y “* &0y ‘ 


and therefore 
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From the equality of the first and the last of these expressions, we have 


177 


say ; and then 




=6^x,r„ 


When we take 

V 2 Xj dx = dx\ J 2 Yi dy = o?y', 

this equation becomes 

dxfdy'~ ’ 

and therefore (§ 218, Ex. 1, Note) 

= 9 ( -^0 ( yO 

Let 

then 

<#>' {^) Xi sf2=p' (x), f' (y') F, v/2 = (r' (y), 

so that 

1 P' (^)^' (J/) 

XiYi {p(‘^^) + «r(y)}^’ 


and therefore 




X,\i{p'{ a;)<T’iv)]^ 
Ti/ p(^)-i-o’(^) ’ 

ZA* (p'Wo-'Cy)}* 
Zi/ pW+o-W 


The quantities Xi and Fi are at our disposal ; we introduce new functions 
h (x) and ^ (y), such that 

X,=p'(x)AHx), F, = cr'(y)^^(y), 

and then 

p'(A 

p(:v) + ir(y) i(y)’ 

fl= "•'CA _ ^ 
p(a:) + <r(^/) A(a!)‘ 

With these values of a and ft the general integral of the differential equation 


is given by 




-7'+^S+; 




The functions A, p, o- are at our disposal : special forms assumed for them 
will lead to special equations with corresponding integrals 
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Ex, 6. Integrate the equations : — 

... d / e* \ 0 / 

' 047 0y *** 047 \x ^ry) Sy \x + yj 




verifying in each case that a and ^ conform to the general conditions. 

Ex. 6. Shew that, if the equation 

possesses a general integral of the form 

W/i* 

where fi and /2 do not involve rj" or then a and ^ must satisfy the 
equations 


02/3 _ _ 

047 0y ^ 

_ 9^0 fa ^ . 

dx 0y2 \ dy^ dyj dy * 


and prove that 


. 02„ /aayi 






.^47. 7. Obtain the equations which must be satisfied by a and /3, in order 
that the equation 

may possess a general integral of the form 

g.- V'+Za 

where /i and /g do not involve f" or i;". 


Second Combination of Coefficients a and 6. 

226. In the next place, we consider the alternative form of h 
that can be associated with the value of a given by 

a s= /A H- : 


h 


Idp 

pdx* 


we have 
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On reference to the analysis in § 224, it appears that 


that is, 



aZod^a 





Hence /a is independent of x ; and therefore, as it does not involve 
rfnt it involves only 7/n-i> •••» %» V> V- The differential equation is 


dxdy 


+ (m + Xe*") I? + i ^ ^ + c = 0. 


dx p dx dy 


Let a new dependent variable Z be taken such that 


so that 


Z == pz + log^ X, 


the differential equation becomes 


dZ 

dxdy 


+ ie^+<l>y£ + 'k = 0, 


where 0 is a function involving x and y but not Z, and yfr is 
a function involving x, y, and Z, in general. 


Repeating the application of the conditions, at present under 
consideration, to the equation in this form, we see that their effect 
will be guaranteed by taking p = 1, X = 1, in the value of a. Thus 


while we still have 


df ^ 1 

^Vn Vn +/ 2 ' 


dx 


0 , 


30 that involves only T/n-i, Vu V* V 'i therefore 

/= log(i7n+/2)-h/„ 

vhere does not involve but may involve all the lower 

ierivatives of 17, and does involve all the derivatives of f of all 
jrders up to Now, with the value X=l, we have 

^ = = 

* (yin +/*) ; 
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and we had, in general, 


ay ay , a/ . 


SO that, as a = + </>, we have 




an equation which also results from direct substitution, of the 
relation giving Z, in the differential equation satisfied by Z. 

Again, we have (as before) 

= 

^gm^Vn—i ^Vn 

that is, 

3fm9»?n-i dfm dfln 

also 

z¥ f^f , 

e^y- = ef ^■- = e^\ 


and therefore 


Consequently 


9 / _ 9 / . 

afm’ 

8f»8^.-, 3f. 


_Zl_ q. g/i = quantity independent of 

^Vn—i 

_^fj_ 

^Vn—i 

say, where is independent of ; and therefore, after a single 
integration, 

= quantity independent of 77^-1 

^Vn—i 


say, where /s involves no derivative of rj of order higher than 77^-2 
and does involve while f4 does involve 77 n_i. Thus 

fz +^4 J 
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Further, the equation 


dy 


log ^ ) + +/,) «/■+<;() = 0 


is satisfied identically, not involving j;„ and being entirely 
independent of x, and (f> being a function of x and y only ; hence 


d 




and therefore 


that is, 


Now 


A 

\dy 


r, ('»« af:)) - II, ('«« af:) + ♦} af; - »• 


lhi)}-|(al) = ^af:- 


_a 

\dy 




- — 

+^4 ^Vn—1 

and /4 is independent of : hence 


^ = ^ .A.M 

/s +./4 

This equation does not involve rj^’- but it can involve ?7n-i> which 
(though not occurring in /g) can be introduced by /i. 

Again, 


9 f«. W {/» + /. (rf? <^) 


1 9 (df, 


\dy) 




“/s+A^ftnVdyy {fs+Ay\dy dyjd^„^ 

= A . 

dy V^fm/ ’ 

and consequently 

" 4 ;; { 1 / 0 ”® ^;)} ” 5 ^ i£) 


fiog^M 

9 f™Wv ® 9 f„;] 


Now /g involves no derivative of 17 higher than 77n-2j so that the 
right-hand side can, at the utmost, only be linear in i/n-i ; also /4 



182 


SECOND 


[226. 


does involve i;„_, and 




ay. 


is not zero, so that cannot be only 

linear in Hence 0, which is to involve none of the 

derivatives of the arbitrary quantities f and rj, must be zero. 
The differential equation now becomes 


d^z ^ „dz ^ 

dxdy ^ dx 


^ = 0, 


where can involve x, y, Z, and where Z is given by 
Z =/= log {r)n -f/ 2 ) +/i , 


the quantity does not involve tfn and is a function of rjn-n y 
only; the quantity /s does not involve tfn or rjn^i, but it does involve 
in such a way as to have 


A 

dy 



independent of ; and the quantity does not involve or rjn, 
but does involve 


Let the value of Z be substituted in the equation : then as 


^=1^ {log (’/n +/.)} + 1* 

= ^y{H(Vn+A)]+^Vn+.... 

and therefore 


(M 


d‘Z _ _ 

dxdy dx V9ij, 

dj^^ 

dx dx ’ 


H 


we have 


^ + +(Vn+f,)6^'^ = 0. 


Thus yft is of the form 

ai7n+ A 

where a and 0 are independent of rfn l and is known to be 
a function of x, y, and Malone, Hence 

^ 8s me^ -I- n, 
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where m and n are functions of x and y only ; and therefore the 
equation in Z is 

5-5- + ^ + rrie^ + ri = 0. 

oxdy ox 

Let a new dependent variable ii be introduced by the relation 

dZ 

+ m = 
ox 

so that the differential equation for Z then gives 

dy 


and therefore, on the elimination of Z, we have 

~ {ke^) + (m — e'"^) — mke^ + A; = 0. 

dxoy ox^ ' dy 

When the equation in Z has an integral of the specified type, the 
preceding relations prescribe that type also for the value of w, and 
conversely. 

If k is not zero, this equation is of the form 

d’^u du.du 

5—5 — y ^ ^ — He— -0, 
dxdy dx dy 


a = — ke'\ 6 = w - ; 

that is, the equation belongs to the first alternative of the former 
type. In this case, p = l ; and therefore 

I dp . 

w = = 0. 

pdx 

If k is zero, the equation for u is 

or changing the variables firom x and y to —y and x, and changing 
the sign of u, we have 

d*u . ^ .du ^ 
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which is a particular case of 

For the latter, it was proved that <f> could be made zero : hence 

m = 0. 

Thus, whether k is zero or is not zero, our equation for Z can 
be taken in the form 

d^z „dz 

where n is a function of x and y only, not involving z. Let 
a quantity 6 be taken such that 


dxdy^ 

and take a new variable f such that 


that is. 




A^e-^. 


We thus have a particular case of the former equation in § 225, 
now given by making £ = 0 in that equation. 

The general integral can be at once obtained in the form 


rjAVdy’ 


which involves partial quadratures; there must be limitations 
upon the form of A which allow this expression to take a finite 
explicit form free from partial quadratures. If we write the 
integral 
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have 


V = 4- + ... + yn’?, 

U = fi +Pi77<”~»^ 4- 4- ... 4- Pn»;, 

Px = ^, 

. 9m 

where yi, y^, •••, yn ^'-re functions of y only; and then 


for r = 1, ..., ?i — 1, with 


. aPr_,p 


A=P,, Ayn 


_dK 

' ■ 


Thus A is easily seen to satisfy the equation 

0M 3”- (-^y.) , 3”-" (-Ay.) 


3y" 


- ... -|-(-l)".4j^„ = 0, 


9y” 3y"-‘ 

SO that it is of the form 

^=^iFj+...+fnFn, 

where Fj, ..., Yn are linearly independent integrals of this 
ordinary equation of order n, and f,, ..., are functions of x 
at our disposal. 

On the whole, it appears that the equation determined by the 
combination 

1 dp 


a = /i 4- Xe^, h = 


p dx ’ 


is only a particular form of the equation determined by the 
combination 

a = -^ + \e», 6 =-^ + <Ter^. 

pay pox 

Examples of the particular form have already been given. 

Ex. Work out the detailed form of and of the integral 
=- 4-y iV' 4-3^2^ 4-.y3 7 


g^+|(^O-0. 


of the differential equation 
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Third Combination of Coefficients a and 6. 


227. In the next place, after having considered all the cases 
that arise when a has the form we proceed to consider the 

cases that arise when 

a — 

As the equation is unaltered when x and y are interchanged as 
well as A and jB, provided the sign of z is changed, it follows 
(from the knowledge of the forms of b which can be associated 
with as the form of a) that h cannot have the form 

-H X'e^'^ ; it can only be yf + \'z (which will be seen not to be 
possible) or <7, where /a', X', a are functions of x and y alone. 

In the initial investigation, the equation 
dz dz^ \^r}J 


occurred, as holding in general : hence, for the present case, on 
the assumption that X is different from zero, we have 


9 / 


^ = 0. 


But cannot be zero, for z would then not involve rjn. Also, 
^Vn 

the equation 

dxdrjn a=:0 d^advn dr)n 


holds in general : and it is satisfied identically when substitution 
takes place for z. Taking derivatives with regard to ijn* and using 
02/ 

the property that vanishes for the present case, we have 

Thus b does not explicitly involve z : consequently 

6 = cr, 

where a* is a function of x and y only. 

The differential equation is 


dz dz 
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z OZ <l>, 

choosing 6 and (j) to be functions of a: and y such that 
^^ + ffd = o, 




then the equation for Z is 


where \0 is a function of x and y only, and y involves x, y, Z 
explicitly. Thus the equation 

d^z ,, dz ^ 

+ ilfzr ^ + C = 0 
oxoy ox 

has an integral of the specified t3rpe, when M involves only x and 
y, and c involves x^ y, z. 

For this foim of equation 6 = 0, and therefore 

_ 


9?»|9»7n 

in general : hence, for the equation in question, 

that is, does not contain ^n. Now, as is zero, f (that is, z) 


is only linear in r}n\ and therefore ^ is only linear in rjn- 

0 < 2 ' ^'^Z 

Also, as ^ does not contain rfn, it follows that can contain rfn 

only linearly at the utmost ; so that, as the differential equation is 
to be satisfied identically when substitution is made for z, c can 
only be linear in rjm that is, quk function of the variables x, y, z 
alone, c can only be linear in z. Let 

c = oer + A 
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where a and 13 are functions of x and y only ; the differential 
equation is 

^+if^^ + «^ + /3 = 0. 
oxoy ox 

Now take a new dependent variable u, such that 

forming the derivatives of % we have 

ox oxoy ox ^ ox 


so that z and ;:r- can be expressed in terms of u and ; 

dy ^ ox 

radicals involving ^ occur unless vanishes. Again, 
d^u fdM \dz , , d^M da d0 


dxdy \ dx 


dy ^ dxdy dy dy ’ 


the right-hand side of which, on substitution for z and ^ , becomes 
a function of u, ^ , and of x, y. Owing to the explicit value of u, 


which is 


.. I +)«.•, 


the form of u is of the same type as that of z: and it has just 
been seen that u satisfies an equation of the second order. But, 
at the earliest stage of the investigation, it was seen that such an 
equation must be of the form 

d^u , dudu ^ , A 

dxdy ^ dxdy ^ dx dy ^ * 

where p, a, b, c are functions of x, y, u» The preceding equation 

is certainly not of this form, being irrational in ~ unless ^ 

vanishes: consequently 
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that is, if is a function of y only. Taking 

Mdy = dy\ 

and dividing the equation in z by M, we effectively make if = 1 : 
and thus the equation is 

4- -0 + /S = 0, 
oxoy ox 

and the new variable u is 

Proceeding again to the formation of the equation of the second 
order satisfied by u, we have 

dz 

so that, unless a is zero, z and are expressible in terms of u and 


d^u _ dz dp 
dxdy dy dy 

dp , 1 (du 

— ^-“+2-. la 




which, though a differential equation of the second order, is 
certainly not of the required form. Hence we must have a = 0, 
which alone will prevent this forbidden form from occurring; and 
therefore the differential equation is 

dxdy dx ^ ’ 

where is a function of x and y only. 

228. We now proceed to prove that P must be zero. Let 


aw ^ ' 


SO that 
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and therefore 




Obviously v is of the same type as z ; and v is seen to satisfy a 
differential equation of the second order. This equation belongs 
to the form 

5 4- ap 4- 6$' 4- c = 0, 

where 

a =s — 6 = 0, 

that is, a is of the form p 4- We have seen that the type of 

equation is then 

to which the foregoing equation does not conform : hence, so long 
as is different from zero, we have a form of a which leads to an 
equation that cannot arise in connection with such a form. It is 
therefore necessary that = 0 : and our equation is 

d'^z ^ ^ 

dxdy ^ dx 

We can obtain the general integral. Integrating with regard 
to it?, we have 

4 - = function of y only. 

The integral of this is obviously of the form 

V 

-3'= . / V 

where u, v, w are functions of y only : we find, on substituting, that 

dHi 


and then 


— (w, y] = above function of y, 


where {it, y] is the Schwarzian derivative of u. As this function 
of y is arbitrary, we may take u as arbitrary, say u = '\lr(y); and 
then 

2f'(y) i>'"(y ) 

<t>(x) + ^{y) f(y)’ 

where and are arbitrary functions. 
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Fourth Combination of Coefficients a and b. 


229. Lastly, suppose that a has the third of its forms, so that 
we take 

a =fi. 

Owing to the investigation in § 226, we may dispense with the 
consideration of the value /a' -f of b ; and owing to that in 
§ 227, we may dispense with the consideration of the value 
p! + az of b. There is thus only one form left: we take 


b = <Ty 


that is, we may regard a and b in the equation 

as functions of x and y alone which do not involve z explicitly. 

The two equations (§ 223) connecting a and b with the value 
of z are expressible in the form 

|(logfJ + 6-0. 

From the former, we have 


log Jady + a function of x only 

= log Ml 4- a function of x only, 
say ; and from the latter we have 

log Jbdx ‘ha function of y only 


= log Ma 4- a function of y only. 


say : the quantities and being such that 

^ + a%-0, ^ + 6 m,-0. 

Hence we may take 

= fi, .... + V, Vi, •••. v«) + /» 

where fm occurs only in /,, and ijn occurs only in /„ while /, does 
not contain either or ijn. Substituting this value of « in tfie 
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differential equation, and taking account of the relations which 
define iti and Wg, we find 






oxoy ox oy 


: 0 : 


and this relation must be satisfied identically. It is to be noted 
that Ui is not zero, for otherwise z would not involve ; and 
similarly is not zero, for otherwise z would not involve rfn ; also 
does not occur in or in any of its derivatives, while rjn does 
not occur in /i or in any of its derivatives. But and rjn do 
occur in c, after substitution of the value of z, unless c is free from 
z ; and they occur, in lineo-linear fashion, in the combination of 
the derivatives of their form being 




^mVn + « 




f w + ^ 


^Vn— 


Vn^ 


It therefore follows that, when the preceding relation is differen- 
tiated with regard to twice, and with regard to r)n twice, 
derivatives of /g will not occur : the results, on dropping the non- 
vanishing factors and respectively, are 


/dc da 
\dz dx 


!-«*) 






dz^ 




fdc db 0^2 , fdfsV ^ 


d^c . 


Assuming in the first place that ^ is not zero (the alternative 
assumption will come later), we have 



1 


1 

(dAY‘ 

ay. 


da 

, Bz^ ~ 
- ab 



af™* 

dz ■ 

dx 





1 

0»C _ 

I 


ay 

dc 

_ 06 _ 

. Bz‘ ~ 
- ab 


\dVn^ 

Brin 

dz 

By 





The quantities on the right-hand sides are independent of and 
of respectively: hence neither of them, when expressed in 
terms of the variables alone, can involve z ; and therefore they are 
functions of x and y alone. 
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If the values of the two fractions on the left-hand sides, thus 
expressed in terms of x and y alone, are unequal, we take the 
quotients of the respective members of the two relations. The 
dc 

result is to give as a function of x and y alone : consequently c 

is a linear function of z, a contingency provisionally excluded. 
Accordingly, we may assume that the fractions are equal to one 

02c 

another : so that, as ^ is supposed not to vanish, we have 

da _ 06 
dx dy * 

There thus exists a quantity 6, which is a function of x and y, 
such that 

_lde ; _ 1 ^ . 

^ 6 dy* 6 dx* 

and then, when we take a new dependent variable Z defined by 
the relation 

Z^zO, 


our differential equation becomes 


d^Z 

dxdy 


==-c6 + Z 


1 d^O 
0 dxdy 


where (7 is a function of x, y, and Z. Hence, in the present case, 
we may take our equation in the form 


d^z 

dxdy 


4- c =0, 


where c is a function of x, y, and z. 

But now as a is zero, Ui is a function of x only, so that the 
quantity 

1 /_^r» ^ 

MiVafJ du 

is a function of x alone ; also, as 6 is zero, is a function of y 
only, the quantity 

^2 \dvJ dvn 

is a function of y alone. On the present assumption, the two 
quantities are equal ; consequently, they are equal to one and the 
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same constant, say —A:, so that (as a and h now are zero) we 
have 

and therefore 

= ^ + p, 

where p, and p are functions of w and y only. Taking 

V k(jz + ijl), 

the differential equation for v is 
d^v 


dxdy 


+ e^ + P = 0. 


Let 

?!!-_ F- 
dy~ 

then 

9^ « , 



and therefore 


Now 



dy ’ 

and therefore V is 

of the same type as z : moreover, it satisfies an 

equation of the second order. Comparing the form of this equa- 
tion with the admissible forms, we have 


p = 0. 


and so the differential equation is expressible in the form 

dH 


dxdy 


4- e® = 0. 


This is Liouville’s equation : its general integral (§218, Ex. 1, 
Note) is 

where f and ^ are arbitrary functions of x and y respectively. 

Ex. Obtain the primitive of the equation 

where a is a constant, in the form 

2 
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the quantity u denoting 

f{x-{-iy)+g{x-iy), 
and / and g being arbitrary functions. 

230. Lastly, we have to consider the omitted case set on one 
side in the preceding assumption, viz. when c is a linear function 
of z : let 

c = Xz fx. 

Then the differential equation is 

5 + ap + + Xa H- ft = 0. 

If f is any particular integral, then, taking a new dependent 
variable Z such that 

we have 

S + cijP -f" 6Q + XZ = 0, 

where a, 6 , X are functions of x and y alone. This equation 
coincides, in form, with Laplaces linear equation which has 
already been discussed. 

Summary of Results. 

231. The results of the investigation can be summarised as 
follows. 

L When an integral relation is given in a form 

y, f, ..., 77, 77i, ..., 77n), 

where J is an arbitrary function of x and 77 is an arbitrary function 
af y, and when it satisfies an equation of the second order, then, 
either directly or after a transformation of the dependent variable 
which does not affect the specific character of the integral relation, 
bhe equation of the second order can be made to acquire the form 

5 + ap + 6 ^ + c = 0 , 

where a, 6 , c are functions of x^ y, z alone. The functions a and h 
jan have any one of three possible forms, viz. 

p + Xe^, fi + Xz, p, 

where p, \, p are functions of x and y only. 
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II. When both a and h are of the form jj, + then 

a = - b — -~ 7^ ; 

pay pox 

by transformation of the dependent variable which does not affect 
the character of the integral, the equation can be made to acquire 
the form 

and its general integi-al is 

\m +/l M ’ 

where /i and /a do not involve or and A and B are functions 
of X and y only such that 

. du r* dv 
oy ox 

III. If a is of the form p, + Xe^ and if h is not of this form, 
then 

p ox 

while, if h is of the form p 4- Xe^^ and if a is not of this form, then 

lap 

pdy 

In the former case, the equation can be made to acquire the form 


having an integral 




where 

V = TyW -I- + . . . + y„77, 

u = f + 4* + . . . + PnV> 

and 

du . 

in the latter case, the equation can be made to acquire the form 
having an integral of corresponding form. 
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IV. If one of the two quantities a and h has the form 

the other has the form <r, where /a, X, cr are functions of x and y 
alone. Then, by transformations of the variables which do not 
affect the character of the integral relation, the differential equa- 
tion can be made to acquire the form 

d^z — a 

dxdy dx 

and the value of z is 

2v' v" 

Z = jz } . 

( + V V 

V. When a and b are functions of x and y alone, either the 
equation can be changed to Liouville's form 


and then 


d^z 

dxdy 


+ e* = 0, 




2rv , 


or it can be changed so as to acquire the form of Laplace’s linear 
equation 

5 -f- ajt> + 69 + = 0, 

where a, 6, c are functions of x and y alone. 


The two forms in (III) are obviously derivable from one 
another, by changing the sign of z and interchanging the variables 
X and y. All equations of the second order having their general 
integral of the specified type can, by transformations of the 
variables which do not affect the character of the integral, be 
expressed in one or other of the foregoing forms. 


Ex. 1. Integrate the equations : — 

/•X 1 

(ii) tf+e*p==0; 

n being a positive integer. 


(Tanner.) 
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Ex, 2. Shew that the integral of the equation 
when X is a function of x and is given by 


where u is an integral of the equation 

02a ^ 1 0X 0a . __ 

Apply this property to integrate the equations 


«2« 


{x^-yr 

\^pq 

(«+y)*' 


Ex. 3. Obtain the general integral of the equation 
«2 = {(l+^>*)(l + }2)}i 

in the form 

where X and T are arbitrary functions of x and y respectively. 


Ex, 4. Integrate the equations : — 

(i) «sin«-{(l+jt)*)(l+?*)}^j 

(ii) n+<l>{x, p)'^{y,q)=Q, 

where, in the latter equation, ^ and yjr satisfy the conditions 




dq f 


+o, 


(Goursat.) 


(Goursat.) 


and a is a constant. 


(Goursat.) 



CHAPTER XVL 


Equations of the Second Order in Two Independent 
Variables, having an Intermediate Integral. 


The present chapter is devoted mainly to the consideration of equations 
of the second order which are compatible with an equation of the first order 
or which (to use the customarj»^ phrase) possess an intermediate integral. 
A brief outline of the methods of Monge and of Boole is prefixed, those 
methods depending, for their proof, upon the assumption that an intermediate 
integral of a specified type does exist. Later, a method is given which does 
not depend upon that assumption and which leads to an intermediate integral, 
if it exists : in the process, the conditions under which the preceding integral 
exists are obtained. 

In the preparation of the chapter, I have frequently used Boole’s Supple- 
mentary Volume^ quoted in § 236, and Imschenetsky’s valuable memoir, 
quoted in § 180 ; other references are given in their appropriate connections. 
Some historical notes are given in Chapter iii of Imschenetsky’s memoir. 

232. When we pass from strictly linear equations of the 
second order that are amenable to the Laplace process as de- 
veloped by Darboux, and from the wider range of equations of 
the second order the general integral of which is expressible in 
finite and explicit form, the processes of integration that prove 
practicable are somewhat limited in range unless the results are 
allowed to be of a form that is not finite in expression. We 
always have the possibility of the application of Cauchy’s theorem; 
the expression takes the form of a series which is at least singly 
infinite and may become doubly infinite, and there is no obvious 
mode of obtaining the integral in more compact form, even if 
there were certain knowledge that such compact form exists. 

Other methods of proceeding to an integral have therefore to 
be devised. Among these, two are of prime importance — the 
methods devised by Ampfere and by Darboux respectively: but 
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even these are not of universal application, and they lead to 
results that are completely definite only when the equations to 
which they are applied are characterised by more or less well- 
defined properties. It is therefore worth while considering equa- 
tions of classes which, though undoubtedly specialised, do possess 
something of a comprehensive character. Limiting ourselves still 
to equations of the second order in a single dependent variable 
and two independent variables, we shall here consider equations 
of the form 

F{x, y, z, p, q, r, 5, t)=^0, 

which, in some form or other, possess integrals that are amenable 
to some finite processes of integration. 

Among such equations, one of the most important classes 
(judged either from the historical development of the subject or 
from their occurrence in applications to subjects such as geometry 
or physics) is that class usually associated with the name of 
Monge*. The implicitly assumed property of these equations of 
the second order is that they possess an intermediate integral 
which involves derivatives of the first order and contains an 
arbitrary function in its expression: and the equation of the 
second order is assumed to be the unique equivalent, in that order, 
of the intermediate integral. When u and v denote two functions 
of X, y, z, p, 9 , which are distinct from one another, an inter- 
mediate integral of this type is represented by 

f{u, v)=0, 

where / is any arbitrary function : then, as is well known f, the 
equation of the second order, which is the equivalent of this 
equation of the first order on the elimination of the arbitrary 
function, is 

Rr -f 2Ss + Tt+ U(rt-‘^)=V, 
where M, 8, T, U, V are definite functions of x, y, p, q. 

But the general converse is not valid: that is to say, if an 
equation of this form is propounded in which R, 8, T, U, V are 

* Hist, de VAcad. des Sciences^ 1784, pp. 118—192. 

t In the following discussion, and for the sake of brevity, the customary method 
due to Monge will be assumed as belonging to the elements of the subject : it is 
expounded in the author’s Treatise on Differential Equations^ (third edition, 1903), 
§§ 229 — 241. Monge discussed only equations for which U=0: his method is 
applicable to equations without this restriction. 
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definite functions of x, y, z, p, q, there does not necessarily (and 
there certainly does not unconditionally) exist an intermediate 
integral of an equation of the first order equivalent to the pro- 
pounded equation. In point of fact, the four quantities given by 
the ratios of R, S, T, U, V to one another are functions of the 
derivatives of u and v, when the equation is derived from the 
intermediate integral; and therefore, if the process is to be re- 
garded as reversible, these four quantities must be expressible 
in terms of the derivatives of the two functions u and v. We 
should therefore expect that at least two conditions would be 
satisfied by the four quantities in question. 

Assuming for the moment that the necessary conditions (what- 
ever their number) are satisfied, so that the intermediate integral 
exists, there are various ways of proceeding to the construction of 
that intermediate integral. 

One of these ways is Monge’s method: it is actually com- 
prised in Ampere’s general method for the integration of partial 
equations which is applicable even when no intermediate integral 
exists. To give effect to the method, it is necessary to construct 
integrable combinations of certain ordinary equations which are 
homogeneous and linear in differential elements of the variables 
X, y, z, p, q. 

Another method is that which customarily is associated with 
the name of Boole, though in effect it was given (at least partially) 
in earlier memoirs by De Morgan and Bour: it is actually com- 
prised in Darboux’s general method for the integration of partial 
equations which is applicable even when no intermediate integral 
exists. To give effect to the method, it is necessary to obtain the 
most general integral of a number of homogeneous linear partial 
differential equations of the first order which constitute a com- 
plete Jacobian system. 

As is usual in such cases*, the conditions that the equations 
in the differential elements shall possess a number of integrable 
combinations are the same as the conditions that the simultaneous 
partial equations of the first order shall possess the same number 
of algebraically distinct integrals. The two methods, in so far as 
they are applicable to the equation in question, repose upon the 


See Part i of this work, §§ 26, 38. 
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same assumptions as to the fulfilment of implicit conditions : they 
are, in effect, equivalent to one another and are (so far as concerns 
the equation) merely different modes of arranging the analysis 
that contributes to the integration. 


Monge’s Method for the Equation Rr-{-2Ss-\’Tt+U{rt-^)=V, 

233. Monge’s method is as follows, in outline*. Let the 
equation be 

Rr + 2Ss Tt U {rt - s^) = V. 

Two forms arise according as U is not zero, or is zero. We shall 
deal first with the form when U is not zero : we then divide the 
equation throughout by U, so that, without loss of generality in 
this case, we may take U as equal to unity, and the equation is 

rf — 5“ + + 2Ss -f = F. 

The equations 

dp = rdx’{- sdy, dq = sdx tdy, 

are used to eliminate two of the three derivatives of the second 
order from the equation : when r and t are eliminated, the 
result is 

dpdq + R dpdy + Tdqdx— V dxdy 

= s {Rdydy -- 2S dxdy + T dxdx + dpdx -f dq dy\ 

and the equation will be satisfied if the equations 

A = dpdq 4- R dpdy H- Tdqdx — F dxdy = 0, 

B ^ dpdx dqdy R {dyY — 2S dxdy + T(dxy = 0, 

are satisfied. 

If r and s be eliminated, the result can be expressed in the form 

dy 

while, if 8 and t be eliminated, the result can be expressed in the form 

ax 

in each instance, it is sufficient to take .4 =0, j5«0. 

* The establishment of the various propositions, on the assumption that the 
necessary conditions are satisfied, is made in the various sections of the work 
quoted on p. 200, nou. 
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Accordingly, the equations 

A = dpdq + B dpdy + Tdqdx ~ V dxdy = 0 
B = dp dx dq dy B {dyf — 2/Sf dxdy + T {dx)^ = 0 ^ 

G ==^dz — pdx — qdy = 0 j 

ire taken as a simultaneous set. Let 

u = a, V — by 

t)e two integrals of this set, the quantities a and h being constants : 
3hen it is proved* that the relation 

u = f{v), 

where f is an arbitrary function to be eliminated, leads to the 
equation 

+ 2Ss Tt= V, 

.he proper relations between B, S, T, V being satisfied. As 
fither M or v or both u and v will involve the derivatives of the 
irst order, this equation 

u=f{v) 

s an intermediate integral. The method thus depends, for its 
jffectiveness, upon the construction of the quantities ii and v. 

Now the equations A = 0 and B = 0 give 

(dp + Tdx) (dq + Bdy) — (BT-\- V) dxdyy 
(dp + Tdx) dx + (dq + Bdy) dy — 28 dxdyy 
md therefore 

dp + Tdx + mdy — 0, 
dq + Bdy -f ndx = 0, 

^^here 

mn = BT -f F, m + n = — 28, 
lence m and n are the roots of the quadratic 
4“ 2p8 4“ BT 4" F = 0. 

Vo cases arise. 

When the quadratic has equal roots, so that the condition 
8^ = BT^ V 

* L.c,y § 232. 
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is satisfied, then m = n = — /S ; the set of equations in the 
differential elements can be uniquely represented by 


dp + Tdx — Sdy = 0 
dq — 8dx + Rdy = 0 
dz — pdx — qdy = 0 

The conditions for the existence of an intermediate integral being 
supposed to be satisfied, it will be obtained in a form 

u =f(v), 

where u=^a,v = h, are integral equations of the differential relations 
linear in the differential elements. It may be noticed that there 
are three differential relations and that therefore, if all the appro- 
priate conditions are satisfied, there could be three integral 
relations 

U — ay V =^hy W — Cy 

equivalent to them, where ay 6, c are constants. We shall return 
later to the consideration of this last possibility: meanwhile, an 
intermediate integral is obtainable on the supposition that the 
general conditions are satisfied. 

When the quadratic has unequal roots, let 

S^--RT--V=^0^y 

where 0 is not zero. Then m is not equal to n: we have 
niy n — -’ S ±0; 

and therefore, taking 

the equations .4 = 0, 5 = 0 give either 

dp -f Tdx -f pdy = 0, 

dq + Rdy + crdx = 0 ; 
or 

dp + Tdx -f ady = 0, 
dq -j- Rdy 4- pdx = 0 ; 

and the equations 4 = 0, 5 = 0, may give both of these systems, 
though this is not necessarily a fact. Thus the set of equations 
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in the differential elements can be replaced by one or other of the 
systems 

dp + Tdx + pdy = 0 ^ ^ 

dq adx + lldy = 0 y y dq pdx Edy 0 

dz — pdx — qdy = 0 J dz -- pdx — qdy = 0 

where 

P = -S + {S^-RT- V)i = -S+e, 
a = -S-{S^-RT-V)i = -S-e; 

and so far, there is nothing to exclude the possibility of both 
systems (under proper conditions) being admissible. The original 
equations in the differential elements possessed integrals which 
because of the conditions that were satisfied, led to an intermediate 
integral ; consequently, one or other of the two systems, linear in 
the differential elements and replacing the original equations, 
must possess these integrals. Let them belong to the first set in 
a form 

= a, = 6, 

so that the conditions are satisfied for the first set; the inter- 
mediate integral is 

where f is an arbitrary function. 

It may happen that the conditions are satisfied for both sets, 
and that the second set possess integrals in a form 

= a', Vz = 

where a- and b' are constants ; an intermediate integral is 

where g is an arbitrary function. In these circumstances, there 
are two distinct intermediate integrals; it is part of the theory, 
and it is proved*, that these two distinct intermediate integrals 
coexist, so that they can be used as simultaneous equations to 
express p and q in terms of x, y, z, the values of p and q given by 
them being such as to render 

dz — pdx -{-qdy 

* L.c.y § 236; also see hereafter, § 239. 
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an exact equation, quadrature of which gives a primitive of the 
original equation. More generally, however, if the conditions are 
satisfied, they are satisfied for only one of the two linear sets : and 
then there is only one intermediate integral. 

234. The corresponding equations for the case when U 
vanishes, so that the equation has the form 

Rr-\-2S8 + Tt=^V, 

can be stated similarly: the assumption being made that the 
equation* possesses an intermediate integral. The equation 
is now replaced by 

A' = Rdpdy -f Tdqdx — Vdxdy = 0, 
and the equation 5 = 0 is now replaced by 

B'^R (dyY - 28dxdy + T {dxf = 0. 

Let pi and (Tj be the roots of 

Rfi^-2SfjL+T^0, 

so that 

Rpi = iS + a, Rai -S -a, 

where 

Then, if the quadratic has equal roots, so that a = 0, the 
equations 

^'=0, B' = 0y dz-- pdx — qdy = 0y 
can uniquely be replaced by the system 

Rdy ~ Sdx = 0 
Rdp -f Sdq — Vdx=^ 0 
dz — pdx — qdy = 0 

if a = a, v = 6, where a and b are constants, be integrals of this 
linear system, then 

u=f(v), 

where / is an arbitrary function, is the single intermediate integral 
that can be obtained in this way. 

* If R, S, T involve only x and y, and if V is homogeneous and linear in 
p, 9, Zf having functions of x and y for coefficients, the equation belongs to the 
linear form already discussed in Chapter xiii. In general, however, even for 
integrable equations of the type now under consideration, these limitations are 
not observed. 
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If the quadratic has unequal roots, it can be replaced by one 
or other of the two systems 

Rpidp + Td (2 — Vpidx = 0 ] Ra^dp Tdq— Va-idx = 0 
dy — pidx = 0 ► , dy — aidx = 0 

dz — {p piq) dx — 0 ] dz — {p-^ a^q) dx = 0 

or what is the equivalent, by one or other of the systems 

dx=(d 

dy — pidx = 0 r ' dy^ a^dx = 0 

dz — {p-\-piq)dx — o\ dz — {p + (Tiq)dx = 0 

The equation is supposed to possess an intermediate integral, so 
that the necessary conditions are satisfied; they are therefore 
satisfied in connection with one or other of the systems, say, with 
the first. If integrals of that first system are obtained in a form 

Uy = a, = 6, 

where a and h are constants, an intermediate integral is given by 
the equation 

% =/(viX 

where f is an arbitrary function. 

It may happen that the conditions are satisfied also for the 
other linear system, so that it possesses integrals of the form 

where a' and h' are constants: then an intermediate integral is 
given by the equation 

9 (V 2 X 

where g is an arbitrary function. As before, these two distinct 
intermediate integrals coexist : when they are resolved, so as to 
express p and q in terms of x, y, Zy the values of p and q so 
provided make 

dz -- pdx -- qdy 0 

an exact equation, quadrature of which gives a primitive of the 
original equation. More generally, however, when the conditions 
are satisfied, they are satisfied in connection with only one of the 


y 

dp + a^dq — dx = ( 


dp + pidq- ^ 
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two linear sets : and then only one intermediate integral can be 
obtained. 

The form adopted for the linear system implies that i2 is not 
zero: the appropriate modifications when R = 0 can easily be 
made. 


235 . 

tion be 

or be 


To complete the integration, whether the original equa- 
ri — + i^r + 2Ss -f = F, 


we integrate the intermediate integral, if only one has been 
obtainable, by the methods which apply to equations of the first 
order ; according to the form of the intermediate integral, we may 
have one or more forms for the final primitive. We have seen 
that, when two intermediate integrals have been obtained, the 
final primitive is obtained by resolving the two equations for p 
and q and effecting a quadrature. 

Such, in brief outline, is Monge’s method of integrating the 
equations. It is effective only -if the appropriate conditions are 
satisfied ; and the explicit expression of these conditions must be 
obtained. We shall first, however, in similar brevity, give an 
outline of Boole’s method of integrating the equations. 


Boole’s Method for the Equations. 

236 . Boole’s method^, like Monge’s, is based upon an as- 
sumption that an intermediate integral of the form 

u=/(v), 

where f is an arbitrary function, and u, v are definite functions of 
a?, y, JS, p, q, is possessed by the equation 

H- JSr -f- 28s -f = F, 

or by the equation 

Rr + 2S8+Tt^V, 

* It is contained in chapters zxvni and zxix (in the latter more particalarly) 
of the Supplementary Volume of his Treatise on Differential Equations: this 
Toittme was published in 1865, the year after his death. See also the memoir, 
CreUs, t. LXi (1868), pp. 809 — 888. 
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in the respective instances subjected to Mongers method. The 
difference from Mongers method lies in the fact that Boole obtains 
u and V as integrals of simultaneous partial equations of the first 
order, whereas Monge obtains them as integrals of equations in 
differential elements. Boole's procedure is as follows. 

Denoting ^ ^ complete derivatives of u and 

V with regard to x and so that 

dd did 

dx^ dx^ ^ dz* dy^ dy^^ dz' 


for any quantity 6, the assumed intermediate integral leads to the 
relations 


du du du 

dx^ ^ dp ^ ^ dq 

du du du 

dy^^ dp dq 




When /' (v) is eliminated between these two relations, and the 
resulting equation is arranged with reference to the combinations 
of r, Sy ty we have 


where 


Ui (r< — 5 ^) + Eir + SiS + = Fi, 




dv du 
dp dy* 


^ _^dudv dv du dv du du dv 
dqdy dq dy dp dx dp dx ' 


m 

dq dx 


du dv 
dq dx* 


_dudv dudv 
* dp dq dq dp * 

y ^ dudv du dv 
dy dx dx dy * 


If this derived equation is the same as the original differential 
equation in either of the forms propounded for integration (with 
the appropriate conditions satisfied), then 


_ ^i_y7 
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for the form 
and 

for the form 


ri — 4- i2r -f 2S8 + Tt^V; 


Ri 8, T, F, 


r- F* 

Rr + 2S8+Tt=-V. 




We take these in turn. 
We have 


hence 


_ (du du du ^ 

\c?a? dp dy dq) dq 

_ jj (du du du du\ ^ 

~ ^ \ciii7 dp ^ dy dq) ' 


du dv\ 
dq dp) 


dudu dudu 
dx dp dy dq 


-o 


+ 2S 


du du 
dq dp 




for the first form of the equation, and 


It 


ydu du 






for the second form of the equation. Similarly, 

dudu rp ^ 

^ dxdq^ ^ dy dp ^ dp dq 

_ (du dv ^ du du du 
\0i> ^q dq dp) dx dy 


= £^i 


and therefore 

du du 


du du 
dx dy^ 


du du ^ jfdu du pr _ q 
dx dy dx dq dy dp dpdq^ 


for the first form of the equation, and 


dx dq dy dp dp dq ~ 


for the second form of the equation. 
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As the quantities JRi, 8i, Tj, Ui, Vi are skew symmetric in 
u and V, it is the fact (as may easily be verified) that the same 
equations, for the respective forms, are satisfied by v also. 

For the first form of the equation, we have 

and 

dp) dp \dy dq) dq dpdq^ 

and therefore, either 


or 


where 


dx dp ^ dq"^ 
du du 


dx dp ^ dq 
du du ■o'du 




so that p and or are the roots of the equation 
/Lt* + 2yLt/S) 4" RT 4* F = 0. 


Thus the equations satisfied by u (and by v also) can be replaced 
by one or other of the above pairs of homogeneous linear equations : 
in particular cases, both the pairs may be valid. 

When the roots of the quadratic are equal, so that p = <r = — S, 
the equations for u (and for v also) are the single pair 


du 

dx 




\ 


du ^du 


-Rp-O 

dq 


For the second form of the equation, we have 
/du du\ fdu 9t4\ 
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where, as before, pi and ai are the roots of the quadratic 


BO that 
and 

Thus either 


or 


jS/x»-2iSf/i + T=0, 

5 4. a, jftcTi = /S - a, 

a^^S^-RT, 


du 

¥q 



= 0 




du ^ _ A 

dy Rdp^ ) 


du du ^ 


du ^ _ A 


The equations satisfied by u (and by v also) can be replaced by 
one or other of these pairs of homogeneous linear equations: in 
particular cases, both the pairs may be valid. 

S 

When the roots of the quadratic are equal, so that pi = o-j = , 

the equations for u (and for v also) are the single pair 


dq dp 

Bf + sf + Vp=^0\ 

ax dy dp 


237. The sets of equations which have been constructed, being 
(in Mongers method) homogeneous and linear in the differential 
elements, and (in Boole’s method) homogeneous and linear in the 
first derivatives of an unknown dependent variable, have been 
obtained on the hypothesis that the differential equation possesses 
an intermediate integral involving an arbitrary function in its 
expression. It is important to observe that the equations in 
Monge’s method are equivalent to those in Boole’s method, so 
that the problem of obtaining the integral equivalent of one 
is effectively the same as that of obtaining the integral 
equivalent of the other aggregate. 

This remark admits of simple verification for each of the two 
forms of equation. 
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When the original equation, supposed to possess an inter- 
mediate integral involving an arbitrary function, is of the form 

+ i2r -f 28s + Tt=V, 

the equations, subsidiary to the construction of that integral in 
Monge’s method, are the respective aggregates comprised in one 
or other of the sets 


dp + Tdx + pdy — O^ 
dq-^ ddx'^- Rdy ^0 
dz — pdx — qdy = 0 


dp 4- Tdx 4 ady =* 0 ^ 
dq-^ pdx-i- Rdy = 0 . 
dz — pdx — qdy = 0 


where p and or are the roots of the quadratic 


p^+2pS + RT-\- F=0. 

To construct the intermediate integral of the original equation, we 
need two integrals 

u — Gy V = by 

of one or other of the systems. Let 

6 = constant, 

where ^ is a function of x, y, Zy p, g, be an integral of the first 
system ; then the relation 


, d0 . , 0(9 , 0(9 , . 

-d^ + -dy+-Jz+-dp + ^^dq^O 


is satisfied identically in virtue of the equations in that system. 
Substituting in that relation the values of dZy dp, dq as given by 
the system in terms of dx and dy, we have 






dd w 
.9y 


de 

dp 




that is, 

(dO rn^d 9d\ , (dS dd j A 

(e - ^ ay Si) * + (sii - ' ^ r,) ■'i' - 

In the absence of any relation between dx and dy, we have 


dx 

dy 


dp ^ dq 


= 0 
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which are the equations of the first system in Boole’s method to 
be satisfied by the quantities u and v that are needed for the 
construction of the intermediate integral 

u=/(v). 

Similarly, the equations of the second system in Monge’s method 
lead to the equations of the second system in Boole’s method. 

When the two systems in Monge’s method merge into a single 
system owing to the condition 

which gives equal roots for the quadratic in /x, the two systems in 
Boole’s method merge into a single system owing to the same 
condition ; and the single system in Monge’s method then leads to 
the single system in Boole’s method. 

Again, when the original equation, supposed to possess an 
intermediate integral involving an arbitrary function, is of the 
form 

Rr + 2S8-^Tt^V, 

the equations, subsidiary to the construction of that integral in 
Monge’s method, are the respective aggregates comprised in one 
or other of the sdts 

V 

dp -f (Tidq - ^ (ia? as 0 

dy — pidx = 01’ 
dz — {p-\- piq) da? = 0 
where pi and ai are the roots of the quadratic 

To construct the intermediate integral of the original equation, we 
need two integrals 

tx = a, v = 6, 

of one or other of the two systems. Let 

^ = constant, 

where ^ is a function of a?, y, z, jp, 5, be an integral of the first 
system; then the relation 

(ir + g dy + ^ + g dp + ^ d? - 0 


dp -f- pidq — da? = 0 

dy ~ aidx = 0 
d^ — (jo + <Ti(^ da? = 0 
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is satisfied identically in virtue of the equations in that system. 
Substituting in that relation the value of dp in terms of dq and 
dx^ as well as the values of dy and dz as given by the system, we 
have 


that is, 






In the absence of any relation between dx and dp alone, we have 


d(f> 


^ dy^ R dp 


which are the equations in one of the systems in Boole’s method 
to be satisfied by the quantities u and v that are needed for the 
construction of the intermediate integral 


u =/(v). 

Similarly, the equations of the second system in Monge’s method 
lead to the equations of the alternative system in Boole’s method. 

When the two systems in Monge’s method merge into a single 
system owing to the condition 

which gives equal roots for the quadratic in ft, the two systems in 
Boole’s method also merge into a single system owing to the same 
condition ; and the single system in Monge’s method then leads to 
the single system in Boole’s method. 

If for either form of equation, there are two distinct inter- 
mediate integrals derivable by Monge’s method, they are derivable 
also by Boole’s method: for, in each method, both subsidiary 
systems are then valid. 

The primitive of the original equation is derived from the 
intermediate integral or integrals, whether obtained by the one 
method or the other. 
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Ex, 1. Integrate the equation 

2pqyr + + qx) 8 + xpt «. {rt — «*) + 
by obtaining a general intermediate integral 
Comparing the form with 

Tt=^ F, 

we have 


i?=® 





thus the critical quadratic is 


q 



F-. 


^ . 
p^q' 



SO that 


P> 


in either arrangement. 

The two systems of equations in Monge’s method are, firstly, 


— ^ c?y=0 

pq ^ 

dq-{-- dx-^dy^O 

dz-pdx—qdy^^ 

which do not possess an integrable combination : and, secondly, 

— ^dyt:^0 

^ pq q ^ 

dq-^-^^dx-^^dy^O 


dz-pdx-qdy—0 I 

Two integrals of the latter are easily seen to be 

p^q^-ix^^a, pq-\y^^h\ 
and therefore an intermediate integral is 

where / is an arbitrary function. It is the only intermediate integral of the 
original equation. 

When we proceed by Boole’s method, one set of equations is 

a- _ If 0 
dx pq^ q ^q 

dy'^ p^ hp p dgr** 
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which do not possess a common integral ; and the other set of subsidiary 
equations is 

d6 ^ 

dx pq dp p^ dq 

dd _ y dS dd 
dy q dp p dq 


which do possess common integrals. When expressed in full, the latter 
equations are 

A — n 
^ dx'^^ dz pq dp p‘^ dq ’ 


A -^^A±.n^A- I A 

^ 02 qdp'^ p dq 


0 ; 


in order that these may coexist, we must have 


that is 


(^i, d2)=0, 

\q f)dz 


and therefore the equations are 


We now have 


Q AA. ^ n 

^’^dx^ pqdp p^dq~~ ’ 

^ dy q dp p ^q * 

d^_ 

' dz~ 

(•^1, ■^ 2 )—^? (“^ij (^2> J 


thus the set of these three equations of the first order is a complete Jacobian 
system in involution. As five variables a?, y, a, p, q occur in this Jacobian 
system, it possesses two integrals algebraically independent of one another : 
by the ordinary processes explained in Chapter iv in the preceding volume, 
these are found to be 

pq-y^- 

Thus, as before, the intermediate integral of the original equation is 

I^q-^3^=f{pq-\y\ 

where / is an arbitrary function. 

When this equation, as an equation of the first order, is integrated, it 
will give a primitive of the original equation. The subsidiary system in 
Charpit’s method does not appear to offer integrable combinations in finite 
terms, when / remains a quite arbitrary function. Evidently 
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is a particular intermediate integral, a being constant ; it leads to a particular 
primitive 

where a, a\ a" are arbitrary constants. Evidently 

is another particular intermediate integral, c being constant, (which, however, 
is incompatible with the preceding particular intermediate integral) ; it leads 
to a particular primitive 

j=c"+o'j;+i (cy + 

where c, o', c" are arbitrary constants. Other particular primitives can be 
obtained by taking other particular forms of / in the general intermediate 
integral. 

In the two particular primitives that have been given, three arbitrary 
constants occur. We shall hereafter (Chapter xix) see how, by a method due 
to Imschenetsky, it is possible to generalise a primitive of such an equation 
of the second order that contains three arbitrary constants. 


Ex. 2. Integrate the equation 

9 (1 + $?) r -• (1 -f + (1 -f/?) 

Here 

Cr-o, F=0, -ft=^(l+3'), 28^-{l-¥p-{‘q^2pq\ (1 ; 

the quadratic in fi for this case is 

9(1+3') 


and therefore 


Pll (Ti— ~ 


One subsidiary system is 


P 

1+9’ 


l+p 

9 




"99 ^ 1+9 ^ 
d<f> 
dx 




9<#» 1+jP 9<^ 9<^ . 

9>2 = =r- ”■ 


The latter, in full, is 

dx 9 dy dz 
In order that and <^>£=0 may coexist, we must have 

that is, we have three equations 
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and these are easily proved to form a complete Jacobian system. They 
therefore possess two independent common integrals, which can be taken in 
the form 

i±f 


S, x+z; 


hence an intermediate integral is 


lp=/(x+z), 

where / denotes an arbitrary function. 

Similarly, the other subsidiary system 

d^^i+P^^o] 

dq q \ 

<^__p_ 

dx \+q dy J 

is found to lead to an intermediate integral 

where g denotes an arbitrary function. 

The primitive can be derived, after a quadrature, by combining the two 
distinct intermediate integrals. When we take these in the form 

y+*=Vr(p) 

we have 

{l+p-\‘q)dz (dz +da;)-\-q{dz + dy), 

that is, 

(l + w)(l-hv)o? 2 !=(«; 4-1)0' (w)cfi4+(w+l) yjr' (v)dv. 


that is. 


j l+u l+v 


’^F(x+z)-k-0 {y-\-z), 
where F and O are arbitrary functions. 


Ex, 3. Integrate the following equations : — 

(i) 

(ii) 

(iii) o^-yH^xp-^yq-^xy ; 

(iv) (r - 0 ^ - y*) * - jpy ; 

(v) (r--8)x^(t-8)y; 

(vi) xh- + 2xys -b/e “/(^ +.y$') ; 
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(vii) yV — ipqt + =0 ; 

(vlll) 

(ix) q{l+q)r-{-{p-{‘q-\-^pq)s-\‘p{l-{’p)t=0 ; 

(x) (64-C2')^^-2 (a + cp)(6 + cg)« + (a4-cp)2 ^==0; 

(xi) 

(xii) y{rt’-'8^)-\-qr’\-{p-{-x)8-\’yt’>tq^0 ) 

(xiii) z (1+^^) r'-2pqz8-{-z{l+p'^) t^\-^p‘^-{-q^-\-z’^ {rt — 8^) = 0 ; 

(xiv) xy {rt ~ 8^) - xqr - ypt 4*^^ = 0 ; 

(xv) p^<^{rt- 8^)-\-^-\-\pq8-\-pH~\ ; 

(xvi) rt - *» +j (I - i) r - 2^ »+p (f - ^) < + (2 -px - qy) = 0. 

General Method for the Intermediate Integral (if any) 
OF ANY Equation. 

238. Alike in Monge’s method and in Boole's method, the 
differential equation of the second order has been supposed to 
be constructed by the elimination of an arbitrary function from 
an intermediate integral of given type. We have seen that an 
intermediate integral, in the form of an equation of the first order 
involving two arbitrary constants, leads (on the elimination of 
these constants) to an equation of the second order (§ 180). 
It is a characteristic property of the process of elimination that 
the nature of the eliminated magnitudes is ignored; moreover, 
the eliminant bears no explicit recognisable trace of the sources 
from which it came. The process is not reversible ; if the effect is 
to be reversed, definite methods must be devised for the purpose. 

Now when an equation of the second order is actually given 
without any indication of its origin, the preceding methods due to 
Monge and to Boole respectively may happen to be applicable : 
but the argument adopted for their construction cannot be used 
to prove that the methods are applicable, because the mode of 
construction of the differential equation is not revealed by the 
equation itself. The tests of applicability must be obtained other- 
wise: they are provided by assigning the conditions that the 
subsidiary equations in Mongers method possess two integrable 
combinations and (what are effectively the same relations) the 
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conditions that the subsidiary equations in Boole’s method possess 
two independent integrals. If the conditions are not satisfied, 
neither of the methods as stated leads to an intermediate integral 
of the type u — f (v), where f is an arbitrary function : such an 
intermediate integral is not possessed. 

In selecting the equations of the type 

U (rt — s^) + Rr 4- 2/8^ + = F, 

regard was paid to the facts, that it was deduced from an inter- 
mediate integral of the assumed form and that an equation must 
be of that type in order to possess such an intermediate integral : 
but it was not proved (as, indeed, it cannot be proved) either that 
such an equation unconditionally possesses an intermediate integral 
of the assigned form or that the intermediate integral of that form 
is the only kind of intermediate integral which can lead to an 
equation of the particular type. Accordingly, before proceeding 
to the discussion of the significance and even of the coexistence 
of the subsidiary equations, we shall obtain them in a different 
manner ; and the process will shew their organic connection with 
the original equation. 

Consider, more generally, any differential equation of the 
second order 

Vy ^y Py 9y T, S, t) 0 ; 

and suppose that it possesses an intermediate integral of the first 
order 

u(oc,y, z,p, q)=0, 

or (what is the same thing) that it is compatible with such an 
equation of the first order: no assumption is made as to the 
character of u. Then the equation /= 0 arises from some associa- 
tion of the two equations 


du du du ^ 

du du du ^ ^ 

dy dp dq 


either by the elimination of some arbitrary quantity or by some 
combination of the two equations made at will: the equation of 
the second order, being compatible with the equation of the first 
order, is compatible with the two derivatives of the latter, and 
therefore the three equations, which involve r, 8, t, are not in- 
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dependent of one another. Consequently, when we proceed to 
resolve them to obtain expressions for r, s, t, these expressions 
must be evanescent, that is, on the hypothesis that an equation 
w = 0 is compatible with the original equation. When we assign 
the conditions that the expressions for r, s, t shall be evanescent 
(which can be secured by substituting for r and t in terms of 
8 from the two derivatives, and making the resulting form of 
y* =s 0 evanescent as an equation for s), we shall have a number of 
relations that involve the derivatives of u. Thus the quantity w, 
as to which no assumption has been made save that m = 0 is an 
equation of the first order and that therefore both the quantities 

~ and “ do not vanish, satisfies a number of partial differential 

equations of the first order. Any common integral of these 
equations, which involves p or q or both, is an intermediate integral 
of the original equation. But, as is known, a simultaneous system 
of equations of the first order does not unconditionally possess 
common integrals ; in the present instance, the conditions for the 
possession of common integrals or a common integral are conditions 
that / = 0 shall possess an intermediate integral. 

Moreover, if the system of equations which must be satisfied 
by u should possess more than one integral, the relation of these 
common integrals to one another must be investigated, particularly 
in connection with the intermediate integral which then is pos- 
sessed by /=» 0, 

Ex. 1. Obtain an intermediate integral, if any, of the equation 
{tq — tpy^{rt — «*) {sp — rq). 

Writing 

du du du 'bu 

we eliminate r and t by means of 

and we make the resulting equation in « evanescent. In order that this may 
be the fact, we must have 

u ^ ^ 

u * 
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which are the simultaneous equations for the determination of u if it exists. 
We have first to resolve these equations algebraically. 

I. We may have 

pUp-{-qUq=^0, 24 * = 0 , 

that is, 

du du ^ du ^ du 
dz 

The conditions of coexistence require that 

^=0- 

and then the most general integral is 

u==<l) 


ly^O : 

Zu . 0W 
"by ^ dz^ 


where is arbitrary. Thus there is an intermediate integral 


<#> 


'p\^ 

. 9 . 


0 , 


that is, 

jp-a3'=0, 

where a is an arbitrary constant : but it is very special, for it satisfies 
the three equations 

sq-tp^Of rt-8^^0y sp — rg'=0. 

II. We may have 

pUp+qUg^O, 


that is, 


n^^-qup, 
pUy-qUj^—O : 

. du ^ du du . du ^ du du . 
^ dp ^dq~ ' dx^^ dz^^ dp^ ^ ^ dy ^ dx'^ 


The Jacobian conditions of coexistence require that 

^=0 

0y 

by combining the second and third ; the third equation then gives 

1^=0. 

dx 

By combining the first and second, we find 

du 


dz' 


0 ; 


and the second equation then gives 
so that the first now is 


^ ’ 


du 

Vq’ 


0 . 


No intermediate integral is thus provided. 
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III. Assuming that is not zero, as the alternative has been 

discussed, we find that the three equations are satisfied in virtue of two 
only, viz. 




riH. 

^0 


provided pup-^ 2 qug is not zero. We shall assume this latter condition 
satisfied for the moment and, later, we shall consider the alternative. 

Writing a?, y, p, 2'— .^?2 j ^3) ^4» -a?6» we have the two equations in the 
form 

©4® 

/l =iPl ^4-^ =0, 

Pi 

the Jacobian condition of coexistence is 

0 = (/,./^=-(i.3-^)(--4g+2-4g). 

The second factor on the right-hand side is 

= ^ (^4F4 + 2^6i>6) 

which does not vanish ; consequently 


^ Pi 

and the equations now are 

PiPi-Pi^=0, yi=0, ^>2=0. 

These are a complete Jacobian system : the complete integral of the system is 
w « I: + ajTs + 6074 -f cjjfi , 
where Ir, a, 6, c are constants such that 

6tC = 62. 


Thus 


u=k+axs+bxi-^— 
^k-^az -\rbp + — 27 


SO that the intermediate integral provided by t4«0 can be taken in the form 


ap4-a*2+i3*0, 

where a and ^9 are a couple of arbitrary constants. 
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IV. We have to consider the possibilities of the relation 

pUp^^r^Uq = 0. 

We then find that, concurrently with this relation, all the equations are 

t , 

P 


satisfied by 
so that the equations for u are 




du .. du ^ 


du 


du du du du du 


The Jacobian condition of coexistence of the first and second requires that 

die 


d.v 


= 0 ; 


and the condition for the first and third requires that 

du 


dz 


= 0 . 


Hence intermediate integral is thus provided. 

Hence the given equation has 

a^=0, 

for intermediate integrals. 


Fx. 2. Prove that all the surfaces, satisfying the equation 
(sq - tpY^{rt — {sp - rq\ 

and touching the cone x^-‘ry'^ — {z-{-aY along the circle 2 = 0, are 

given by equating to zero the c-discriminant of 

(2 + CJO + (1 + C^). 

(Math. Trip., Part II, 1904.) 

Ex. 3. Obtain an integral of the equation 

2 (rt - 22)2 _ _ 2 spq q- rg' 2 ) — (tp — {sp ~ rq) = 0 , 

by constructing an intermediate integral 

zssap-k-hq^ah. 

Does any other intermediate integral exist ? 


Ex. 4. Obtain an intermediate integral of the equation 
2 {rt ~ « 2 ) ~ — ^pqs+p^t^ 


in the form 


z=ap-\-bq., 


where a and h are arbitrary constants. 
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Ex. 6. Prove that the equation 

has an intermediate integral of the form 

+ g'y - (a -h 1 ) -2 cos a + ^ sin o + 6, 
where a and b are arbitrary constants, and a is a constant. 
Explain the result when a — O. 


Application of the General Method to 
Special Equations. 


239. We prcKJeed to apply the process, just indicated, to the 
equations 

^ + jRr + 2Ss -h Tt= V, 

jRr^2S8 + Tt=V, 

which have been considered in the earlier sections of this chapter. 
The immediate object is the determination of an intermediate 
integral if such an integral exists, no assumption being made as 
to the character of such an integral or as to its implicit influence 
(if any) upon the quantities B, S, T, F, which are supposed to be 
functions of x, y, z, p, q. 

Taking the first of the two forms and assuming that an inter- 
mediate integral, if it exists, is an equation 

u{x,y,z,p, 9 ) = 0 , 

we eliminate r and t from the equation 

rt — 4" i2r + 288 + = F 


by means of the derivatives of the intermediate integral, which are 
dll du du ^ 

du du du ^ ^ 

and then the eliminant, as an equation in 8, is made evanescent. 
The conditions for evanescence are 


du du du du p 
dxdp^ dy dq 



+ 2Spp-T 

dq dp 



du du ^ j^du du ^ jf^du ^ ydudu 
dxdy dxdq dy dp dp dq 
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and these are the differential equations to be satisfied by u. 
Conversely, if these two equations do possess a common integral 
u which involves p and q, then w = 0 is an intermediate integral 
of the original equation : the proof of this converse is an immediate 
inference from the analysis, taken in reverse course. 

Now these equations are exactly the same equations as occur 
in Boole’s method, there deduced upon a more extended assump- 
tion : hence, using the algebraical resolution before obtained 
(§ 236) so as to have the equivalent equations linear in the 
derivatives of u, we see that any common integral of the two 
equations 

du ^ j,du ^ du^ 
dx dp ^ dq^ 

du du _ 

dy ^ dp dq j 

or any common integral of the two equations 
dx dp ^ dq 

I } 

du du j^du ^ 

where p and a are the roots of the quadratic 
-j- ^pS + RT' + F' = 0, 

is an intermediate integral of the original equation. 

Further, if the first pair of equations have a common integral 
2 ^ 1 , and if the second pair have a common integral Wg, then the 
intermediate integrals 

“Wi = 0, = 0, 

coexist. For the Jacobian condition of their coexistence is 


that is, 


dui du2 du2 d'Ui dui du^ du^ dui 
dx dp dx dp dy dq dy dq 


= 0 ; 


on substitution from the two sets of equations for ^ and 
^ and respectively, this relation is satisfied identically. 
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Moreover, we can take the most general forms of Ui and that 
are admissible : thus, if the first system should possess two 
independent integrals (no matter how particular) represented by 
Vi and Wi, we take 

‘Ui = F{vi, = 0 , 

or 

where F and / are arbitrary functions: and similarly for For 
our immediate purpose, however, the form of the intermediate 
integral (if any) is less important than the property that it is an 
integi‘al common to two homogeneous linear equations of the first 
order, belonging to one or other of the two systems. 

When the roots of the quadratic are equal, so that the equation 
is of the form 


rt ~ ^ jRr + 2& + Tt + = 0, 

any intermediate integral is an integral of the equations 

du rn du ^du ' 

dx dp dq 

dy dp dq 

and conversely. 


240 . Similarly, for the equation 


if 


Rr-^2Ss^Tt^V, 

u(x, y,z,p, q) = 0 


is an intermediate integral, a corresponding process shews that u 
satisfies the equations 


J^dudu ^dudu 
dx dq dydp^ dp dq ~ 

Let pi and <ri be the roots of the quadratic 


— 28p + r = 0 ; 
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then the equations for u, when resolved, lead either to the system 


or to the system 


diL 

dx 


du du 

du V du 
^ dy^ Rdp 

du du \ 

dq dp 


du 

dx 


du Vdu ^ 


These equations are exactly the same as the equations which 
occur in Boole’s method: but they are now obtained merely 
on the assumption of the existence of an intermediate integral 
and without any assumption as to its form. 


When the roots of the quadratic are equal, there is only a 
single system : it is 

dq dp 

Rp + s^+vp = o 

dx dy dp / 


As for the former case, so for the present case, if Wi is an 
integral common to the equations in the first system, and if 
is an integral common to the equations in the second system, 
then the equations 

Ui = 0 , \i2 = 0 , 


coexist: for the Jacobian condition of coexistence is satisfied 
identically. 

We proceed from the intermediate integral or intermediate 
integrals in order to obtain a primitive. If there are two inter- 
mediate integrals 

Wj = 0, tig = 0, 


we resolve these equations with respect to p and q ; the values so 
obtained are substituted in 


dz=pdx 4- qdy, 

and quadrature then leads to a primitive. If there is only a 
single intermediate integral 


w = 0, 
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it is regarded as a partial equation of the first order : its integral, 
obtained by any of the customary processes, is a primitive of the 
original equation of the second order. 


Three Integrals common to the Subsidiary System. 

241. It thus appears that the determination of an inter- 
mediate integral (if any) of the equation 

^ 4- iir + 2 <Si 5 -f K = F 

is bound up with the determination of a common integral (if any) 
of the equations 

du ^du ^ ^ 

dx dp ^ dq^ 

^ > 

du du j.du ^ 

or of a common integral (if any) of the equations 

— 0 ) 

dx dp ^ dq 

- • 

du du j^du 

dy ^ dp dq^ 

Now these equations are homogeneous and linear : and there are 
perfectly definite processes for determining whether the equations 
in such a system do possess a common integral and, if so, what is 
the number of algebraically independent integrals which they do 


where 


Consider the first system of equations. We take 
p = — + or = — <S> — 

and we write the equations in the form 

. . . , du rpdu du ^ 


du 

dy' 


/.f/ V V'Ui du VW Q Vt. 


du 




:0 
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As there are five variables x, y, z, q which can occur in u, and 
as there are two equations initially, four different cases can arise ; 
there can be three independent common integrals, or two, or one, 
or none, according to the number of equations in the system when 
it is rendered complete. 

In order that the two equations A (w) = 0, A' = 0, may 
coexist, the Jacobian condition 

(A, A') = 0 

must be satisfied, u now being regarded as the dependent variable 
and X, y, p, ^ as the independent variables. But 

(A, A') = (<r - P) g + (A' (T) - A (<r)l g + { A' (p) - A {R)\ | ; 

and the right-hand side, which manifestly does not vanish in 
virtue of A (ia) = 0 and A' (w) = 0, still must vanish. This re- 
quirement can be satisfied in one of two ways: the right-hand 
side may vanish identically: or, if not vanishing identically, it 
provides a new non-identical equation when equated to zero. 
We take the two cases separately. 

When (A, A') = 0 is satisfied identically, we have 

as a first condition. The roots of the quadratic are equal, so that 
there is only a single subsidiary system : the common value of the 
equal roots is — <3. The other conditions are 

A'(T)-A(cr)=0, A'(p)~A(jB) = 0; 

and therefore the equations 


are such that 


... 01^ , du rpdu ^ rfdu ^ 
A/ / \ 9^ du ..da ^ 


provided 


(A, A') = 0, 

A'(T) + A(iSf)=0, A'(S) + A(B) = 0: 


that is, when these conditions are satisfied, the equations A = 0, 
A' = 0 are a complete Jaeobicm system, and therefore they possess 
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three independent integrals in common. Let these three in- 
dependent integrals be Wi, obtainable by any of the methods 
given in Chapter iv in the preceding volume, where ili, are 
functions of a?, y, z, p, q. Now 


p dn/\ 

= 0 , 


du^ ^ du\ 
dx dp dy dq 


du2 dui 
dy dq 


on substitution ; and similarly 

Wsl^O, [wa, W8]==0. 

Consequently, the equations 

Ui = u, U2 ~ df = c, 

where a, 6, c are arbitrary constants, coexist: and the quantities 
Mj, Wg are independent of one another, so that the three 
equations can be resolved with respect to any three of the 
variables. Let this resolution be effected with respect to z, p, q ; 
then we have 

^ =/(«'. y. «. ^ c). 

= y (^> y> «> 0)' 

q =^h(x, y, a, h, c), 

and these values of p and q are the derivatives of z. 

Thus, with the conditions as satisfied, an integral involving 
three arbitrary constants has been obtained. This integral can be 
generalised so as to involve two arbitrary functions: and the 
generalised form is given by 

6 = <^ (a), c = ylr(a) 

^ = /(^> c) 



where (f> and yfr are arbitrary functions, and a, 6, c are to be 
eliminated. The origin of this generalisation is to be found in 
Ampfere’s method, which will be expounded later: meanwhile, 
the statement can be verified as follows. 


We first need the relations connected with the fact that 
* = /. P=9> 9 = 



241.] 


YIELDING A PRIMITIVE 


233 


constitute an integral of the original equation. These three 
equations are the equivalent of the three equations 

Ml = a, = 6, 2^ = Cy 


so that the quantities Zy p, q in these three equations are such 
that 

dz _ dz ^ 

dx dy 

dx ~ ^ dy dx ^ dy 

When we substitute in each of the three equations 

Ufj, — constant, 


for //- = !, 2, 3, the values z =f, p =gy q = hy we have identities; 
and therefore 


du^ 

dx 


duu 


du, 


u duu 

+ s^ = 0, 


dp dq 


or, taking account of one of the differential equations satisfied by 
Ufj,y we have 

As this holds for /Lt = l, 2, 3, and as Uiy u^y are independent 
of one another, we have 


Similarly, from 

we have 
Consequently, 

and 


r+T=0, = 

X « ^ J. . -u # - n 

dy ^ dz dp dq ’ 

s — S=^0y < + i^ = 0. 

^~dxdy’ df’ 

V— S^ — RT— ( Y 

\dxdy) da?df 


With these values, the equation 


rt-s» + iJr + 2Ss+2Y= V=S^-RT 


is satisfied by 


H =/(«. y, a, b, c). 
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Passing now to the equations of the generalised integral, we 
have 

da ’ 

and therefore 

dx\da) da^dx ' dy\da) da^ dy ’ 

thus 


lfdf\ 

d /< 

dx 


0 ldf\ 


dy \da) 

1- 

'"da Vi 


^y) do? dy ’ 


Now from the equation 
we have 


Again, 


^ dx^ da dx dx ' 

^ dy da dy dy ’ 

da? ^ da \^x) dx da? do? \0aj ) * 

_ 9y 

^ dxdy ^ da \dx) dy ~ dxdy da? dx dy * 
dy^ da \0y/ dy ”” dy^ da? \^y) 

On the right-hand sides, the partial derivatives of / with regard 
to X and y are taken on the hypothesis that a is constant : thus 
we may put 

^-8 

• dxdy~ ’ df 
d‘/fda\ 


da? 


8 = 


daAdxJ * 

a _ d^f da da 
da? dx dy * 

. jR _ 

da?\dy) • 


and therefore 
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r« - + l^r + 2/Sf« 4- R * 8*^RT, 

on substituting these values of r, s, t: that is, the original dif- 
ferential equation is satisfied by 

)■ 


which thus is an integral involving two arbitrary functions. The 
conditions for the existence of the integral are that the quantities 
R, 8, T, being functions of x, y, Zy p, g, shall satisfy the relations 

A(JK) + A'(.Sf) = 0, A(5f) + A'(T) = 0, 


identically, where 


A ^ ^ r/T ^ . O ^ 


A' = - 4-fl — 4. _ A? i 

dy ^ dz^ dp dq ’ 


Ex. 1. Verify the converse, viz. that the equation given by the elimi- 
nation of a between 

2=/k. y, «. <#> («). V' («)i, ^=0, 

satisfies an equation of the second order, for which the two conditions are 
satisfied and for which 

V=^S^^RT. 


Ex. 2. A surface is defined as the locus of the family of curves 
f{x, y, z, a)«0, g{Xy y, a)-0 

where a is a parameter ; shew that z, regarded as a ftmction of x and y 
along this surface, satisfies the partial equations 


where 






H=iA-ptB 


q»C, 


^ .0 r» S S 


and 
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Give a geometrical interpretation of the two partial equations : and find the 
condition or conditions which must be satisfied by quantities A\ B\ 
in order that the equation 

may possess an integral of the foregoing tyj)e. 

242. It is not difficult to construct equations of the type just 
discussed. The equation is 

rt-s^ + Rr + 2Ss + S^-RT; 
and the quantities R, S, T must satisfy the equations 
A(i?) + A'(^)==0, A(6^) + A'(r) = 0. 

Hence S may be assumed arbitrarily ; and then R and T are given by the two 
simultaneous equations 

a'(70=-a(^)J 

A. The simplest set of cases occurs when 


where a is a constant : then A'(>S')=0, A (iS) = 0 ; so that R and T are given 
by the two equations 

ZR^ dR dR 

dT , dT , dT „ar . I ’ 

^ dz * dp dq j 

Individual forms are easily obtainable. 

I. hot 


where 6 is a constant ; the first equation is satisfied identically, and T then 
is any integral of 

dT dT dT .dT ^ 
dy^^ dz^^ dp dq ’ 

so that we can take 

T^F{x, p-ay, q-¥hy, z-qy-\hy^\ 

where F is any function of its arguments. As /?, S, T^ are now known, the 
differential equation is known. 

When we proceed to obtain the primitive by the method in the text, 
we have to obtain three integrals common to 

^ . du ^ du ^du . du ^ 

. 0M . du ^ du , 0w - 
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The latter is the equation defining T\ hence it has the four independent 
integrals 

®3=}+6y, 

Vt^z-qy-^byS 

and any function of these will satisfy A'(w)=0. Let 

V2y Vs, Vi) 

be a function of them satisfying A (w)=0 : then 

da dg jp ^g ^ 

vvi dvs aVs dvi 

To obtain the form of g, we construct the subsidiary equations 
dvi dv2 _ dvs _ dvi 

1 ** a ”* ^2 * 

Let 

toi^a, tr2=/3, Ws^y, 

be three independent integrals of these equations, where a, )3, y are constants : 
then, if we eliminate p and q between the three equations 

leading to an equation 

H (x, y, z, a, ft y)=0, 
the integral of the differential equation 


rt ~ 8^ -{-br - tF—a^-\-hF 
H{x, y, z, o, <^(a), >/r(a)} = 0) 


is given by 


A particular case of this form, viz. 

(/)+j+r)(l + <)=(!-«)» 

is given by Imschenetsky* : it is obtained by taking 

«=!, 6=1, F^Vs-^Vs^ 

in what precedes. The quantities Wi, W 2 > ^3 the integrals of 


wo easily find 


dvi ^ dvi * dvi * ’ 

Vs-Vi+a, 

Vs^^e Vi — a + 1, 

V4='y-/3e“®’ - (o - 1) 

* At p. 299 of his frequently quoted memoir. 
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Substituting for Vi^ V 3 , and eliminating p and we have 

The generalised integral is 

z-<t)(a)-e-^\l/ a(.r-y)'j 

0 = <^'(a)- e “*!//•' (a) j 

Both results are given by Tmschenetsky. 


11. Still keeping S-a^ let 

where /denotes any function at our disposal. Then the condition 
A(R)^~A' (>S^) = 0 


is satisfied identically ; and the equation for T is 
dT 

0y 


Then 


dT^ dT ^ dT .dT . 


T^G{x, p-ay, d, f), 


where G is any function at our disposal, and 

^ ^ (y, =s constant, f =« - aoiry - <^ (y, t) — constant, 
are two independent integrals of the ordinary equations 


dt 

dy 

dz 

dy 


' ~/(y, 

t-\-CUTy 


in which x is parametric and t denotes q - ax. As S, T are known, the 
form of the differential equation is given explicitly. 


In order to obtain the primitive by the method in the text, we have 
to obtain three integrals common to 


du du du , du _ 


, . du du du j,du _ 

‘^(“)=ay+?a7 + “a.,-/s;;=o- 


dp •' dq^ 


The latter is the equation defining T: we know foiu* independent integrals in 
the form 

Vi^X, 


v^^p-ay, 

t>4=C; 

and any functional combination of these will satisfy the second equation 
for tt. Let 


u^g (vu Vs, V4) 
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be a functional combination satisfying the first equation ; then, as 
A(Vl)*l, A{V2)=^~T*=-0(:Vi, V 2 , V 3 , Vi), 
A{v^)=0, A{Vi) = V 2 y 
the equation for g is 


One integral evidently is 
let 


dvi dv 2 ^ dvi 


V3' 

W 2 =y, 

be two independent integrals of the ordinary equations 

, dv 2 dvi 

dvi=>-—r-j^ 

— t>2 

in which ^3 is parametric. An integral of the original equation is given by 
eliminating p and q between 

V3 = a, Wl=^, M?2=y: 

and it can be generalised in the usual way. 

As an example, let 

R — q-ax^t ; 

to determine T, we integrate the equations 


eo that 
and then 


dt . ^ ^ 

dy dy 


9 —tey, ^—z-axy-^-t, 

TssG{x, p — ay, z—axy'\-t), 
where O is at our disposal, being any function whatever of its arguments. 
In particular, let 

T=p-ay, 

SO that the differential equation is 

rt- i^-{-{q-ax) r-f t^a^ — {p-ay) {q-ax). 

To obtain a primitive, we have 

(q-ax)ey=Vs==a ; 


and we have to integrate 
Thus 


dvi ^ dvi 


the primitive is given by eliminating p and q between 

{q — ax)ey*^af 

« — 4- J ~ cw: * y - /3« ~ 
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that iS) it is 


z^CLxy -ae^v - 


The generalised integral comes by taking 
III. Still keeping write 

V 3 . 9 . 9 

then the equations for R and T are 


^R 

If ^ is not zero, then 
op 


and therefore 

\dp/ \dp/ 

which is a differential equation for R of the second order involving five 
independent variables. The general primitive of this equation does not 
appear to be obtainable : but special integrals can be obtained. 

B. Another set of cases is given by 

T«0, 

provided S can be determined so as to satisfy the equations 
A(*S^)=0, A(>S')=0, 
which in the present instance are 

0^ 0^ 

9^ as 

The condition of coexistence is that 


[A, A']=0: 

it is easy to verify that 

[A, A^=/>A-^A', 

and therefore the condition is satisfied. 
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Suppose that S is determined by an equation 
^ Vy h Py S)^0\ 

then 

dcr 00- 

and so for other derivatives of S : thus the equations for <r become 
00- dcr ^d<r ^ 

'by ^ bz bp 

Proceeding in the usual manner, we find that there are four independent 
integrals of these two equations, viz. 

Sy p-ySy q-XSy ^ ~ ^ ^ /S' I 

and therefore the most general value of <r is 

<r=^{Sy p-ySy q-xSy z-px--qy-^xyS)y 

where 4> is a completely arbitrary function. But S is given by o-=0, that is, 
S is determined by the equation 

^{^y p-y^y q-^Sy z-px-‘qy^xyS)=^0. 

The differential equation to be integrated is 

and if wi, U 2 y be three independent integrals of the two equations 
0 w , 0 w , ^bu - ^ 

bu bu t^bu - I 

an integral of the differential equation is obtained by eliminating p and q 
between 

Wl=a, W3 = y. 


As an example, take 


so that 


S’^p—ySy 


the quantities Uiy v^y % are found to be 


p px px 


and the integral is 


z=.a^(l+y)+y^4-y. 
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Ex, Integrate the eqiiations : — 

(i) 6r-f2<w— a2»(6+<)/"(a?); 

(ii) 

where n is constant ; 

(iii) «-«>+fc-+2a<-a*=^-^^, 

where m is constant ; 

(iv) r^-«2^^^2a«~a*=<;(6+^)(2~^~ Jy*), 

where c is constant ; 

(v) a2=ic ^^t^(64-0» 

' p~ay 

where k is constant ; 

(vi) r^— «*+6r+2a«— a2=X {p — ay){Z’-qy--\y^){h-^t\ 

where X is constant ; 

(vii) ax) r + 2as + tf' {x) ==a^-{q- ax) /" (x) ; 
(viii) rt-8^+{q-ax)r-)r2a8-‘a^^{cx+ay-p) (t-^q-ax) ; 
(ix) rt - + r/(^) + 2<w + tg (y) = -f{x) g (y) ; 

(■) "-(-r+iTi 
O') 

(xii) = . 


Two Integrals common to the Subsidiary System. 

243. It was seen that the two equations A (u) ~ 0, A' {u) = 0, 
coexist only if the equation 

(A, A') = 0 

is satisfied. From its form, it clearly cannot be satisfied in virtue 
of A (w) = 0, A' (u) = 0 ; and we have discussed the case in which 
it is satisfied identically. It remains to discuss the case in which 
it is a new equation and for which therefore not all the three 
quantities 

a-p, A'(T)-A(<t), A'{p)-A{R), 

vanish. 
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We shall deal with only some of the possibilities in detail : for 
the present purpose, we shall assume that no one of the three 
quantities vanishes, so that, writing 

p_A'( 2’)- A(<r) A'(p)-A{R) 

p — <r » ^ ^ — <7 ’ 

the new equation has the form 




Qp=o. 

92 


It is easy to see that, if the system of equations in u is to possess only 
two independent integrals (so as to justify the assumptions in Monge’s 
method and in Boole’s method as regards the origin of the equation), the 
quantity p - o- must not vanish. Assume the contrary, so that p = cr: then, 
for our present purpose, we cannot have both the quantities A' (7^-1- A (>S), 
A' {S) + A {It)j equal to zero. Let the former be different from zero, and write 


the new equation is 


a'(S)^a{R) 
„ . . du ^ du - 


The equations 

A (u) — 0, A' (u) - 0, V (w) = 0, 

are to be a complete system if they possess two independent integrals : 
consequently the equations 

(A, A') = 0, (A, V)=0, (A', V)-0, 

must be satisfied in virtue of the equations of the system. Now 
(A, A') = {A'(70 + A(.S')}V(w)-O, 


(A', V)=m|“+V(5)^ 


-{V(if)+A'(^)}|: 


it is obvious that the quantities (A, V), (A', V), do not vanish in virtue of 
A=0, A'=0, V«=0. The three equations are not a complete system : they 
cannot possess two independent integrals. 

Accordingly, we are justified (for our immediate purpose) in assuming 
that p - or does not vanish. 

We thus have three equations 

A{u)^0, A'(tO-0, A"(i4)=0, 
and these equations are to coexist : consequently, the relations 
(A,A') = 0, (A,A") = 0, (A',A'0«O, 



SUBSIDIARY SYSTEM WITH 


244 


[243. 


must be satisfied, either identically, or in virtue of the equations of 
the system, or as new equations. Now 

(A, A') = (^-/))A"W=0, 
thus providing no new condition. Also 

(A, A") = P g - (A (P) - A" (P)l I - {A (Q) - A" (p)} | , 

(A', A") = <2^ - fA' (P) - A" (<r)} {A'(Q) - A"(P)} | . 

These equations manifestly do not vanish identically ; if they vanish 
in virtue of the equations of the system, we evidently must have 

(A, A") = PA" (i/), (A', A") = QA" (u\ 
and therefore we must have 

nx = P« -A(P) + A"(P) = 0 
n, = P(2-A(Q) + A"(p)=0 
n3=P(2~A'(P)+A"(a) = o’* 

-A'(e) + A"(P) = 0 

Taking account of the relations between the operators A, A', A", 
viz. 

AA'-A'A = (<r~p) A", 

AA"-A"A = PA", 

A'A"-A"A'=QA", 

we find 

A'fli - AOs = QH, -h Pn, - 2Pn, ) 

A'lia - An^ = pn, + Qn* - 2Qn, ] * 

Accordingly, the four relations may be really equivalent to only two 
relations : and they are the conditions that the system of equations 

A(w) = 0, A'(u)^0, A"(w.)=0, 

shall be a complete system. 

Suppose that the conditions are satisfied and that therefore 
the three equations 

A(w) = 0, A'(i^) = 0, A"(i4) = 0, 

are a complete system : they involve five variables x, y, z, p, g, and 
they therefore possess two independent integrals in common. Let 



243.] 


TWO INTEGRALS 


245 


V and w be these common integrals, taken as simply as possible : 
then the most general integral is of the form 

W)y 

where F is an arbitrary function. But 

w = 0 


is an equation of the first order compatible with the original 
differential equation; hence an intermediate integral is 


that is, 


F {v, w) = 0, 


where /is an arbitrary function. 


But this is precisely the result obtained by Mongers method 
and by Boole’s method on the assumption, made for the analysis 
in each method, that the appropriate conditions (there left 
undetermined) are satisfied. Consequently we have the theorem : 


The equation 

rt — 52 ^ jRr + 2Ss + Tit = F, 


where RT — Vis not zero, possesses an intermediate integral of 
the form 

provided the relations 

- A (P) + A" (T) = 0, Pg ~ A' (P) A" (a) = 0, 

pg - A (g) + A" (p) = 0, g« - a' (g) + a" (P) = o. 


are satisfied; and these relations may he equivalent to only two 
conditions. The quantities p and a are the {unequal) roots of the 
quadratic 

p?-ir2pS-\-RT^ F=0; 
the operators A and A' are given by 

^dp ^dq’ 

A' ^ I ^ ^ ^ . 

’“dy^^dz ^ dp dq^ 

the quantities P and Q are 


p^ A'(T)-A(a) 


Q 


A-(p)-A(P) 


p-<r 


p-a 
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and the operator A" is given by 



The preceding result is the definite establishment of the 
theorem as to the possession of an intermediate integral, involving 
in its expression an arbitrary function. 

No discrimination has been made between the two unequal 
roots of the quadratic equation: an intermediate integral will 
be possessed, if the essential conditions are satisfied for either 
arrangement of the two roots. 

If the essential conditions are satisfied for each of the arrange- 
ments of the roots, then each arrangement of the roots leads to 
an intermediate integral involving an arbitrary function. These 
intermediate integrals coexist, according to an earlier theorem 
(§ 233). t'he construction of the primitive is then a matter of 
mere quadrature of the relation 

dz — pdx-\-qdyy 

after substitution of the values of p and q derived from the simul- 
taneous intermediate integrals. To such equations we shall recur 
later. 


The more frequent case arises when the essential conditions 
are satisfied for one, but not for both, of the arrangements of the 
roots. We then have one intermediate integral : the construction 
of the primitive requires the integration of that equation of the 
first order, and it will appear (from a theorem of Ampere's which 
will presently be proved) that, in this integration, the equations 
connected with the unsatisfying arrangement of the roots of the 
quadratic occur. 


Ex, 1. One veiy simple case arises when 


The operator A' is merely 
integral is 


P=:0, §-0. 

0 

gj : one of the equations for the intermediate 



flo that z does not occur explicitly in the integral : and the (four) conditions 
are 






ZR 

ai* 


0 . 
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As p and <r are unequal to one another, these conditions require that 
/?, Sy Ty V do not explicitly involve z. We therefore take Ry Sy Ty V 
free from z ; and then, os both P and § vanish, we have 


where now 


A(p) = A(^), 

a 0 0^ 

^ dp ^ I 

0y dp dq) 


Four quantities, being functions of Sy y, py y, are at our disposal, subject to 
the limitation that p and a are not equal to one another. 


Thus p and <r can be assumed arbitrarily : the quantities R and T 
are determined by means of the equations 


A'(T) = A((r), A(p)-A(i2): 

and S and V are given by the equations 

%S— —p — (Ty 
V^ptr^RT. 

A special case will suffice as an illustration. Let 

p—apy tr^cq: 

then 

dT dT ^ dT 

37=-“'^’ 

dR rjydR dR 

X Tk ap^ ^ - acq, 

da: dp ^ dq ^ 

Without attempting to obtain the general values of R and Ty we note that 
the values 

H=\p, T=iiq, 

satisfy the equations, provided 

\p=ac. 

\pr — {ap + cq) a-^-pqt = 0, 

that is, the equation 

{r^pq) (<+X;>)=(«+ap) 

where Xp=ac, possesses an intermediate integral involving an arbitrary 
function. 

The construction of the intermediate integral is left as an exercise. 


Thus the equation 


Ex. 2. Prove that the equation 

{xp +pq) {rt - «*) + + (a + c) + cpH « 0, 

where 


has an intermediate integral involving an arbitrary function : and obtain the 
integral. 



248 


AMPj^RE’S 


[244. 


AMPiaRE’s Theorem on an Intermediate Integral. 


244. Before proceeding to consider the properties of equations 
which possess two intermediate integrals each involving an arbitrary 
function, one characteristic property of equations possessing only a 
single intermediate integral may be noticed here. It was first 
obtained by Ampfere, and it is as follows: — 


When the differential eqtuUixm possesses an intermediate integral 
involving an arbitrary function^ so that the qualifying conditions are 
satisfied for one of the two systems of subsidiary equations, then the 
Charpit relations leading to the integration of the intermediate 
integral include the other system of subsidiary equations. 


Denote by v and w the independent integrals of the subsidiary 
system 

thr r)'!/ 

' 0 , 


. . V . du rn^u du 


A'(«) 




du 



= 0 , 


A/// \ A 


the system being complete : then the intermediate integral can be 
taken in the form 


F(v, w) = 0, 


where F is any arbitrary function ; and the three equations are 
satisfied when F is substituted for u. Now i^=0 is an equation 
of the first order ; to integrate it, we form the Charpit subsidiary 
equations (§ 68) 

da dy dz --dp - dq 

dp dq ^ dp ^ dq dx dz dy^^ dz 

and we need to obtain some integral of these equations. When we 
substitute for the denominators of the last two fractions, we have 
the modified set 
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and therefore the system includes the equations 
dz^ pdx 4- qdy " 

•-dp — Tdx^ pdy . 

— dq= adx + jRdy ^ 

Let ?7, = constant, be an integral of this set ; then TJ satisfies the 
equations 


dU ^ dU dU . 

dy ^ dz ^ dp dq 


dU ^ dU 
dx^^ dz 


These are the equations of the other subsidiary system: hence 
Ampere’s proposition. 


We have supposed (though the supposition does not affect the 
preceding analysis and is postulated solely as providing the least 
favourable circumstances) that the qualifying conditions are not 
satisfied for this alternative subsidiary system. On that hypothesis, 
two independent integrals of this subsidiary system do not exist, 
for otherwise they would lead to an additional intermediate in- 
tegral : but the subsidiary system may possess one integral, and 
that integral is one of the integrals of the Charpit equations. 
Now this is precisely what is required for the integration of the 
intermediate integral: we need one integral of those equations, 
which shall be distinct from = 0 and shall involve p or q. 

It therefore appears that, if only a single integral of the 
alternative subsidiary system can be obtained, say 




it can be combined with the intermediate integral 

F{v, w) = 0 


so as to give values of p and q which, when substituted in the 
relation 

dz^pdx-^qdy, 

make that relation exact. Quadrature of this exact equation leads 
to the primitive. 


If the alternative system should lead to an intermediate 
integral 

G(i7„ c;)*o, 
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where 0 is an arbitrary function, it is clear that special primitives 
are derivable from any of the combinations 

v=sa) w=^b) w^h) 


v = w — h\ 




Ex, 1. Consider the equation 


The equation for ^ is 


With the assignment 


p, cr=^, q, 
o' = 9'» 


the equations leading to the intermediate integral (if any) are 
du du du du 

du . du du du . 
dy ^ dz ^ dp ^ dq^ ' 

The condition of coexistence is found to be 


and this equation, together with 

du du du ^ 

^ 9 P 5 ~— 0 , 

cx ^ dp ^ dq 

du du du ^ 

dy ^ dp ^ dq~ ^ 

makes a complete Jacobian system. Two independent integrals are easily 
found to be 

p^^q% {p + q)e‘^v^ 
so that an intermediate integral is 

where /is an arbitrary fimction. 

With the assignment 

the integrals leading to an intermediate integral (if any) are 

dU , dU dU dU ^ 
dx ^ dp ^ dq * 

dU ^ dU dU dU ^ 
dy ^ dz ^ dp ^ dq’^ ’ 

The condition of coexistence is found to be 

dU dU dU . 
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g^ + (?>-?)^=0. 

= 0 , 

cy ^ ^ cz 

makes a complete Jacobian system. Two indei)endent integrals are easily 
found to be 

z-¥p-{p-q){x-y\ p-q, 
so that an intermediate integral is 

z-^p-{p-q)(^-y)-==9{p- q\ 

where g is an arbitrary function. 

It is easy to verify that 

p-q, z+p-{p-q){x--y\ 

are integrals of the Charpit system subsidiary to the integration of 
{p-\-q)^'^v^f{p^-q'^)y 

p^-q^^ + + 

are integrals of the Charpit system subsidiary to the integration of 

Z‘\‘p-{p-q){x-‘ y) (p - q). 

The construction of various primitives is left as an exercise. 

Corresponding properties and limitations belong to the equation 
Rv + 2iSs + Tt = V \ 

the equations for the determination of an intermediate integral (if 
any) are 

K t / \ 0W ^ 

du . dll , Vdu 

dx 


and that 




dy R dp 

where p and a are the roots of the quadratic 

and, when the roots of the quadratic are unequal, there are two 
sets of equations in u corresponding to the two assignments of the 
unequal roots. 

The development of the properties and limitations follows 
exactly the development in the case of the equation 

— 5* 4* jRr 4- 28$ + * F, 

and so need not be given in detail : we subjoin some of the results. 
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Ex, 2. Prove that, if the equation possesses three independent inter- 
mediate integrals of the form 


then 


Wi=ai, W2=a2» 


RT=:S^, 


Ex. 3. Shew that, if the equation 

possesses three independent intermediate integrals, then S is determined by 
an equation 

f{S, p+qS, X, y, t)=0, 


where / is any arbitrary function (which must, however, involve S ) : and 
that V is determined by an equation 




Prove that, if 
then 


6+j’ 


V,={a+p)g(^^, X, y, , 


where g is any function of its arguments ; and determine the form of F 
when 

S^F{Xy y, z). 


Ex. 4. Integrate the equations : — 




±fV,. 


t^\{h^q)z, 


where X is a constant ; 
(ii) r + 2iW + zH = (z - y) (jo + qz). 


Ex. 6. Shew that, if the equation 

r-^2Ss-\-Tt= V 


possesses an intermediate integral involving an arbitrary function, and if 
/S*- iT is not zero ; also, if 

0 9 / X 9 0 

A< 3 a 

A"-a+six)|+xi+p 

where p and or (in one or other of the two possible assignments) are the 
roots of the quadratic 
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and where the quantities X and P are given by 

cr-p* (T—p * 

then the necessary and sufficient conditions for the possession of the specified 
integral are that the equations 

A''(<r)-A(X)«0 ^ 

A"(p) + A'(/*)*XP 
A"(r)-A(P)«0 

A'(X)o:X* , 

are satisfied. 

Can these equations be equivalent to only two independent conditions ? 
Ex, 6. Shew that the equation 

r-tp {q + ^^+tt^=pf(,pq), 

where / is any function, possesses an intermediate integral : and integrate the 
equation 

^ ( ;> V “ 1 )• 

One Integral common to the Subsidiary System. 

246 . In § 243, it was seen that the equation 
rt — 5* + jRr + 2S5 + Tt = F 

possesses an intermediate integral of the type contemplated by 
Monge and by Boole, if the system of equations denoted by 

A(ti) = 0, A'(tt) = 0, A"(w)=:0, 

is a complete Jacobian system: and the necessary conditions 
were duly set out, together with the limitation that the quadratic 

^ + 2/liS 4" RT 4* F = 0 

should have unequal roots. If, however, in any given case the 
quadratic has equal roots: or if only some, but not all, of the 
essential conditions are satisfied for each of the unequal roots: 
then the system of three equations is not a complete Jacobian 
system. In either case, the three equations do not possess two 
independent integrals: and consequently the original equation 
possesses no intermediate integral that involves an arbitrary 
function. 
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Suppose then, that, the three equations are not a complete 
Jacobian system; any further analytical developments have no 
significance in connection with the problem as initiated by Monge 
and by Boole, They, however, do possess significance for the 
problem as propounded in § 238: for there we are concerned 
with equations which possess an intermediate integral of any kind 
whatever, there being no limitation and no requirement as to 
its functional character. An example was given in which an 
equation, definitely not of the postulated form, possessed an 
intermediate integral involving two arbitrary constants: and it 
is easy to see that an equation 

u(x,y,z,p, q, a, 6) = 0, 

where a and b are arbitrary constants, can be an intermediate 
integral of an appropriate equation 

F{x,y,z,p,q,r,s,t)^0. 

The matter will be sufficiently illustrated by briefly continuing 
the development of the analysis, which is connected with the 
equation 

^ + i2r + 2Ss + Tt = F, 
on the hypothesis that the equations 

A (u) = 0, A' (u) 5= 0, A" (u) = 0, 

do not constitute a complete Jacobian system. Two cases have to 
be considered, according as the quadratic 

does not, or does, possess equal roots. 


Assuming that the roots of the quadratic are unequal, so that 
p — or does not vanish, we have the three equations in the form 

. . X . du „,dii dll ^ ' 

. X 0 a . du du O 0 M. ^ I 


where 


^ ' dz dp 


d(j 


p^ A-(T)^A (<r) A'( p)^A(R) 

P’^er * ^ p — (T ’ 
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and 

(A, A') = -(p-<r)A". 

Also 

(A, A") = - {A (P) - A" (P)} I - {A (Q) - A" (p)} | , 

(A', A") = Q I - (A' (P) - A" (<r)} - {A' (Q) - A" (R)} ; 

SO that (A, A') = 0 in virtue of the equations retained, and we 
must have 

(A, A") = 0, (A',A") = 0, 
also satisfied because the equations are retained. 

Now the case, next in importance after those which already 
have been discussed, is that in which there is only a single 
integral common to the system. As there are five independent 
variables x, y, z, p, q in the system, the complete system will 
involve four linearly independent equations: hence the two new 
equations will effectively add one extra equation to the set A = 0, 
A' = 0, A" = 0. As derivatives with regard to x and y do not 
occur in A and A', it follows that a linear relation connects 
A'', (A, A"), (A', A"); hence 

©= P«~A(P) + A"(n Pg-A(Q) + A"(p) =0. 
P(2~A'(P) + A" (o-), A'((2) + A"(P) 

Any one of the four constituents in this determinantal form of 0 
may vanish, though no one need vanish ; if one does vanish, then 
0 = 0 will be satisfied by making one other vanish. But not all 
four constituents can vanish : for then we have 

(A, A") = PA", 

(A', A")=QA", 

and the complete system would consist of three equations, thus 
leading to the preceding case. 

Moreover, as there is a linear relation connecting A", (A, A"), 
(A', A"), there is effectively one new equation, so that the system 
has become 

A = 0, A'-O, A" = 0, A"' = 0. 

The conditions 

(A,A') = 0, (A,A'0 = 0, (A',A") = 0, 
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are satisfied ; we shall assume that the further necessary conditioi 
(A,A"')«0, (A', A"0 = 0, (A", A'")«0, 

also are satisfied ; the system is then complete, and it possess^ 
one integral. Consequently, the subsidiary system has one integn 
common to all its equations if, when the roots of the quadratic ai 
imequal, certain relations are satisfied: one of these is that tl 
equation 

@-0 


should he satisfied, uHthout all the constituents in the determinantc 
form of 0 vanishing. Let u denote this common integral : then 


u^a. 


where a is an arbitrary constant, is an intermediate integral ( 
the differential equation. 

Next, let the roots of the quadratic be equal, so that th 
equation is 

rt-^^Rr^ 2S8 +Tt^ - RT, 
or, what is the same thing, 

{r-\^T)(t^R)^(s--SY: 

then p = — S, and 


... du ^ du r. 


du 


dp^ dq 


. du du „du 


Now both the quantities A and B, where 


^*A'(r)-f A(^, ^ = A'(^) + A(i?), 

do not vanish, for then A = 0 and A' = 0 would be a complet 
system; suppose that A does not vanish, and take 


.B_A'(S) + A(i2) 
'*“.4“A'(r) + A(S)' 


Then we have an equation 


V(«) 


du du 

dp^^dq 


= 0, 


(A, A0={A'(r) + A(/Sf)}V. 


and 
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Also, as before, we have 

|?-v(r)|+|V(S)-A(,)||, 

(4'. V) - „ ^ + V (S) I - |T («) + A' W1 1 i 

SO that (A, A') = 0 in virtue of V = 0 : and we must have 

(A,V) = 0, (A',V) = 0, 

if V = 0 is to coexist with A =* 0, A' = 0. 

For the present purpose, the complete Jacobian system is to 
contain four linearly independent equations; and therefore as 
derivatives with regard to x and y occur only in A and A', there 
must be one linear relation connecting V, (A, V), (A', V). The 
necessary and sufficient condition is easily found to be 

<l> = /i*V(r)4-2/iV(Sf)-/iA(M) + A' (/i) + V(E)=0. 

Moreover, we then have effectively one new equation, so that the 
system can be taken in a form 

A = 0, A' = 0, V=:0, A"=:0. 

The conditions 

(A,A') = 0, (A,V) = 0, (A',V)=:0, 

are satisfied, in virtue of the system ; we shall assume that the 
further necessary conditions 

(A,A") = 0, (A',A") = 0, (V,A")«0, 

also are satisfied. The system then is complete, and so it 
possesses one integral. Hence the subsidiary system of the equa- 
tion 

ri - 4- iZr + + 2% = iS*~ RT 

has one integral common to its equations if the relation 

<I>«0 

is satisfied, as well as certain other relations^ Let v be this 
common integral : then 

v = c, 

where c is an arbitrary constant, is an intermediate integral of the 
differential equation. 
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Note. In the case of both these intermediate integrals 

V = c, 

the intermediate integral leads, not to a single equation, hut to two 
equations of the second order 

Ux + UpV+UgS = 0 I Vx Vpr VqS 0 ^ 

Uy + UpS ^Ugt^Q\ Vy-\-Vp8-{-Vgt-0]' 

from each of these, the single equation can be compounded. 

Ex. 1. The equation 

V 

possesses an intermediate integral, involving an arbitrary constant in the 
form u {x, y, z, p, q)^a, but not involving an arbitrary function : prove that, if 

A' i-si 

dp' 

where 

A'(^) ’ 

sufficient conditions are : — 

(i) that A' {S) shall not vanish, 

(ii) that the relation 

Za" (.8} + A(Z)»A"(K) 

must be satisfied. Are these conditions necessaiy ? 

Ex. 2. The equation 

possesses an intermediate integral involving an arbitrary constant in the 
form u{x,y,z,p, q)^a, but not involving an arbitrary function; and the 
roots, p and <r, of the quadratic ft*-2;S/i + 2^=0 are unequal. Also, let 

3 3 , .3^-3 

"’ay ^ dp ’ 

A"-(l+jX)| + x|^ + /*g^, 

where 

<r-p * <r-p 
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Prove that the necessary and sufficient condition is that the equation 

A (X)-A"(<r), A(P}-A"(r) -0 

A^(X)-X* , A'(/>) + A»-XP 

shall be satisfied, without the vanishing of the four constituents in the 
determinant. 

Ex, 3. Integrate (so far as to obtain an intermediate integral involving 
an arbitrary constant) the equations : — 

(i) ; 

(ii) r-ir2S8'{‘S^t^z-qyy 
where S has the forms 

(a) S=qti‘-y, 

(Jk) S=qe-^+y, 

(c) 


No Integral common to the Subsidiary System. 
246. Finally, it may happen that the condition 

e = o 

is not satisfied for the equation 

7^ — -f jRr + 2/S^ + « F ; 

then the system can be replaced by 


du ^ du ^ 
^ = 0 , ~= 0 , 
ox dy 


du aw A 


The possibility of the method has depended on the assumption 

that some intermediate integral exists, so that ^ and do not 

vanish together. In the present circumstances, therefore, the 
equation does not possess an intermediate integral. 

Similarly, when the condition 


is not satisfied for the equation 
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no intermediate integral exists. Likewise, the equation 
r + 2S8 + 8H =s V 


possesses no intermediate integral when the condition 
LA"(«) + A(X) = A"(F) 
is not satisfied, nor the equation 


when the condition 




is not satisfied. 


In each of these cases, when the last condition for the existence 
of an intermediate integral involving only one arbitrary constant 
is not satisfied, we are led to the conclusion that the intermediate 
integral does not exist because of the equations 







It is, however, not to be inferred that no integral of the form 
u (a?, y, - 0 

exists; for our analysis has depended upon a non-zero value for 

~ or ^ or both. All that can be inferred is that it is useless to 
dp oq 

proceed to the integration of the equation by attempting to 
determine an intermediate integral. Some other method for the 
integration of the equation must be devised, which does not 
depend upon the use of any supposed intermediate integral and 
which must avoid any assumption of this character. Such a 
method is the process constructed by Ampere, to which accordingly 
we shall now proceed. 


Ex, 1. Integrate completely the eqimtion 

(Boehm.) 

[The primitive is 

Ex. 2. Obtain an integral of the equation 

a.rg'r + (yp - 24?^) « + (ri - -H « 0 

in the form 

where a^b,Cy\ ft axe arbitrary constants subject to the single relation 

2Xfi+l~0. (Dixon.) 
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Ex\ 3. Shew that, if the equation 

where X and \k can be fiinctions of y, z, p, possesses two intermediate 
integrals, then X must be of the form 

a -p26jt>-f 9?^ 

where the six functions a, ft, c, /, k of the variables 4?, z are subject 
to the relation 

ft2 _ ac^g^ - fh, 

and that fi must be of the form 

fx^\^{F-\‘20q-^ Hq^) + ^ + 25/) + Cp\ 
where 5, O', F, 0, H are functions of x^ y, z. 

Obtain the complete expressions when a, ft, c,/, g^ k are constants ; and 
construct the primitives of the equations so determined. (Kapteyn.) 

Ex. 4. Integrate the equation 

qr + {zq —p) b —pzt = 0. (Goursat.) 

Ex. 5. Shew that, if the equation 

where X is a function of x and y only, possesses an intermediate integral of 
the form /(a, v)=0, in which /denotes an arbitrary function, the quantity X 
must satisfy an equation of the second order : and pix)ve that the most 
general value of X which satisfies this equation is given by the elimination of 
a between the equations 

X{.r-<^(a)}==y->Ka) I 
- + (a)J 

where and ^ are arbitrary functions. (Goursat.) 

Supplementary Note. 

In § 180 a warning was given that the aggregate of the usual 
classes of integrals, which occur in the solution of various individual 
equations of the second order, and of the Cauchy integrals which 
are proved to exist for widely comprehensive classes of equations of 
the second order, does not necessarily exhaust all the integrals 
that are possessed. Other integrals may exist which, as in the 
case (§ fS4) of corresponding integrals of equations of the first order, 
are not included among the kinds of integrals there specified. 

An illustration of the warning can be given in the case of an 
equation 


Rr + 2Ss + Tt - F. 
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Even when it possesses two independent intermediate general 
integrals 

/(w, v) = 0, g (u\ v') * 0, 

and, a fcyrtioriy when it possesses only a single intermediate general 
integral, it cannot be proved (and it is not in fact true) that the 
arbitrary function / or the arbitrary function g can be chosen so 
that any other intermediate integral is uniquely obtained. 


For example, let 

y , q ):=0 


be any intermediate integral of the equation in question, supposed 
to possess a general intermediate integral 

/(w, v) = 0. 


Because the terms are absent from the difterential equation, 

we have (as in § 236) 


■M = 0. 

\p.q/ 


fit' 7)f 

as may easily be verified by eliminating and ^ between the 
equations 


A ^ df /dv dv dv\ ^ 

+ + (— + s~ + t-) = 0 

du[dy^ dp^^dq)^dv{dv^^dp^ dq) 


df (du du . 

du Vda: dp ^ 


du' 


Hence the two equations 

u (^, y,^^p,q)^ w, V (^, y, z, p, q) = v, 

cannot be resolved so as to express p and q in terms of x, y, z, w, v. 
But in the absence of any conditions upon R, S, T, F, other than 
those in Ex. 5, § 244, which secure the existence of u and v as 
integrals of the subsidiary equations, we can conceive the two 
equations resolved so as to express any other two of the arguments 
in terms of the remainder : say 

x^g {z, p, q, % v), y^h {z, p, g, % v). 

Let these expressions be substituted in provided ^ = 0 is not a 
singularity of u or of v: and let the modified form of the inter- 
mediate integral be 

^(iP, y, q)^0{z,p, g, u, t;)«0; 
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then, if the general intermediate integral is to become the given 
intermediate integral ^ * 0, the arguments z, p, q should not occur 
in 6, the necessary and sufficient conditions being that the rela- 
tions 


dO 


dO 


d0 


— =0 -=0 
' ' dq ' 


dz dp 
should be satisfied identically. 

Now, from the intermediate integral in the form ^ = 0, we have 




dz 

de ^ 

dz^^ 


dq' 


. d6 (du du du \ dd (dv dv , dv \ „ 


dd, 

s + ^t + 


dd (du du du \ dd (dv dv ,dv\ ^ 


dp dq du \dy dp dq 


As in § 236, we denote the (unequal) roots of the quadratic 


iJ/x,^~2S/i+r=0 

by p and cr. Multiplying the second of the derivatives of ^ = 0 by 
<r, and adding to the first, we have the combined relation 


fjp + <rq) + ^i(r + as)-,fjs + <rt) 


dp' 


dq 


du 

d^ 

dv 


du du du 
dx dy dp 


(r + .r*) + |(« + .r0} 


which, on taking -account of the subsidiary partial equations of 
the first order satisfied by u and by v, becomes 


--ip^aq) + ^^{r + as)^^^{B + ct) 


1 (dOdu , dOdv\ , Tr . . oo • 'll*) a 

K (s + s 5.) l- - '>■ 

The values of r, t consistent with ^ = 0 satisfy the original 
differential equation; hence the relation 


^(p + <r?) + ^(r + «) + ^(« + <rt)=0 
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must be satisfied, in association with the original differential 
equation and with the intermediate integral 

d (z, p, q, u, v) = 0, 

together with derivatives from the intermediate integral. It is 
clear that the conditions 


dz 


-0, 




cannot be assigned as identical equations merely as necessary con- 
sequences of the relation just obtained: and therefore we conclude 
that the general intermediate integral, when it is possessed, Js not 
completely (though it may be largely) comprehensive of all the 
intermediate integrals that may be possessed. 

A fortiori, a similar doubt extends as to the comprehensive- 
ness of a general primitive. 

Two examples will suffice. 


Ex, 1. The equation 

arV - — {px + gy - «)* 

has an intermediate general integral 

M 

It also possesses a sj^ecial intermediate integral 

Manifestly no form of the function / can be devised which will change 
/a=0 into .9=0 : and even the preliminary transformation of S into d, as in 
the text, cannot be accomplished, for 5=0 provides an essential singularity of 
one of the arguments of/ 


Ex. 2. The equation 
has an intermediate general integral 


/(«, »)=o, 

where 

r-:y(p+g-a^), 

and the value of a* in the text is unity. It also possesses a special inter- 
mediate integral 
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where p is given in terms of p, w, v by the equation 

(p-^g-py p-uv^O. 

Thus B does not involve z : but it does involve p and q : and we therefore 
do not have 

dp ’ dq ’ 

satisfied identically, that is, the intermediate general integral does not 
comprehend the intermediate special integral. 

The equation of condition comes to be (with the value of a-) 

g (;.+,)+! (,+,) = 0: 

it is easy to verify that the quantities ^ > while not vanishing identi- 
cally, do vanish in virtue of d~0: and so the equation of condition is 
satisfied. 



CHAPTER XVIL 


Ampere’s Method applied to Equations o¥ the Second 
Order in Two Independent Variables. 


The method, which Ampere constructed for the integration of partial 
diiferential equations, is contained in the two important memoirs presented* 
to the Institute of France in 1814. The application of the method to 
equations of the first order is now relatively unimportant, owing to the 
subsequent discovery of other methods of treating such equations. The 
application to equations of the second order is still of fundamental importance. 
The memoirs seem more complicated than they are in fact, the principal cause 
being the cumbrous character of the notation. 

Reference, in this connection, should also be made to the valuable memoir 
by Imschenetskyf, who was among the earliest writers to indicate the im- 
portance of Ampere’s researches on the subject. 


Limitations on the Integral. 

247 . The methods given by Monge and by Boole were applied 
by them to equations of a restricted form : and the assumption 
that an intermediate integral exists is essential to the practical 
success of their methods. As has been seen in the last chapter, 
equations of that restricted form occur which do not satisfy all the 
conditions needed to justify the assumption; and accordingly it 
follows that those methods are of limited application. 

The method devised by Ampere, though explained only for 
equations of the second order involving two independent variables, 
and illustrated mostly by application to equations of the forms 

* They are contained in the Journal de Vicole Polytechnique ; one of them, 
in Cahier xvii (1815), pp. 549 — 611, deals with Ampere's general theory; the 
other, in Cahier xvni (1819), pp. 1—188, contains the application of the theory to 
particular equations. 

t OrunerV$ Archiv^ t. mv (1872), pp. 209 — 360. 
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discussed by Monge and subsequently by Boole, can be extended to 
equations in any number of independent variables and of any order : 
moreover, it neither makes nor requires any initial assumption as 
to the character of the equation or to the existence of an inter- 
mediate integral. Further, when the method proves effective for 
the practical construction of the primitive of a given equation, the 
primitive is not necessarily provided by means of a single explicit 
equation between the variables in finite form : but it need hardly 
be remarked that generality of the equations to be treated by a 
method is more important than simplicity of form in the primitive. 

In the present chapter we shall deal with equations of the 
second order involving two independent variables; and we shall 
begin with the general equation 

y, 2 , p, q, r, s, ^ = 0, 

where a sufficiently wide class of equations will be provided by 
supposing that f is merely polynomial in r, s, t. The integral 
provided by Cauchy’s theorem contains two arbitrary functions 
which may have definite arguments: we shall assume that the 
arguments are definite. The arguments may be different from one 
another, or they may be the same as one another ; and derivatives 
of the arbitrary functions with respect to their arguments may 
occur. We shall assume that the highest derivative of an arbitrary 
function, which occurs in the integral system, is of finite order and 
that the integral system is free from partial quadratures which 
essentially cannot be performed. Lastly, we shall assume that the 
occurrence of the derivatives of the arbitrary functions is of such a 
character that (§ 181) the formation of the derivatives of z of 
successively increasing orders introduces derivatives of the arbi- 
trary functions of successively increasing orders * : but there is no 
assumption as to the existence of an intermediate integral. 

AMPfeRE’s Method. 

248. Ampere’s method is based upon a transformation of the 
independent variables as the stage of initial departure. Let a new 
independent variable a be introduced ; it is not made determinate 
until the effect of the transformation is being considered. This 

* This aggregate of conditions should be compared with the aggregate of con- 
ditions in § 221, where, however, it is specified that the integral shall be given by 
a single eqnation resoluble with regard to the dependent variable. 
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variable a may be a function of both variables so and y, though it 
may involve not more than one of the variables : let it be used to 
make x and a the independent variables so that, in the least 
restricted circumstances, y is a function of x and a. Denoting 

S S 

partial differentiations by ^ and ^ when x and a are the inde- 
pendent variables, we have 

^dx + ^da = du 

ox oy \ox oa ) 


for any function u ; and therefore 


Consequently, 


Su 

du du Sy 

Su 

du By 

Sx 

dx ^ dy Sx* 

Sa" 

By Bet 

Ss 


Sz 

Sy 

Sx 


Sa”" 

^8a’ 

Sp 

Sx 

Sy 

Sp 

82“ 

Bet’ 

Bj 

Sx 

Sy 

Scr“ 

hot- 


Then, keeping the value of t given by 


we have 




ix Sx * 


hx Sx Sx \SxJ 

Let these values of r and s be substituted in /* 0, when / will 
become a polynomial in t: let this polynomial be arranged in 
powers of t, so that the equation then is 

where the original degree of /, as a polynomial in s, t, is n at 
least. 
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Thus far, the quantity a is quite unrestricted, and so it is com- 
pletely at our disposal : let it be chosen to be the (as yet unknown) 
argument of one of the arbitrary functions in the integral system. 
Now, by the hypothesis concerning the character of the integral 
system, the quantities p and q contain derivatives of that arbitrary 
function of one order higher than those which occur in the integral 
system. When we change the independent variables so that they 
become x and a, the partial derivatives of p and q with regard to x 
contain only the same derivatives of the arbitrary function as do 
p and q : while the partial derivative of q with regard to a (which 
does occur in the transformed equation, being introduced by i, 
while the partial derivative of p with regard to a does not occur 
there) contains a derivative of the arbitrary function of a, that is 
of order higher by one unit than the derivatives occurring in p, q, 
Bt) Bq 

Hence, in the transformed equation, the quantity t con- 
tains a derivative of the arbitrary function of a of one order higher 
than the derivatives that occur in P©, P,, ..., Pn- Moreover, the 
differential equation is to be satisfied identically in connection 
with the integral system, and this must take place whether the 
independent variables be x and y nr x and a. Taking account of 
the successive degrees of that highest derivative which occurs in 
t alone, we see that the equation can be satisfied only if 

P„ = 0, Pn^i^O, ...,Pi-0, Po = 0. 

We have seen (§ 186) that , which is the derivative of y on the 
supposition that a is constant, also satisfies the equation 

dt ds Bx dr \Bx) 


249. Thus there is a number of simultaneous equations. If 
these equations are consistent with one another, and with the 
original equation /* 0, regard being paid to the relations between 
derivatives with reference to the old independent variables and 
the new, then the equation can possess an integral system of the 
specified type. The quantities P«, Pw-i, A contain z^p^ 

and the derivatives — , ^ . algo 
cx ox ox 
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and therefore the system of equations contains no derivatives with 
regard to a, so that it can be regarded as a simultaneous system of 
ordinary equations. 

If the arguments of the two arbitrary functions in the integral 
system are the same, the preceding discussion is complete as 
regards the inferences to be drawn from the occurrence of the 
highest argument of an arbitrary function : the inference is merely 
duplicated by taking each of the arbitrary functions in turn. 

If the arguments of the two arbitrary functions in the integral 
system are different, let the other argument be denoted by /S. A 
corresponding discussion of the equations, after making x and P 
the independent variables, leads to the same set of equations 
involving only derivatives^with regard to x. 

Hence the system, if it is self-consistent, applies to both 
arguments a and ^ when they are distinct from one another. As 
in § 186, they then are distinct integrals of the equation 

di \dx) ds dx dy dr 

We thus have a number of equations 

Pn = 0, Pn-i = 0, A=:0, Po = 0, 


which are to be consistent with one another and with the original 
equation in virtue of 


hp 

Bx 


Bx * Bx 


Bx' 


These equations, other than the original equation, involve x, t/, z, 

I' I’ S’ 


Bz By 


Hence there cannot be more than three essentially independent 

By Bp 

Bi* 


equations: otherwise, it would be possible to eliminate 


and to obtain a relation between x, y, z, p, q alone, involving no 
arbitrary constant. There is no guarantee that such a relation is 
an intermediate integral of the original equation : even if it is an 
intermediate integral, it contains no arbitrary element, and there- 
fore it is of the nature of a special integral. 
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We put aside such special integrals when they exist; and 
therefore we cannot have more than three independent equations 
in the subsidiary Ampere system. 

The system contains partial derivatives with regard to x alone, 
these being taken on the supposition that an argument of an 
arbitrary function is constant in their formation. 

The system may be in’esoluble in the sense that no simpler 
system or systems can be formed which are equivalent to it : the 
inference is that there is only a single argument common to the 
two arbitrary functions in the general integral, the equation 

dt ds ix dr ^ 

By 

then having equal roots for . 

The system may be resoluble in the sense that it can be 
replaced by simpler systems, which are its equivalent. There cannot 
be more than two such systems, one to be associated with an 
argument a, the other to be associated with an argument /3; in 
this case, the preceding quadratic has unequal roots. 

Whether there be one system or whether there be two systems, 
the first object is to obtain some integral of a system. When that 
integral is obtained, the arbitrary element is made either the 
argument (or some arbitrary fiinction of the argument) associated 
with the system. 

If there is only a single system, further integrals of the system 
are required, the arbitrary elements being made arbitrary functions 
of the one argument: the simultaneous integrals provide an 
integral of the original equation. 

If there are two systems, and an integral of each has been 
obtained, then the arguments a and jS are made the independent 
variables for a new set of equations. Two of these equations are 


dz dx . du 


0/3 





0/3 


the others of the set are selected from the respective systems, 
to express relations among some of the partial derivatives of x, y. 
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j9, g, when the respective arguments are constant. This new set 
of equations is to be treated as a set of simultaneous equations to 
express, ultimately, x, y, z m terms of a and /8 : the equations, 
which give these expressions, constitute an integral of the original 
differential equation. 

The method is illustrated by the following examples, which 
correspond to various cases. 

Ex. 1. Consider the equation* 

(r-ptY^qht. 

The arguments of the arbitrary function are the same as one another only if 
the relation 

is satisfied concurrently with the equation, that is, if 

Putting this possibility on one side for the present, we assume that the 
arguments are different from one another : and we denote them by a and 

Denoting partial derivatives with regard to jc, when a and x are the 
independent variables, by z\ y\ p\ q\ and substituting 

in the equation, it becomes 

{p' - ?y + < (y"* ~ p)}* = (y ~ ; 

and therefore, if the integral system is of the specified finite type, we must 
have 

2 (/>' - j'y') (/*-;>) = ip' - ■?'/), 
which are satisfied by 

y-?y*o, 

These two equations are oonsistent with one another : and, in virtue of the 
equation 

they are consistent with the original equation. The integral system can 
therefore be of the specified type. 

We require an integral combination of the system, taken with 

* It is discussed by Ampdre in his second memoir, p. 48. 
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y2-i>=±s'yr 


and therefore 


±(^y'+?y)* 

Taking the lower sign, we have 

(2y+y) y'“0; 

hence* we can take 

y-o; 

and therefore, as the derivatives with regard to are taken on the supposition 
that a is constant, we can write 

y=a, 

where is an arbitrary function. Also, with this value, we have 

a^+qa—p—0; 


that is. 


p-ag^i^ia) 


from the preceding equation. 

Next, we take the equations when ^ and ^ are the independent variables. 
Denoting by Zu pi, q\ the derivatives with regard to x when is constant, 
we still have 

Pi-q\y\^% 

y\^-p^±qy\'- 

but as the lower sign was taken in the former case, we must take the upper 
sign now, or the two sets of equations will be identical. Hence our equations 
are 

Pi-qiVi'^^ >, 

yi^-p^qyi ) 

when ^ is constant. 

Eliminating yi between the last two equations, we have 


)r, writing 


j=ir, g=/>. 


* The value y'=s leads to the temporarily excluded case. 
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we have an equation in the form 

Y^P^-XP, 

one of the recognised forms of equations of the first order that are simply 
integrable. Proceeding in the regular manner, we find 

{ZX - 2P)2 constant 


say, for ^ has been assumed constant throughout the integrations. Thus 
is an integrable combination of the system of equations. But 


so that 




and therefore 
also 


(yi + a) (yi-'a-y)=0, 
yi= -a, or yi=o+y; 


a=i{-?±(?>+4p)*}, 
SO that the first pair of values of yi are 




and the second pair of values of yi are 

that is, the same as the first pair. Hence, without loss of generality, we may 
take 

and the equations expressing p and q in terms of a and /3 are 
(3^-f2a)2a=-i8, 
a*+ay“/)=*0; 

while we have 

zf^p+qa, 


Zi*^p-qa. 

Now make or, y, z functions of a and Since 
^ , when a is constant»o, 


dx* 


we have, when a and are made the variables 
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For convenience, take in place of a, and in place of our equations 
are 


ay 

^dx 


0a“ 

-"da' 



^dx 


9/3 

d0' 


dz 

dx 


0a 

Pda^^ 

0a ' 

02 

ds , 

0y 

9/3“ 


9/3 


Also, the values of p and q are given by 


so that 

+ » /?s= 

We have 

A 2 A _ ^ V _ 9 / 2 9^\ 

0a \ 0^/ 0a0j8 0/3 \ ° 0a/ 

so that 


0% 047 


"*000/3 ■^0/3“"^* 

Hence 


and therefore 

x=i(9'(/3)+f(a), 


*w’here 6 and are arbitrary so far as this equation is concerned. Also, 

= {ff (/3) - aV' (a)} da + a0' (/3) d^, 

&nd therefore 

y=aff{fi)-j,^'{a)da. 

But, with the changed value of a, we have (from the former relation) 
y=a‘^.a7+<^(a*) 

«a<9'(/3)+aV («) +</>(«*)• 

Taking a new arbitrary function x, such that 

f(a)==^ax' (a) + 2x(aX 


j (a) da» j {a^x (“) + Ws ^ 
=aV(a); 


then 
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and then 


Lastly, 


and therefore 

Taking 

then 

and we have 


y«ad'(/3)~aV(a) | 

(/3)+ax (a)+2x (a) j 

l! +? I) I) 

= ( - + a^x" + 3a<x') rfo + ( - i + 5/») : 

(2/3-a») 9 W-ie(^)+ J(a‘x"+3aV) *>• 
“x'(‘')+2x (»)■■/'(“)» 

x=i(rO)+M(a) 

a 

y^aff {^)— j a V' (a) 

*=J(2/3-a»)fl' 0)-Sfl(/S)+ jay{a)da 


We can effect the apparent partial quadratures after taking a new arbitrary 
function cr (o), such that 

'*(“)= da* • 


The integral system then is of the desired form. 


JVote 1. We have put the relation 

5'*+4jo=0 

on one side in the preceding investigation. Now suppose 

so that, differentiating, we have 
and therefore 

which are consistent with the original differential equation. Thus the relation 

g*+4jt)=s0 

is of the nature of a special integral : we have 
where c and a are arbitraxy constants. 
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Note 2, The original equation 

can be resolved into the two equations 

r--^( ( 4 /> 4 - 5 '*)*}= 0 , 

and 

r~lt [2p‘\‘q^-q (4jt?-t-g'2)i}-:0. 
Now (with the earlier significance of a) we had 


and therefore 


a--f 


2y’^qx - X' (4jd + q^f *= {(4jo + q^)^ - q}, 

which is of the nature of an intermediate integral. When it is differentiated, 


it leads to 


2r [2p-irq^-q {Ap + q^f}y 

the sign of the radical being the same as in the intermediate integral. Thus 
the first branch of the differential equation has 

+ .r (4j0 -f q^)^ ^ - (4jp + - q\, 

for an intermediate integral ; and the second branch has 


2^ + qx - ,r (4/> + q^)^ = <^ [ (4/) + - q], 


for an intermediate integnil. 

It will be noticed that the method of integration adopted nowhei’e uses 
these integrals. 


Ex. 2. As an<3ther illustration, consider Ampere’s* process of integration 
applied to 

which is the equation of minimal surfaces. 

The arguments of the arbitrary functions are the same only if 

We may put this relation t on one side, as before ; it is not inconsistent with 
the diffei’ential equation, but it leads only to a trivial integi’al : and we shall 
therefore assume that 1 does not vanish. 


* Second memoir, p. 62. 

f It arises also, (see § 340), as a subsidiary equation in the integration 

dH hH dhi « 
ti? ' 

being connected with the characteristics. 
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Keeping the same notation as in the last example by writing ^ for 
M 

when a is constant, and Bi for ^ , when /3 is constant, we substitute 

r^^p'-q'y' + tj^, 

in the equation ; and then we make it evanescent, qu^ relation in t. Thus 
(l+j*)(p'-?y)-2;>j5' «0] 

( 1 + j*) y * + 2,) jy ' + 1 • 

«'=p+sy, 


together with 


::}■ 


are our equations : and, as in the general case, these equations are satisfied 
also by j9i, ^ 1 , yi. When we write 

the resolved equivalents can be taken 

-“1 

-■> 

being the system when a is constant ; and 

.pS + iv> „ 




1+y 


pq-iw 

l+S'* / 

being the system when is constant. We need an integral equation for 
each system. 


Now the second equation 


, pq^iw , . 


in the first system, that is, 

can be expressed as a Clairaut equation : and its integral is 

so that we bUce 


dq i+g* 


= constant, 

l+S'* 
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and we take 


l ^r=constfint, 


pq-iw ^ 

1+V 


,2-^- 


We now proceed to make a and the indei^)endent variables, and we note 
that 

that is, as y is the value of when a is constant, and is the value 


of ~ , when ^ is constant, we have 




dx 'by 
ba^ 


bx 

' ba * 


Hence 


and therefore 


® - _-®Sl = 1. 

ta \ 9^/ dad^ \ Sn/ 
dadfi 

Consequently, we can take 

X^<f>' (a)-^ylr' O), 

where 0 and yjr are arbitrary functions ; and then 

I aria), 


so that 
Now 


Also, 

so that 
that is, 

and therefore 
Similarly 


ba 

y^(p (a) - a(l>' (a) + ^ O) - O). 

*= (p — aq) 0^ da^{p- ^q) 

« ( jO - aq) <#)" {a)da^{p- ^q) O) d^. 

pq-{-iio 

{{l+q^)a-pqy^^-^l^p^-q\ 
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and so 

2=1 J(l + a ^^< f >"( a ) cla+i + 

This equation, with 

+ (/3), 

constitutes the integral of the equation. 

This is the form given by Legendre and by Ampere ; the apparent partial 
quadrature can be removed by taking 

./.(a)=(l+«*)8*'(o), 

f(/3)=(l+/9*)»VO). 


E.V. 3. 

viz. 


Obtain the integral of the preceding equation in Monge’s form, 


y«/(a)+^0), 

J{l+/'‘(o)}*<fo+t j{l+g'H^)}id^, 


where /and g are arbitrary. 
Ex, 4. Verify that, if 


uv—\ 
u-^v ’ 


then 


os* 


V-i’ 


*?= 


uv-\-\ 
24 + V ’ 




1 

* 


Apply these values to obtain the integral of the preceding equation in 
Weierstrass’s form*, viz. 

a7sB(i + r+(l U" 1 

y = i{(l-fv2)r'-2vF' + 2F- (l+w2) 

z=^2vr'-2r^ 2uU" j 

where V is any arbitrary function of u, and V is any arbitrary function of v. 
Discuss the limitations for an integral that is entirely real. 

Ex. 5. Consider the equation t 


When we substitute 

and make the resulting equation evanescent in t , we find 

xq'^^0^ 

•v(/>'+yy)*-y=o. 

* This is the integrated form which lends itself most readily to the discussion 
of minimal surfaces. 

t Discussed by Ampere in his first memoir, p. 608 : see ante, § 183, Ex. 2. 
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which are consistent with one another and with the original equation. 
We take 

(«)» 

where (j) is an arbitrary function : then 
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and therefore 

Hence 


-0, 


jt) = — (a ) + 

where is a constant : and so 

and 

where 3 is an arbitrary function. Now 

by 

8a 

<t>' (a) (a)» 


and 


hence 


= ; 


z^^kx^+xi.^) 

=^^kx^^F(^-k^x\ 

which is the most general integral that can thus be obtained, F denoting an 
arbitrary function, and k an arbitrary constant. 


Ampere’s Method applied to Special Equations. 

250. The preceding examples give some indication of Ampere’s 
method : it is of interest to apply it to the particular equations 


ri — 5* + -f 2S« -f 7^ * F, 

Rr + 2Sh + = F. 
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the initial assumption now being that the integral system is finite 
in form and free from partial quadratures. The subsidiary equa- 
tions are substantially the same as in the methods of Monge and 
of Boole : but they now bear a new significance. 


We write 


/, /)', for 


Zy Sz Sp 8q 
8x* 8x* Sx* Sx* 


the derivatives being taken on the supposition that a is constant : 
and, if there be two different arguments a and of arbitrary 
functions, those derivatives (taken on the supposition that ^ is 
constant) are denoted by Zi, pi, respectively. According to 
the method, we substitute 

s = q'-ty', r = p'-q'y'-hty'\ 

in the equation ; and we make the modified equation evanescent 
as a relation involving t. When applied to the equation 

rt — s'^ -H -h 2Ss -h = F, 
the process leads to the two equations 

p' + qy' + liy'^--2Sy' + 0 ) 

R {p' — q'y') -h 2Sq' — g'* — F= 0 J 

Multiplying the first of these by R and subtracting the second 
from the product, we have 

q'-^ + 2Rq'y' + R^y" - 2Sq ~ 2RSij' + + F = 0, 

that is, 

{y' -f* Ry y — 2S {q -+• Ry ) -H RJ' q- F = 0. 

Denoting by ya, as before, a root of the quadratic 
p^ + 2pS^RT-¥V^0, 

we have 

-h M = 0. 

The first equation then gives 

p'+T^2Sy'^q'y'-^Ry^ 

= (2S -f- /Lt) y' 

= - py\ 

if V denote the other root of the quadratic. 
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Let the roots of the quadratic be unequal, being then denoted 
by p and <r. We have, as usual, a couple of linear systems : one 
of them can be associated with the argument a, the other with 
the argument 0 ; thus 

p'4- py' +T— 0 ' 
g' + %' + <r = 0 , 

and 

qi + My I + p = 0 I , 

^1- qvi- p = oj 

are the linear systems equivalent to the two equations. 

When the roots of the quadratic are equal, then 

there is only a single system 

p - Sy' + T^0\ 

+ = 0 , 
z- qy-p^Oj 
equivalent to the two equations*. 

The equations in form are substantially the same as those 
which occur in Monge s method : and, as was proved, the latter are 
equivalent to those which occur in Boole’s method. Here, however, 
they have been obtained without the assumptions upon which 

* It has been assumed that there are two arguments or only one, according 
as the roots of the quadratic are unequal or are equal. As a matter of fact, 
there are two arguments or only one, according (§ 186 ) as the equation 



that is, as the equation 

rt - + Rr + 2S« + Tt = - J? 1\ 

is not satisfied or is satisfied, that is, according as the relation 

S*-RT=zV 

does not hold or does hold. These are the conditions which justify the assumption. 
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those methods are based ; and they now are definitely connected 
with the arguments of the arbitrary functions which are to be 
found in the integral system. 


Construction of the Primitive. 

251 . The actual process of proceeding to the integral system 
has already (§ 249) been indicated in general terms. 

In the first place, let there be two linear systems, connected 
with a and ^ respectively. Suppose that an integral of the 
system 

/+ py'+2’=o| 

g' + Ry' +<7 = 0 I 

gy'-g? = 0 ) 

has been obtained : we make the arbitrary element in that integral 
equal to a. (If another distinct integral of the same system can 
be obtained, we make the arbitrary element equal to <^ (a), where 
<f) is an arbitrary function : the elimination of a will lead to an 
intermediate integral of the original equation. This, however, is 
not the most general case : and it is not necessary for the success 
of the method.) Similarly, suppose that an integral of the system 

cryi + T=0' 

qi + %i + p = 0 - 

has been obtained : we make the arbitrary element in that integral 
equal to 0, (If a second integral of this system can be obtained, 
it leads to another intermediate integral of the original equation ; 
but, again, this is not the general case, and it is not necessary 
for the success of the method.) 

We now make a and /3 the independent variables. As p', q , 
y\ z' are the derivatives of p, g, y, z with regard to x, when a is 
constant, we have 

“bp ^ .’bx bq ^ ,bx by ^ ,bx . 

0,8 0/8’’ 8/8“^ 0/9’ 0,8 0/8’ 
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and similarly for 



Hence we have 



= 0, 


dy dx 

d^^ d$ 

*0, 

dz 

S/S ^S/3 

= 0, 


da'^ da 

= 0, 


da^^ da 

= 0, 

dz 

da P da 

=0, 


which, however, are not six independent equations because of the 
integral combinations of the former sets that have been used. To 
obtain the integral system of the original equation of the second 
order, we have to integrate this set of simultaneous equations of 
the first order : it need hardly be said that this later integration 
is facilitated by a knowledge of further integrals (if any) of the 
original subsidiary systems, though such knowledge is not neces- 
sary for the purpose. 

We have already (§ 244) seen that, if one system of subsidiary 
equations leads to an intermediate integral, and if we proceed to 
the integration of that integral regarded as an equation of the 
first order, the Charpit equations which are subsidiary for the 
latter purpose involve the other system of Ampere equations. 
Later (§ 254) we shall obtain a general property (established by 
Lie and by Darboux, independently of one another) characteristic 
of the equations, which possess an intermediate integral arising 
from each of the Ampere systems. 

In the next place, let there be only a single linear system of 
subsidiary equations: it is 

When integrals connected with this system are obtained, the 
arbitrary elements in the integrals are made equal to cr, ^(a). 
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yfr (a), where and are arbitrary functions ; and it has already 
been proved (§ 241) that, if p and q be eliminated from these 
integrals so as to leave a relation 

2 = F{x, ij, a, <f>(a), f(a)}, 

then the general integral of the original equation is given by the 
elimination of a between the two equations 

) 


252. When the equation to be integrated is 
jR?' -f- 2Ss + Tt = Vy 

it can similarly be shewn that, if the quadratic equation 

has unequal roots \ and p, there are two sets of subsidiary 
equations 


ij j .yi = \ I 

Rp! + = F i , Rp^ -f = F I , 

p + qp ^ z ] jt> + (/X = -S'! J 

leading to equations 

dy __ dx \ 

^ d$ doL doL 

I R^p+Jy-v- . 

dx dy dz dx dy dz 

If, however, the quadratic has equal roots, so that the equation can 
be taken in the form 

r + 2& + ^^^^=F, 

there is only a single system of subsidiary equations, viz. 

p'j^Sq'^V 
p •¥ Sq -z' , 

The method of proceeding in the respective cases is the same as 
in the corresponding cases for the equation 

rt — + Rv + 2Ss + Tt = F. 


doL ^ COL COL 


^ 0 «+ 501 = 
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Ex. 1. Let Ampere’s method be applied to 


which does not possess an intermediate integral. 

Pursuing the usual process, the first form of the subsidiary equations is 

y-yy-.2?. 


Clearly, there are two systems : we have 


^ X 


yi=-i 


pJirq^z^ ) ) 

An integral of the first system is given by 

y-x^ constant = a, 

and one of the second system is given by 

y + ^ = constant =« 

so that 

2^==i3-a. 

The equations of the first system are 

"bq p dx ^p 
d^~^x ^ 

|=(/’+?)|=i(/'+5); 

and those of the second system are 

^ + ^=2-2 — = -P 

da'^da x da x^ 




Eliminating q between the equations 


we have 


and therefore 


'^p _J^q_ p ^ 

^ d^^x' 0a'^0a“' 

/£\_ 9 /£' 


"00 0/3 da \xj d^ \xj 

_ 1 ^ 4. P 

^x da a? 0/8 X!^* 

'£\-l J_ ?E4.J_§P_ P =0 


dad^ \xj'“x 0o0^ a»* da ^ 2x^ 0^ 2a** 



288 


EXAMPLES 


[252. 


so that 

f=2«"(o) + 2Vr''0), 
or 

p = Q3-a)(</>"(a) + rlr"m, 

where and ^ are arbitrary functions. Also, with this value of p, we have 

-rw-r <#>"' (a), 

-| + |= -.^"(a)-f''(/3) + (/3-a) ^"'0) : 

and therefore 

^ - 2<^' (a) - (d) -id -a) W - V {d)l 

Lastly, 

|^= -<l>'(a)-ylr' (d)-(d-a) <f>" (a), 

J = i(P+S ) — <#.' (o) - f ' (/3) + os - o) (3) ; 

and therefore 

^2</>(a) -2i^O)-.0-a) {</>' (/3)} 

« +g (y +^) +^/' (y - ~ (y +^), 

where / and ^ are arbitrary functions of their arguments. This is the 
primitive of the original equation. 

Ex, 2. As an example in which there is only one argument for the 
arbitrary functions, so that there is only a single system, consider the 
equation already (Ex. 2, § 186) discussed, viz. 

{b-^qfr-2 (a+p) (b-\-q) a+(«+jt?)2 ^ = 0. 

When we substitute 

« = , r - qy + ty% 

and make the resulting equation evanescent as regards we have 
(b^qf {y - qy) - 2 (a 4-/)) {b -hq)q'^ 0, 

{(^ + 9')y + «+jt?P*0 : 
and therefore, neglecting the trivial forms 

6+^=0, a+jo»*0, 

which lead to a trivial primitive, we take 

(6 + q){p'- qy) - 2 (a ^p) q ' « 0, 

Substituting for y from the latter into the former, we have 
(6+y)y-(a+it?) y«0. 


b^q 


constant 


that is, 
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as the quantity a is not yet specified. 

y«- 


Then 
b + q 


so that 


= a, 


2/ — aX+<l> (a), 

where is an arbitrary function. Also 


z'==p-\-q2/' 

=p + qa 
= -(a-f 6a), 

and therefore 

2== - .27 (a 4- 6a) + (a), 

where yjr is another arbitrary function. Thus the integral system is 

+ (a) ) ^ 

2 = -:r(a + 6a)4*'^(a)j 

and it is easy to see that it can be exhibited by means of a single equation in 
any of the three fonns 

:v—,y6(aa:-{-b^ + z)-i-(l) (ax+b^ + z), 
y^xf {(iX’^by-Vz)-^g (a. 27 + 6 y+^), 
z =.xF {ax-\-by’\‘z)-\‘Q {ax^by-^z)^ 
where all the functional symbols imply arbitrary functions. 


Significance of the Subsidiary Equations. 

263. We have already indicated that the significance of the 
subsidiary equations, which formally are the same for all the 
methods, is wider in Ampere s method than in the methods of 
Monge and of Boole. The relation between the distinct uses of 
the subsidiary equations can be exhibited in a different manner as 
follows, it being assumed for this purpose that the original equation 
of the second order has an intermediate integral. Let this integral 
be supposed to occur in connection with the subsidiary system 

q' 4- Ry' 4- <r = 0 i , 

expressed in Ampere’s form, the derivatives with regard to x being 
taken on the assumption that a is constant. Let 

u {x, y, z, q) = constant, v {x, y, z, p, q) = constant, 
be two integrable combinations of the foregoing equations. 



290 COMPARATIVE SIGNIFICANCE OF [253. 


In Mongers method, we at once construct the intermediate 
integral 

in order to obtain the primitive, we proceed to integrate this 
equation, regarded as a partial equation of the first order. 

In Ampere’s method, remembering that differentiations with 
regard to x are effected on the hypothesis that a is kept constant 
in the subsidiary equations considered, we take 

U — QLy v=(l) (a). 


where ^ is any arbitrary function. Instead of considering these 
equations as partial equations of the first order, we regard them 
merely as two equations connecting x, y, z, p, q, a ; the last five 
quantities are functions of x and and their derivatives with 
regard to x on the supposition that 0 is constant satisfy the 
alternative subsidiary system of equations in the form 


Moreover, 


«!</>'(«) 


Pi + 

-H -h p = 0 

^1- qyi-p^o. 


du du du du du 


dx 

dv 


dv 




dv 


dv 


dv 




We thus have seven equations in all. Among these seven 
equations, let p, q, Pi, qi be eliminated: when the elimination 
has been effected, there remain three equations involving 


y, yiJ -2', ^i; a, «!. 

These three equations, in three dependent variables y, z, a, are 
integrated as an ordinary system of equations ; in their integral, 
there will occur three quantities A, J5, (7, which are arbitrary con- 
stants so far as the integration is concerned. 

Now the derivatives yi, have been formed on the sup- 
position that is constant: hence we take 

where and x arbitrary functions. Apparently, there now 
are three arbitrary functions in the three integral equations con- 
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necting x, y, a, and therefore, when a and are eliminated 
among the three equations so as to give a primitive between 
X, y, z, the primitive would appear to contain three arbitrary 
functions, instead of merely two in accordance with Cauchy's 
theorem. The explanation is that we still have to take account 
of derivation with regard to thus 



dz dy 

dz dy 

and therefore 

II 


that is. 




dp _ dq dy dq dy 
d/S dx d/S d$ dx 


From the equations 


u = a, v^<f> (a), 


we have p and q as functions of Xy y, Zy a, which become functions 
of Xy ^y yjt {fi)y ^ i^) > oii usmg the integrals of the second set of 
subsidiary equations. When these values are substituted in the 
foregoing relation, which must be satisfied identically, one of the 
three functional forms in the integral system is expressible in 
terms of the other two : that is, the primitive equation contains 
only the necessary two arbitrary functional forms. 


Note. The mode, in which derivation with regard to ^ is 
taken into account, need not necessarily be that which precedes : 
thus it might be more convenient in practice to substitute directly 
in the relation 

dz dy 


Ex. 1. Consider the equation 

( 3 ' 1 ® 

Arranged so that the coefficient of is unity, the equation is 

y y y 


The critical quadratic is 
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the roots are unequal, and therefore there are two distinct systems of sub- 
sidiary equations; and neither of the systems can possess three integrable 
combinations. The two systems are respectively 

jd'— =0 I Pi -fl=0 

«'+ =0 j ’ 

/ 2i-q2/i-P = 0 ^ 

The former system possesses the two integrals 

= constant, constant ; 

and the latter system possesses the two integrals 

p+x^ constant, qy—x{p-\-x)=^ constant. 

When the Monge method of using these integrals is adopted, the equation 

'■-f -♦(»), 

where </> is an arbitrary function, is an intermediate integral: and the 
equation 

qy’-x(p-^x)=^ylt(p-¥ ^), 

where yfr is an arbitrary function, is another intermediate integral. The two 
integrals coexist. 

Though it is not possible to resolve the two equations for p and y, yet 
quadrature of the relation 


becomes simple, on the introduction of new variables 
qy=af p+x=/3. 

The intermediate integrals give 



and therefore 


^ — w~’ 


(z + Ja:*) = /3ote + - dy 

When quadrature is effected, the explicit form being obtained most easily by 
the introduction of new fimctions / and y such that 
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a^==-J7'(/3) 

i^+2=a+/(a)-a/'(a)+yO)-^g''(/3) j 

If, still adopting Monge’s use of the integrals of a subsidiary system, we 
proceed to integrate 

ff-'-Oto), 

regarded as a partial equation of the first order, we find 
as an integral of the Charpit subsidiary equations : and then 


1 , /a 


Hence 


z — j{pdx-hqdy) 




where x ^ arbitrary function and 6 is a constant. To obtain the 
general primitive, we take {a ) : and we have that primitive in the form 




0=^ + - x' 


-f 0 )' (a) 


Now consider the use of the integrals of the subsidiary systems in Ampbre’s 
method. We take 

^^=o, yy=<^)(a). 

The equations of the subsidiary system associated with /3 are 

^1 + 1*0 j 

+ I, 

the derivatives with regard to x being taken on the hypothesis that /3 is 
constant. We have 

^(ya)=^(;>+^)=;>.+i=o, 

so that 

yaB constant, when ^ is constant, 

-A 
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say. Again, 


BO that 


(a) 01 = 2^1 4- 

-A 


where yjr is an arbitrary function of J 3 . Again, 


and therefore 


consequently. 




_ 0 («) 




2-/3^ - ^ (a) + d (jS), 

where d is arbitrary, and 

0 (a) *=* (a). 

We thus have three arbitrary functions d, <& : one of them is dependent 
upon the other two. 

To determine this dependence, we substitute from the equations 


in the relation 


It gives 


(j) (a), 

dz dy 
<f/3* 




so that, taking account of the relation between <f) and 4>', we have 

which gives the required relation. Hence the primitive is 




involving two arbitrary functions. 
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Ex. 2. Compare the Monge method and the Ampere method, by detailed 
reference to the equation 

2jt>3yr + ( + qx) s + xpt ~p^q {rt — 8 ^) « xy. 


Lie’s Theorem on Equations of the Second Order, 
POSSESSING Two Intermediate Integrals. 

254 . In the case of the equations which have just been con- 
sidered, the process of integration is materially simplified when 
either of the subsidiary systems leads to an intermediate integral : 
in particular, we know that, when each of these systems leads to 
an intermediate integral, the two integrals can be treated as 
coexistent ; and quadrature then will suffice to lead to the primitive. 
When an equation of the second order has this property of possessing 
two independent intermediate integrals y it is reducible to the form 

5 = 0, 

by contact transformations. This theorem, which is due to Lie*, 
can be proved as follows. Let 

F (Uj , Vj) = 0 , 0 (u2, Vi) = 0 , 

be the intermediate integrals : as we know (§ 239 ), these coexist 
for all functional forms of F and Oy and therefore 

[F, ff] = 0. 

Consequently, taking F=Ui and v,, 0=^U2 and Vg, all in turn, we 
have 

[Ui , Wa] = 0 , [Vi y Ui] = 0 , K , Vi] = 0 , [Uiy Vi] = 0 . 

(It may be remarked incidentally that these equations verify 
Ampere’s theorem that and Vi are integrals of the equations 
subsidiary to the integration of 0, regarded as an equation of 
the first order.) To compare them with the equations of contact 
transformation, we write 

Vi^Xy V2=F; 

and they then become 

K,I^] = 0, [Xyn,]^0y [YyU,]^0y [Z, F] = 0. 


* Arch. f. Math, og Nat., t. ii (1877), pp. 1—9. It was afterwards discovered 
independently by Darboux *. see §§ 38, 39, of his memoir quoted on p. 392 hereafter. 
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Because the last equation is satisfied, it follows from the 
theory of contact transformations that a function Z exists, which 
satisfies 

[Z,Z] = 0, [Z, F] = 0, 

and which is functionally distinct from Ui and u^y because of the 
number of independent variables involved. Further, we know, 
from the same theory, that it is possible to determine functions 
P and Q such that the relation 

dZ — PdX -- QdY p {dz — pdx — qdy) 

is satisfied identically, where p is a non-vanishing quantity not 
dependent upon the differential elements. Suppose that these 
quantities Zy P, Q are known : and effect, alike upon the differential 
equation and its intermediate integrals, the contact transformation 
which replaces the variables x, y, Zy py q by Z, F, Zy Py Q ; and 
suppose that, in consequence of this transformation, % and U 2 
become Ui and U 2 respectively, so that the intermediate integrals 
become 

F(U,yX) = 0y O(U2yY)=0y 


these being intermediate integrals of the transformed equation. 
The equation 

[YyU,]^0 

thus becomes 


that is. 


[F, = 



so that Ui is independent of Q. Similarly, the equation 


becomes 
that is. 


[Z, U 2 ] = 0 


[Z, = 



so that Pa is independent of P. Also, the relation 

K, 1/2] = 0 

[Pi, PJ = 0: 


is replaced by 
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when this is expressed in full, account being taken of the estab- 
lished facts that Ui and are independent of Q and of P 
respectively, we have 


dU^\ du. 


dzj dP 

dUj pdUj 

dx^ dz 




dZ 


Because TJ^ is independent of P, the first of the fractions is a 
linear function of P; and because P, is independent of Q, the 
second of the fractions is a linear function of Q. Moreover, the 
relation is satisfied identically, and therefore each fraction is of 
the form 

^PQ + PP + OQ + A 

where A, B, (7, P do not involve P or Q: thus 


^ A ^ (T>p JL T) \ ] 

^ = (PP-hP)^l 

S=(^p+a)|5 




Now Pi is to be functionally distinct from X, because Wj and 
are functionally distinct from one another; and is to be 
functionally distinct from F, because and are functionally 
distinct from one another. Hence the equations for Pi must 
be a complete Jacobian system as they stand; and likewise those 
for P 2 must be a complete Jacobian system as they stand. 

The Jacobi-Poisson condition that the equations for Pi should 
be complete is 

dPyKdZ dYj^dZ dY^-^^ PCj-O, 
and therefore, as B, C, P do not involve P, we must have 

dZ dY~^’ 

_ A- — BC — AD 
dZ dY~^^ 
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Assuming these conditions satisfied, we have 

U,^KP+L, 

where K and L are independent of P and Q, and 


A = 


KdZ’ 


B = 


KdY’ 




the conditions for the coexistence of these equations being satisfied. 
Similarly, we have 

where M and N are independent of P and Q, Consequently, the 
two intermediate integrals of the transformed equation are 

F(KP + L,X)=:0, Q(MQ + N, F) = 0; 
and they may be taken in the forms 

^P + Z-f = 0, MQ-{-N-^v = 0, 
where f is an arbitrary function of X, and r) of F. 

The condition for coexistence of these two equations, viz. 

now becomes 




,, {^dK , dL . ^(^dK , dL\ 


= 0 , 


and it is satisfied identically ; hence 


M 


A 

dZ' 


K — 0 

^ dz~^’ 




The first of these relations gives 

M^\K, 
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where \ is a function of X and Y only, not involving Z. From 
the second, using this result, we have 

dL dM 8(XX) 

^dz~dx~ dx ’ 

and therefore 

dL dK , j^dilogX) 
dZ~dX^^ dX • 

From the third, we have 

dY~dZ’ 

and from the fourth 
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As a last transformation, we take a new dependent variable f (as 
may be done arbitrarily in contact transformations) such that 


and then the intermediate integrals are 

fit 

0^ = ffi = a function of X only, 
^ function of Y only, 


so that 


azaF 


= 0 , 


thus establishing Lie’s theorem that, if an equation of the second 
order possesses two independent intermediate integrals, it can be 
reduced to a form 

s = 0, 

by means of contact transformations. 


Ex. 1. In Ex. 1, § 253, it was proved that the equation 
{q^yt) {r-\-\)^8{y8-p-x) 

possesses two intermediate integrals ; and that the primitive, obtained by 
the Monge method, could be represented by the equations 

z + (a) - af {a)-\-g (/3) - O) 

The quantity a is the X of the preceding investigation, and the quantity ^ is 
the Y : and, in particular, 

qy^a, 

The contact transformation in question is 

jD-fa: = /3«= Y 
qy^a^X ^ 

y =r / 

where the forms of / and g are arbitrary : the values of P and § are 
P«l-ar(a) 
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dz-pdx-qdy—dZ- PdX -QdY 
is satisfied, the value of Z being 

Z- « 4-/(a) - af (a) ^ 9 {ff) - ^ O) ^ 

and 

=0 

ZXdY 


Ex. 2. Obtain two intermediate integrals of the equation 
ylr + Bs -f- Ct == 0, 


where 


A +q^) xy, C=^ (1 -^P^) xy, 

i5=(l+^?2)y2-.(H-p2)^2. 

construct the contact transformations which change it into the equation 


s' = 0 ; 

and hence derive a primitive. 

By means of the intermediate integrals, devise a geometrical interpre- 
tation of the equation and its primitive. (Qoursat.) 


Ex. 3. Surfaces (due to Monge) have one system of their lines of 
curvature situated upon concentric spheres : construct the partial differential 
equation of the second order satisfied by such surfaces. Prove that this 
equation possesses two intermediate integrals : and obtain the contact 
transformation which changes it into the equation ^*=0. 



CHAPTER XVIII. 


Darboux’s Method, and other Methods, for Equations of 
THE Second Order in Two Independent Variables. 

The first considerable extension (as distinct from improvements) in the 
methods of solving partial equations of the second order, effected after the 
publication of Ampere’s memoirs, was obtained by Darboux in a memoir 
published* in 1870. Previous methods, such as those of Monge and Amphre, 
had mainly or entirely sought for the primitive through the construction 
of a compatible equation of lower order; and, as has appeared from the 
preceding discussions, such a process is not always applicable. Using 
Ampere’s ideas, and combining with them the spirit of Jacobi’s method 
of solving an equation of the first order by associating with it a new equation 
of its own order, Darboux devised a method which, for wide classes of 
equations, can lead to a primitive. The central feature is the construction 
of an equation or equations of the second order, or even of order higher than 
the second, which are compatible with a given equation of the second order : 
in order to derive these equations, it is necessary to integrate one or more 
subsidiary systems. These systems have two forms, which are equivalent to 
one another: in one form, the equations are homogeneous and linear in 
the differential elements ; in the other, the equations are homogeneous and 
linear in the first derivatives of the unknown function. To such systems, the 
Jacobian method of integration can be applied : it has the advantage of 
indicating the conditions which must be satisfied, if the process is to be 
effective. 

Moreover, Darboux’s method is progressive : that is to say, when the tests 
shew that no equations of a particular order can be associated with a given 
equation, then it can be applied equally to obtain (if that be possible) 
equations of the next higher order which are compatible with the given 
equation. Accordingly, it is effective for all equations of the second order 
when their primitive can be expressed in finite terms, whether by means 
of a single integral equation or by means of a number of simultaneous integral 
equations. 

* iinii. de vie . Norm . Sup .^ t. vii (1870), pp. 168—173. 
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Further, it can be applied to equations of any order in two independent 
variables. 

Since the publication of Darboux’s investigations, many other memoirs 
upon the subject have appeared. Among them, special mention should be 
made of those by Hamburger*, Wincklert, KonigJ, and Sersawy§ : references 
to other writers will be found in these memoirs. A historical summary of 
the methods devised by various writers for obtaining equations, which are 
the same as, or are equivalent to, Darboux’s equations, is given by Speckman|| : 
Goursat’s discussion IT of the matter may be consulted with advantage ; and 
a memoir by Sonin ** should be consulted. 

265. The substantial difference between the main aim of 
general methods, devised for the integration of partial equations 
of the first order, and the main aim of such methods, as are 
expounded in the immediately preceding chapters for the integra- 
tion of partial equations of the second order, is of significance and 
importance. In the case of equations of the first order, the aim of 
general methods such as those devised by Charpit and by Jacobi 
is to construct equations that can be associated with the original 
equation : and all the admissible equations thus constructed are 
themselves of the first order, as is the original equation. In the 
case of equations of the second order, the aim of the methods that 
have been expounded is the construction of equations that are 
compatible with the original equation : in the methods of Monge 
and of Boole, the admissible equations (when they exist) are of 
the first order, being thus of order lower than the original equation : 
in the method of Ampere, the admissible equations may be of the 
first order and may be of no order at all ; in no case, has the 
order of the associated equation or equations been the same as, 
or higher than, that of the original equation. 

As regards the details of the methods applied to the con- 
struction of equations which are associated, or are compatible, 
with equations already propounded, there is the superficial re- 
semblance that all of them, in so far as they involve inverse 

* Crelle, t. lxxxi (1876), pp. 271—280 ; t6., t. xcm (1882), pp. 201—214. 

t Wien, her., t. lxxxviii (1883), pp. 7 — 74; i6., t. lxxxix (1884), pp. 614 — 624. 

X Math. Ann., t. xxiv (1884), pp. 465 — 536. 

§ Wien. Denkschr., t. xlix (1884), pp. 1 — 104. 

II Arch. N^erl., t. xxvn (1894), pp. 303 — 364. 

H Le<pn» mr VintSgratioH des iquatiom aux d4riv4ei partielles du second ordre, 
ch. VI, VII. 

** Math. Ann., t. xlix (1897), pp. 417 — 447: it was first published, in Russian, 
in 1874. 
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integrational operations, demand such operations in only the first 
degree. The reason of the resemblance, such as it is, lies in the 
facts, that even moderately general inverse operations can be 
eflfected only if they are of the first degree, and that the feasible 
operations of the second degree are exceedingly limited in scope. 
The resemblance, therefore, has nothing to do with the orders of 
the equations concerned and is due solely to exiguity of facility 
with inverse operations : it needs no further comment. 

There is one outstanding difference between a system of sub- 
sidiary equations used in connection with an equation of the first 
order and such a system used in connection with an equation of the 
second order. All the equations in both kinds of systems are of 
the type called ordinary : they seek a provisional expression of all 
the variables in terms of a single variable. When the original 
equation is of the first order, the number of equations in the 
subsidiary system is equal to the number of variables provisionally 
regarded as dependent; when the original equation is of the 
second order, the number of equations in the subsidiary system 
(when it is effective for its purpose) is one less than the number 
of variables provisionally regarded as dependent. As has been 
seen in the discussion of the subsidiary systems, retaining the 
significance given them most widely by Ampere s method, this 
excess by one unit cannot be used to give an arbitrary provisional 
value to one of the dependent variables ; it arises from the latency 
of the argument of the arbitrary function or functions, which occur 
in the primitive of the equations of the second order. 

The outlook beyond these considerations, applied to the simplest 
case when an equation of the second order in two independent 
variables is propounded for solution, suggests two questions. On 
the one hand, is it possible to further the construction of a 
primitive by associating, with the original equation, an equation 
involving partial derivatives of order higher than the first ? On 
the other hand, is it possible, by proceeding to derivatives of higher 
order, to construct a subsidiary system (which, presumably, shall 
be ordinary) that is complete ? 

Moreover, when the discussion is not restricted to equations in 
only two independent variables but extends to those involving 
any number, a further question will arise as to whether a sub- 
sidiary system (if the method of subsidiary equations is then of 
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any effective use) will be, not merely complete or incomplete, but 
ordinary or partial. Putting this question on one side for the 
present, as well as cognate questions that are easy enough to 
propound, we proceed to consider the two earlier questions. The 
first discussion, which these questions received, is contained in a 
memoir by Darboux * ; since the publication of that memoir, they 
have received much attention, especially in regard to particular 
equations. 


Cauchy’s Method, restated and discussed after Darboux. 


256. It has already been seen, in Chapter VI of the preceding 
volume during the exposition of Cauchy’s method for an original 
equation of the first order, that the subsidiary equations deduced 
by the process of changing the independent variables are a 
complete ordinary system. Let the same process, which was 
first suggested by Ampere, be applied to an equation of the second 
order 

f{x, y, z, p, (/, r, 5, t) = 0. 


Denoting by X, and so for the other derivatives of /, we have 
the total differential equation equivalent to /= 0 in the form 


Xdx^- Ydy Zdz + Pdp -f Qdq + Rdr + Sds Tdt = 0. 


The independent variables x and y are changed to x and u, where 
u is left to be determined and is not a function of x alone. As 
usual, we have 


— 

dx 


= p + 


dx ’ 


dz __ dy 
du^"^ dll ’ 


da; ^ dx’ 


^P-s^y 
du~ du’ 


dx dx ’ du du’ 

three of these are equations which, in the new derivatives, involve 
derivation with regard to x alone. Moreover, 

9 


du 




* Ann. de Vic. Norm. Sup., S4r., t. vu (1870), pp. 163—178 ; it is reproduced 
%s Note X at the end of volume iv of his Thiorie ginArale des mrfacea. 
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and therefore 

du dx du du dx ' 

and, similarly, 

9r _ ^ ^ ^ ^ 

da dx du du dx * 

ds _ dt dy dt dy 
du dx du du dx ’ 


Substituting the values of the differential elements, which 
occur in the total differential form of the original equation, and 
remembering that dx and du are independent, we have 


Yf*zf 

du du 


+ . 


+ 2 ’|^= 0 , 

du 


as one of the equations : and when in this equation we insert the 
values of all the derivatives with respect to Uy expressed in terms of 

and ^ , we find 
du du 


The variable u is at our disposal ; let it be so chosen that, when y 
is expressed as a function of x and w, the equation 

is'^satisfied : then, as ^ is not zero, we also have 
“ du 

dt 

When the coefficient of ^ is modified by means of the immediately 
preceding equation, we have 


F+Zg + Ps+Qt + ii^ + r^ = 0; 


and thus there are two other equations involving derivatives with 
regard to x alone. 
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The remaining equation, derived from the total differential 
form of the original equation, is 




h. 

dx 


■ R^+Sp + Tp-^O. 

OX dx dx 


dx dx 

another equation involving derivatives with regard to x alone. 
From the earlier equation, we have 

Yp + Zqp + Psp + Qtp + Rpp + Tp^O; 

dx ^ dx dx dx dx dx dx 

subtracting this from the equation just obtained, and using the 
other equations already constructed, we have 


dx 

which will be used to replace the immediately preceding equation. 

We thus have six equations which involve no derivatives with 
regard to u but only derivatives with regard to x alone ; and these 
are all the equations of this character which can be constructed 
among these quantities. The dependent variables, being unknown 
functions of x and u, are y, z, p, q, r, s, t, seven in number ; and so 
the subsidiary system of six ordinary equations (leaving arbitrary 
constants to be made arbitrary functions of u) cannot completely 
determine the seven dependent variables. In the case of an 
original equation of the first order, the subsidiary system thus 
constructed was sufficient to determine the dependent variables 
involved: so that, for equations of the second order, there is a 
relative diminution in the efficiency of the subsidiary system. 


267. In the investigations of Monge and Boole, reasons (which 
have been explained) led to the consideration of the equations 

Ar + 2Bs + Oi + ^ D, 

Ar + 2JS« +Gt^D, 


and of no others, the quantities A, B, C, D not involving r,8,t; it 
so happens that, when these equations are submitted to the pre- 
ceding process, the subsidiary system is simplified very considerably 
in form. The equation 
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for the former equation, becomes 




that is, 


2Bf-+G+t(^/ 

OX \ox. 


+ 2^ + r = 0, 


or, using the initial equations connected with the change of inde- 
pendent variables, we have 

J (»»)■- + 

\dxJ ox ex ox ox 

Again, using the equations 

dx dx ’ dx dx’ 

to remove r and s from the equation 

Ar 4- 2Bs + (7^ -h — 5^ = i), 

we find that, in consequence of the combination rt — there is no 
term in and, in consequence of the subsidiary equation just 
obtained, there is no term in t; the result is 

\dx ox ox) ox [ox/ 

another equation of the subsidiary system. And we always have 
0;S' dt/ 

There thus are three equations in the subsidiary system*; it 
involves four dependent variables, viz. y, z, p, g. 

Again, for the equation Ar 2Bs •¥ Ct = Dy the subsidiary 
system is similarly obtainable in the form 




dz dy 

* It can be resolved so as to acquire the form given in earlier chapters: the 
resolution is irrelevant to the present discussion. 
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again a set of three equations in four dependent variables, viz. 

y> p> q- 

Now though, in the case of both of these equations, the sub- 
sidiary system is ineffective for the complete determination of 
y, z, p, q, it may happen that integrable combinations can be 
constructed for special instances of those equations: examples have 
occurred freely in preceding chapters. In that event, the arbitrary 
constants that occur in the integrated combinations are to be 
regarded as functions of the other variable ii, arbitrary so far as 
concerns the subsidiary system of derivatives with regard to x: 
but the arbitrary functions are subject to the equations 

^y ^q _ ^y 

du dx du dx du ' du ^ du * 

The quantities r, s, t have disappeared from the subsidiary system 
belonging to the less special type and, in their disappearance, they 
have removed three equations. 

Similar remarks apply when the subsidiary system belonging 
to the equation /=0 admits of integrable combinations; the 
arbitrary functions of w, into which the arbitrary constants in the 
integrated combinations are changed, are subject to the two 
preceding equations, as well as to the equations 

dr _ 05 dy dy ds dp ^ dy 

du dx du dx du * du du* 

ds __ dt dy ^dy dt 

du dx du dx du * du du' 

258. It thus follows that, when we restrict ourselves to 
derivatives of the second order during the construction of the 
particular kind of subsidiary system, the number of equations in 
the system is one less than the number of dependent variables 
which it contains. It is natural to inquire whether, by proceeding 
to derivatives of higher orders, it is possible at any stage to 
construct a complete subsidiary system involving derivatives with 
regard to x alone. The answer has been given by Darboux : it 
is to the negative effect, for tJie number of equations involving 
derivatives of x alone is always less by unity than the number of 
dependent variables which are to be determined. This theorem of 
Darboux’s can be verified for the next succeeding order as follows : 
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and the course of the verification will shew how the unit deficiency 
is maintained in succeeding orders. 


Denoting by a, yS, 7, fi, the derivatives of z, which are of the 
third order with regard to the original variables x and y, and 
taking account of the change of independent variables effected 
in the method, we have 


ox ox 


du 


dx 




dx 




05 _ 

du ^ du^ 
du'^' du^ 


these provide three new equations, involving derivatives of x alone, 
towards the amplified subsidiary system. Also, as before, we have 

du dx du du dx ’ 

^y ^y 

du dx du du dx ’ 

07 _ 00 0y _ 00 0y 

du dx du du dx * 


Now from the equation /= 0, we have 

/, = i2a+^^ + r7+t7=0, 

^2 ~ + 'S'7 4- Th 4- = 0, 

where U and V do not involve a, 7, 8 : these equations are the 
complete derivatives of /= 0 with regard to the old independent 
variables. Forming the total derivative of 

fi == Rcl 4* + Ty 4- 17 == 0, 


and introducing the new independent variables, we have 

+ «^ + 2 ’| 5 ^ + @ = 0 , 

du du du 


where © involves linearly the derivatives of x, y, Zy jp, r, 5, t with 
regard to u. The latter equation belongs to the amplified system. 
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Substituting in the former so that no derivatives with regard 
to u survive except — and ^ , we find that it takes a form 

\dx) \0a7/ ox) du ou 

where 0 i involves derivatives with regard to x only. The 

08 

coefficient of ^ vanishes on account of an earlier equation ; and 
0V 

■— is not zero, so that the relation is 
ou 

01 = 0, 

thus providing another equation for the amplified system. Con- 
sequently, the equation 

fi = Rol + SfS 4* -f- i[7 = 0 

provides two new equations for the amplified system : they can be 
denoted by 

I'.o. e,.o. 

Similarly, the equation 

provides two new equations for the amplified system : they can 
be denoted by 

l-.O, 8.-0. 


It therefore appears as if the completely amplified system contains 
seven more members than the system for the second order, while 
it involves only four new dependent variables a, /8, 7, 8, in addition 
to the old dependent variables ; and it might therefore be imagined 
that the unit deficiency, which marked the old system, is more 
than supplied by the new system. But this is not, in fact, the 
case : for the amplified system of thirteen equations, involving thb 
eleven dependent variables y, z, p, r, s, t, a, / 9 , 7, 8, contains 
four dependent equations when /«= 0 is retained. Thus, in the 
old system, a linear combination of the equations leads to 

d/=0; 

and therefore one of the six can be rejected, because the eouation 

/=0 
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is retained. Again, a linear combination of 

I-''- 

together with equations from the old system, leads to the 
equation 

and therefore one of these two new equations can be rejected 
because the equation fi = 0, with other equations of the system, is 
a necessary consequence of the retained equation /= 0. Similarly, 
a linear combination of 



together with equations from the old system, leads to the equation 

ci/2=0; 

and therefore one of these two new equations can be rejected 
because the equation /a = 0, with other equations of the system, is 
a necessary consequence of the retained equation /= 0, Lastly, a 
bilinear combination of 

M-o. e,.o, I'.o. e..o, 

together with equations from the old system, leads to the equation 

c^!/‘=0, 

which is a necessaiy consequence of the retained equation /= 0 ; 
and therefore one more of the new equations can be rejected. 
Hence the amplified system of ordinary equations subsidiary to 
/= 0, when derivatives of the third order are introduced, contains 
ten independent members (including /= 0) and involves eleven 
dependent variables : the unit deficiency, characteristic of the sub- 
sidiaiy system for derivatives of the second order, is characteristic 
of the subsidiary system for derivatives of the third order. 

And so for the orders, in increasing succession : the result, as 
stated in Darboux’s theorem, applies to all orders. 

Ex. Verify Darboux’s theorem for the equations 

^ r + 2 -h - *2 « 

Ar+2B8+Ct==Df 

in the case of derivatives of the third order, the quantities Cy D not 
involving r , L 
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269.] 

269. It thus appears that, at no stage in the succession of 
increasing orders, can we construct a subsidiary system which 
shall be complete if the original equation is of the second order. 
But it may happen that, just as the incomplete system in Monge’s 
method and that same system (in a wider significance) in Ampere’s 
method offer integrable combinations, so in the process indicated 
the incomplete subsidiary system may at some stage offer inte- 
grable combinations. If the subsidiary system for derivatives 
of the second order should offer no integrable combinations, it 
may happen that the subsidiary system for derivatives of the 
third order will do so ; if not, then the subsidiary system for 
derivatives of the fourth order may do so : and so on. 

Suppose that the incomplete subsidiary system for derivatives 
of order n offers integrable combinations 

F = constant, G = constant. 


The constant quantities have their quality on the hypothesis that 
u is constant and, subject to this hypothesis, they are unrestricted 
so far as the subsidiary system is concerned ; hence we may take 

jP = <^ G = -i/r {u). 

The forms of and may be limited by the other subsidiary 
equations which involve derivatives with regard to u: whatever 
their forms may be, the preceding equations are consistent with 
the subsidiary system which itself is consistent with the original 
equation. When we eliminate u, we have an equation 

F = 0, 

which is compatible with the given equation : it is an equation of 
order w; and if either <f> or yfr is arbitrary, while ^ and are 
independent of one another, the new equation F = 0 involves an 
arbitrary function. 

We thus have an indication of a method of obtaining equations 
compatible with a given equation and so, as will be seen almost 
at once, of proceeding to the integration of the given equation : 
the method is associated with the name of Darboux. It is not of 
compelling effect, for its success depends upon contingencies that 
cannot be controlled : but its operation manifestly is wider than 
the operation of the methods previously expounded. 
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Darboux’s Method for constructing Compatible Equations. 

260 . Having thus been led to the inference that, in favouring 
circumstances, an equation 

F=0 

of order higher than the first, say of order n, may be compatible 
with, and not independent of, a given equation 

/=0 

of the second order, we naturally desire to have the means of 
constructing V : one method, due to Darboux, is as follows. Take 
all the derivatives of /*= 0, with regard to both independent 
variables, of all orders up to and including those of order n — 1; 
among these will be n equations, which involve the n-h2 deriva- 
tives of which are of order n -f- 1. Take the two first derivatives 
of F = 0, supposed to be of order n : these give two equations also 
involving the n 4- 2 derivatives of z which are of order n + 1 : so 
that, in all, there are n + 2 equations in these n-f2 derivatives. 
The equation F=0 is not merely compatible with /=0 and 
therefore with derivatives of /= 0, but also it is not independent 
of /=0 and therefore of derivatives of /=0; hence the n-h2 
equations are not independent of one another. Consequently, 
when they are resolved so as to express the values of the n + 2 
highest derivatives of z, the values so obtained must be indeter- 
minate; and thus there will be at least two conditions* which, 
as they involve the first derivatives of F, are a set of simultaneous 
partial equations of the first order for the determination of F. If 
they possess a common integral (and the tests, as to the possession 
of a common integral by a set of simultaneous equations of the 
first order in a single dependent variable, are known), then an 
equation compatible with the original equation can be constructed. 

* Darboux points out that, if the n + 2 equations are independent of one 
another so that the n + 2 derivatives of z of order n + 1 can be obtained from them, 
then all derivatives of z of order higher than n can be expressed in terms of 
derivatives of order not higher than n. Having obtained these, we should then 
(by the process of successive quadratures) obtain a value of z which contains only 
a limited number of arbitrary constants at most and therefore could not imply the 
existence of an arbitrary function : an integral of the type which he requires would 
not then be given. Accordingly, the n + 2 equations must not be independent of 
one another. 

It may be noted that the method in § 238 is the special case of the above method 
when ns=l. 
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The new equations which may thus be obtainable are of two 
kinds. If it should happen that the equations for V possess only 
a single integral, say then the new equation is of the form 

where a is an arbitrary constant. If it should happen that the 
equations for V possess simultaneous integrals, say Vi and Fg, 
then the new equation is of the form 

F,) = 0 , 

where 0 is an arbitrary function. If it should happen that the 
equations for V possess two sets of simultaneous integrals, say Vi 
and Fg, Fg and F 4 , there are two new equations of the form 

<^(F„F,) = 0, ^/^(Fs, F4) = 0, 

where <f> and yjr are arbitrary functions ; this is the most effective 
case. Moreover, the equations for F cannot possess more than 
two sets of integrals, because they are quadratic in form. And it 
may happen that the equations for F possess no integrals : we 
should then proceed to the next higher order. 

As regards the use to be made of the new equations thus 
obtained, consider the most effective case, when there are two 
new equations 

0(F„F,) = O, ^(Fs, F4) = 0, 

which, for the present, we shall assume* to be compatible with 
one another. These equations are of order n, so that they are 
two equations among the n + 1 derivatives of z of that order. 
When we take all derivatives of /= 0 of order n — 2 , there result 
n — 1 equations involving the derivatives of z of order n : so that 
there are, in all, n 4- 1 equations in the same number of those 
derivatives, and they therefore suffice to express those derivatives 
in terms of the derivatives which are of lower order. When 
substitution takes place in the last of the n — 2 sets of differential 
relations of the type 

dp = rcU + dq = sdx + tdy, 
dr — adx -i- ^dy, ds^0dx + ydy, dt^^ydx + Sdy, 

we have quadratures to effect : when these are effected, the final 
primitive will, in some form or other, involve the two arbitrary 
functions <l> and yjr introduced by the new equations. 

* The asBumption is justified in § 265. 
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261 . The simplest case of course occurs when the equation 
f{x, y, z, p, q, r, s, 0 = 0 

possesses an intermediate integral, being an equation of the first 
order : this possibility has been fully discussed under the methods 
of Monge, Boole, and Ampere. We proceed to the alternative 
case when the equation /=0 possesses no intermediate integral. 
In order to consider whether an equation 

F= F(^, y, p, q, r, s,t) = 0 

coexists with /= 0, though it is not resoluble into /= 0, we must, 
after the preceding explanations, form the equations 


0-S.+<.|+4+7 




o-f 

dy 


. dr dV^^dV^ dV 


dv^.dv 


df df 0 / . 0 / . 0 / 

df 3 / . 3 / . 3 / . , 0 / 

dy dy ^ dz ^ dp dq ' 

dV dV 

and so for and ; and then we express the conditions that 

the values of a, 7, 8, furnished by these four equations, are 
indeterminate. The necessary conditions are 


dV 

dV 

dV 

dV 

0 

dx’ 

dr ’ 

ds ’ 

dt ’ 

dV 

0 , 

dV 

dV 

dV 

dy’ 

dr ’ 

ds ’ 

dt 

df 

9 / 

9 / 

9 / 

0 

dx ’ 

dr ’ 

ds’ 

dt ’ 

df 

0 , 

9 / 

9 / 


dy’ 

dr’ 

ds’ 

ot 
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which in effect are equivalent to two conditions formally inde- 
pendent of one another: and each of these conditions is of the 
second degree in the derivatives of V, 


The condition 


aF 

07 

dv 

ar ’ 

0s ’ 

dt ’ 

0 , 

07 

07 

dr ' 

07’ 

¥ 

¥ 

¥ 

dr' 

08’ 

dt’ 

0 , 

¥ 

¥ 

dr’ 

ds’ 


0 

dt 

0 

¥ 

dt 


is easily seen to be 

/0/V/aF .07 


0r 


j (0t ^ 




(¥XrZ. 

\dr) 

where \ and fi are the roots of the quadratic 
0< ‘'08^'^ 0r ”’ 

SO that, assuming (as will be assumed) that ~ is not zero, we have 
either 


or 


0F 07 


0t-^0i- + ^'0r 


»?r=o. 


Next, the other independent condition can be taken in the form 


dV 

07 

07 

07 

dx ’ 

dr ’ 

0s ’ 

dt 


A 

07 

07 

dy ’ 

u , 

dr ’ 

0s 


¥ 

¥ 

¥ 

dx * 

dr’ 

da ’ 

dt 

jl 

0 

¥ 


dy’ 


dr’ 

0s 
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With this condition, we associate either of the two equations that 
replace the earlier condition, say 


and we notice that 



ds 


+ X* 


dr 


= 0 ; 



dr’ 


r_ 

ds 




dr' 


Expanding the condition, using these relations, and removing a 
factor 

d2d^_dfdV_ 

ds dr dr ds ’ 


(which must not vanish because, taken in conjunction with 

JV 


dt os 


dr 


= 0 , 


a/ 

di 


ds 


¥ 

dr 


= 0 , 


its vanishing would imply that / and V are not functionally inde- 
pendent of one another, qu^ functions of r, s, t), the equation 
reduces to 


^ dy ) dr dr dx \ dt cty 


Accordingly, there are two linear systems for the determination of 
V ; they are 


dV^_ dV 
dt ds 


+ X» 



\ 


djr ^ 

^ ^ dr ^ a<^_ 

dx^ ^ dy df dx ^ ^ dy 

dr dt 


ind 


iZ" 

dt 




\ 


^ dy df dx df dy 
dr dt 
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respectively, where \ and are the roots of the critical quadratic 

The two linear systems become one and the same when this 
quadratic has equal roots. 

These results can be obtained quite simply by assigning the conditions 
that one of the four equations involving a, 3, y, 5 is a linear combination of 
the other three. In order that this condition may be satisfied, quantities 
p, p, r must exist such that 

dV ^ dV , df ^ df 


0r 


08 

ar 


ar 




ar 




cV 


= 0 


dV 


when we substitute in the third equation the value of ^ as given by 


dV 


the second equation, and in the fourth equation the value of as given by 




the fifth equation, and then eliminate between the two equations thus 
modified, we have (on removing a non-zero factor pr - p) the equation 


2¥_..¥^¥ 


0 . 


^ dr ^ds^dt 
Let p and X be the roots of this equation : then 

df dV 
^ dr ^ dr ^ 

dv df ^ df 

giving values of p and r which change the first equation to the form 
^ dy) dr dr dx \ dt dy^ 

agreeing with the foregoing result. Similarly for the other equation. 


Each of the two systems, so obviously similar to the subsidiary 
systems in the earlier methods, is homogeneous and linear in the 
derivatives of F; and therefore it is only necessary to apply the 
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tests, alreaxiy established for such sets of simultaneous equations 
as are homogeneous and linear of the first degree, in order to 
determine whether either set or both sets can possess a common 
integral or common integrals. 

One or two results are immediately obtained. In the first 
place, we know that, if u be an argument of an arbitrary function 
in the primitive of /= 0, and if y be expressed as a function of x 
and Uy then 

dr [BxJ ds dx dt ^ 
dy 

where ^ is formed on the supposition that u is constant; thus 

“ is the of the preceding investigation, and we have 
ox 

dr ^x) ds dx"^ dt 

Tn other words, the characteristic equation for the argument of an 
arbitrary function in the primitive of /= 0 has the same form for 
any equation of the second order that is compatible with /==0. 

In the next place, if 

u = constant, v == constant, 

are two distinct integrals belonging to either of the two systems, 
then 

</) (w, v) = 0, 

where ^ is arbitrary, is also an integral of the system. This 
property obviously follows from the fact that each of the equations 
in the system is homogeneous and linear. 

In the third place, it is clear that all the equations for V are 
satisfied by taking 

y-f. 

which accordingly will be an integrable combination for each of 
the systems. If, therefore, either system is to furnish an integral 
of the form 

<f> (Uy v) = 0, 

which is functionally distinct from /= 0, the system must provide 
three integrable combinations, viz. 

fm 0, = constant, v = constant : 
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in other words, when the system for V is made complete in the 
Jacobian sense, it must possess three independent integrals. The 
variables which can enter into the expression for V are y, s, p, q, 
r, s, t, being eight in number ; and therefore, when the system is 
made complete, it cannot contain more than five independent 
equations, all of these being linear and homogeneous in the 
derivatives of V, 


Ex. 1. Consider the equation 

X 

where w is a constant. The equation is not integrable by Monge’s method : 
it is integrable in finite terms after change of the variables, by Laplace’s 
method, when n is an even integer. 


We have 




SO that the characteristic equation for the argument of an arbitrary function 
in the primitive is 

d2-l=0: 


hence there are two systems, which belong to the arrangements X=:l and 
/i=-l, X=-l and /i=l, respectively. 


Take the arrangement X = 1, - 1. Since 

df r ^ p df $ 

dx X x^^ ay x' 

the equations for F (if it exists) are 

0F dV 


A,(F)=|^- 


ds 


, dV dV , (r p\^V^ » dV 

* ^ tfo; dy ^\x Sr ^ x St 

Sr Sr,, ,0F^, .SV^, ,,3F /r p\ 


9F^ »0F „ 
Sr ^ X St 


In order that these two equations may have a common integral, they must 
satisfy the Jacobian condition 

(Ai, A2)-0, 

which, not being satisfied in virtue solely of Ai=0 and A 2 = 0 , gives a new 
equation 
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We combine this with ^i^O, and we write 


Vi«2 


dj[ 
dr " 

07 


cs n op n oq ^ 


„ 07 ^0707. ^;r07 ^ 

Vg* 2 - 5 — “ - 5 — 2 ~ - 5 — + 2 — — 0 j 

0t os n op n oq 


07, 


and then, substituting in AgsaO the value of from Vi*=0 and the value of 
dV 

from ^ 2 = 0 , we have 


" dx dp 


,07 «07^/ ^ jo\07^, fr+8 p\dV _ 

^ 02 0/) \ x) dq ^^\x xy ds 


Then 


where 

Further, 


(Vl, V2)«0, 

(7i, V3) = V4*0, 
(Vg, 73)=-V4=0, 


r 7 .^dVdV n-2dV . 
V4 = 4 - -5— + 2 3 — I — - — = 0 . 

n oz dq 2x ds 


(Vl, V4)=0, 
(Vg, 74)«0, 


(Vs, V 4 ) 

and therefore we take 


4 07 71 — 2 07^ 

*"w 02 2x^ ds * 


4 07 n — 2 97__ 

“” 2 ^ 


so that 




07 71-2 07 

dq 2x 02 ^ 


74 ~ xAi + 2 As , 


and consequently the equation V 4«0 can now be omitted. 
At the present stage, our equations are 


Vi= 0 , 7 g= 0 , V 3 = 0 , A 4 =: 0 , A 6 = 0 ; 
they are such that 

(Vl, 72 )« 0 , ( 7 i, V 3 )« 0 , (Vi, A 4 )« 0 , (Vj, As)= 0 ; 
(V„ 7 ,)= 0 , (Vs, A4)=0, (Vs, Aj)= 0 , (A4, A5)=0; 

and 

(Vs, A4)=J(»-2)(»+4)|^, 

1 sv 

(Vs, A5)=inA4-J(»-2)(» + 4)p -gj. 


We already have five equations in the system ; and this is the greatest 
number which it can contain, if it is to provide the proper number of integrals : 
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hence both (^s, A 4 ) and (^ 3 , As) must vanish, either identically or in virtue 
of the equations already retained. This condition can be satisfied only if 

(n-2) (n+4)=:0. 

We take 7 i=s 2 , so that the original equation is 

2 ^= 0 ; 

X 


and then a complete system of equations for V is constituted by 
57i=0, V2«0, V3 = 0, A4*:0, A6«0. 


These can be replaced by an equivalent linear combination of the five, in the 
form 


02 


= 0 , 



,0r dv dv 


jv dV dV 


^ dr dp~^’ ^ dt di ~^dp~^’ 

dV dV pdV (r+$ p\ 
dx dy ^ X dp \ a? x^ ds * 


and we obtain three independent integrals of this complete set in the form 


^+ll±l + \(r-t-2P). 

X X \ xj 

The original differential equation is 

r-<_2 ^=0; 

X 

hence the integral, provided by the system, is 

= arbitrary function of 

= ~4/'"(^+y), 

where / is arbitrary. 

Similarly dealing with the system for the arrangement X«= - 1 and fi*=l, 
we find an integral 

r-2a+t „ 

-45r"(y-a?). 

Hence, treating the original equation and the two deduced integrals as 
simultaneous equations to determine r, «, ty we find 


t= -xf"'-xcf"~ 
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They satisfy the conditions 

0r 0s 0s _ 0^ 

0y*’0j7* 0y'~0a;’ 

so that they are appropriate values for quadratures of 

df—rdx-^Bdy^ 

dq=Bdx-\-tdy, 

Effecting the quadratures, we find 



5— -i' (/"-/') +/'+/; 

when these values of p and q are substituted in 

dz^pdLv-^-qdy^ 

and quadrature is effected, we have 

=^f{i>!+y)+g( 3 /-x)-x{f'{x+y)-^{y-x)}, 
which is the primitive of the equation 

r- <=2^; 
x’ 

it involves two arbitrary functions /and g. 

Note, If n is neither 2 nor - 4 in value, then the system has no integral 
of the type required : and it is found that then the other system also has no 
such integral. In that event, we cannot obtain equations of the second 
order which can be associated with /=0 : if the method is to be effective, it 
could then be so, only when we proceed to construct equations of higher 
orders. 

Ex. 2. Integrate similarly the equation 

X 

Ex. 3. Shew that the equation 
cannot be integrated by Darboux^s method, when the quantity 
is different from zero. Discuss the cases when this quantity vanishes. 

(Lie.) 

Ex. 4. Can the equation 

= c (1 4-jt?* -f 2^2)2^ 

where c is a non- vanishing constant, be integrated by Darboux’s method ? 

(Lie.) 
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Integration of Simultaneous Equations of the 
Second Order. 

262. In the preceding method of dealing with an equation of 
the second order in two independent variables, when the equation 
is known not to possess an intermediate integral, it appears that 
the process leads (for some classes of equations) to the construction 
of an integral in the form of an equation of the second order, which 
can be associated with the original equation : and that, in par- 
ticular, when two integrals of such a form can be constructed, the 
derivation of the primitive is then merely a matter of quadratures. 
If, however, only one su<?h integral is obtained, then quadratures 
will not be sufficient ; and the use of the integral for the derivation 
of the primitive has still to be developed. The position thus 
created raises a similar question as to the determination of the 
integral (or integrals) common to two compatible equations of the 
second order in two independent variables. 

Taking the later question indicated as the more general, we 
denote the two equations by 

/= 0 , /' = 0 , 

where f and are given functions of x, y, Zy p, q, r, s, t Let 

u — a, 

where u is another (unknown) function of the same variables, and 
where a is a constant, be an equation which is compatible with 
/= 0 and /' = 0 and is algebraically independent of them. The 
three equations usually suffice to give values of r, s, t in terms 
of X, y, Zy p,q: the conditions, that the values so obtained are the 
second derivatives of z, are that the relations 

dr _ds ^ 

dy^ dx* dy^ dx* 

should be satisfied, where 

d a . a . a . a ) 

dx dx ^ dz ^ dp ^ dq 

d _d ^ a. l..ir 

dy dy ^ dz ^ dp dq j 
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Now, from the two given equations and the assumed equation, we 
have 

dr dx dsdx dt dx^ dx* 

dr dx^ ds dx^ dt dx dx* 

du^ /^ da du ^ 

dr dx^ da dx^ dt dx~“ dx* 

and therefore 

/ f=^^) ^ , 

\r,aytjdx Kr, x,t / 

\ r, a, t J dx \r, 8, X J 

Similarly, we have 




(/>/’> 

\ r, 8, t ) 

dy 


(/>/'> 

l^ = - J| 


\r,s,t) 

dy ' 

\r,y,t ) 


When we use the relations of condition, we have the equations 
T(fif±l\- t(A£iJ£\ 


\ y, s, t J ’ 

\r,8yxj \r,y,tj 

Conversely, these two equations are sufficient to secure the two 
relations of condition. 

The two equations thus obtained for u are homogeneous and 
linear of the first order. When we write 

dx^^* dy"^* dr'^^* ds'^^* dt'^ * 

dx'^^* dy^^ * dr'^^* da'' * dt * 

the equations for u take the form 

A. (u) = ^ (XT' - TX') +^(¥T'- TT) 

+ ^ (RX '-XR' + 8T- Y8') 

+ ^(TR'- RT') + ^ (T8' - 8T') = 0, 
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A. («) = ^ (i2r' - YE') + ^ (EX' - XE') 

+ ^ {XS' -SX'-k-YT'- TY') 

+ ^ (/Si?' - J?fif') + ^(TE'- ET) = 0. 

Here is a function of the eight variables a?, y, -e, j?, g, r, 5, If 
the simultaneous equations Ai = 0, As = 0, require other n equations 
in order to make them a complete Jacobian system, which then 
will consist of 2 + equations, the equations possess 6 — n common 
integrals. Two such integrals are provided by 1^=/, 
and so the equations possess 4 — n common integrals, which are 
algebraically distinct from /and f\ 

The method manifestly is effective, if n is less than four ; and 
the conditions for the coexistence of Aj = 0, Aj = 0, are conditions 
that involve the derivatives of f and /'. Consequently, the con- 
ditions that n < 4, so that the completed Jacobian system contains 
not more than five equations, are effectively the conditions that 
the two equations /= 0, /' = 0, are compatible with one another. 
If /' = 0 has been constructed by Darboux’s method so as to be 
associated with /= 0, the conditions are satisfied ; but if /' = 0 be 
given as a new equation, independent of any indication as to the 
mode of its construction, it is clear that /" = 0 cannot be taken 
arbitrarily. 

The simplest case occurs when n = 0, so that Ai = 0, Aa = 0, are 
then a complete Jacobian system of themselves. In that case, 
there are four common integrals, say, hence we have 

six equations in all, viz. 

/= 0 , /' = 0 , 

lii = fli , "Ma ~ ~ “1/4 = 

When jt), q, r, 5, t are eliminated among these equations, we 
have a relation between z, x, y, which involves four arbitrary 
constants. 

The least simple case, when the method is effective, occurs 
for n » 1. We then have three equations 

/« 0 , /' = 0 , 
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which suffice to determine r, s, < as functions of the other five 
variables; when these are substituted in 
dz —pdx‘\-qdy, 
dp= rdx + sdyy 
dq = sda -f tdy, 

and the quadratures are effected, we again obtain a primitive 
involving four arbitrary constants*. 

Note, It should, however, be remarked that the two equations 
Ai = 0, Aa = 0, represent only a single equation, if we retain the 
equations which can be deduced by Darboux s method applied 
to the equations /= 0,/' = 0. From the results of § 261, it follows 
that, when a quantity 6 is chosen so as to satisfy the equation 

T^es-\-e^R=^o, 

(with the preceding notation), then, because /' = 0 is compatible 
with /= 0, the equations 

rY^TY'^e{RX'-^RX), 

must be satisfied for one or other of the two values of 0, Consider 
the expression Ai — ^Aj. In this expression, the coefficient of 
du . 

XT ^rx'^-e (xs' - sx' + rr - ty') 

X {T {T-^es^e^R) 

= 0 ; 

the coefficient of ~ 

08 

^YT -^Y'T-^e (RX' ^ R'X) = 0 ; 

the coefficient of ^ 

ot 

= RX' - XR + SY' -^YR^d (RY' - YR) 

= i Y(T' - es' + e^E) -lY'{T-dS + ef^R) 

= 0 ; 

* The investigation is due to V41yi, Crelle^ t. xcv (1883), pp. 99 — 101. Some 
notes by Bianchi, Atti d. Reale Acc. d, Lincei, Ser. 4^, t. iz, 2" Sem., (1886), 
pp. 218—228, 237—241, 807 — 310, and a memoir by von Weber, MUnch. Sitzungeb., 
t. XXV (1895 — 6), pp. 101—113 ; may also be consulted. See also Goursat’s treatise, 
quoted on p. 803, chapter vi. 
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the coefficients of ^ and of -r- are easily seen to vanish. Hence 
ax ay 

in virtue of the equations connecting / = 0 and /' = 0 in Darboux’s 
method. 

It thus appears that the Valyi process does not add to the 
theory : and indeed, analysis similar to that which precedes will, 
when applied to the equations in Darboux’s method expressing the 
conditions of coexistence of 

/=0, tt==0, 

lead to Vdlyi’s equations. The importance of the results rather 
lies in the fact that, when two simultaneous equations of the 
second order 

/= 0 , /' = 0 , 

are given, the common primitive (if any) can be obtained by 
integrating simultaneous equations of the first order, followed (if 
need be) by quadratures. 


263. In the preceding investigation, the conditions of com- 
patibility have been assumed to be satisfied, although no attempt 
has been made to construct these conditions. Some, at least, of 
them can be obtained by constructing the successive derivatives 
of the equations. Let the two equations /=0 and /' = 0 be 
supposed resolved, so as to express r and t explicitly in a form 

r + e{x, t/, z, p, g, s) = 0 , ^ + (l>(x, y, z, p, q, «) = 0 . 


Denoting the four third derivatives of z by a, 7 , 8 , and writing 

dx dx^^ dz dp ^ dq* 
d d d d ^d 
dy dy'^^dz’^^dp ^dq* 

we have 




= 0 . 
= 0 , 
= 0 , 






= 0 . 
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These four equations determine values of a, 7, 8, unless the 
quantity 

^ ds ds 

vanishes. 


Assuming, in the first place, that this quantity does not vanish, 
the values of a, j3, 7, 8 are definitely expressible in terms of the 
derivatives of 0 and <f > ; and they must obey the relations 


da ^ 
dy 0 s 

dy ^ ds 
dy dy 
dy ds 


7 = 
7 = 

7 = 


dx ^ 0 s 


/ 5 , 


dy dy 
dx 0s 

dx 0s 


A 

/ 3 . 


When the values of a, 7, 8 are substituted, we shall have 
relations affecting the quantities 0 and <}> alone: these must be 
satisfied. Assuming that the necessary conditions are satisfied, 
so that definite proper values for the third derivatives of z are 
known, then all the succeeding derivatives can be constructed. 
Taking their values for initial values x = a, y = b, we can construct 
a Cauchy integral; and the only unassigned (and therefore 
arbitrary) quantities, which occur in the expression of the integral, 
are the initial values of z, p, s. In other words, we should then 
expect an integral common to the two equations and involving 
four arbitrary constants. 

Ex. Are the equations 

compatible, where A is a function of x only, and JT is a function of y only ? 

In this case, the critical quantity is AT— 1 , which does not vanish; 
consequently, the derivatives of the third order can be obtained. They are 

^*“ 0 , 7 — 0 , 5*s»— 

and it is easy to verify that these values do satisfy the conditions. Con- 
sequently, the equations are compatible ; and they possess an integral 
z^a’^hx’\‘Cy-\- Axy 

iDvolving the four arbitrary constants a, b,e. A, the quantities Xq, X<!, 

To, r,', ... , denoting the values of A, A', ..., T, T', ..., when y= 0 . 
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Next, suppose that the relation 


1 


ds 


is satisfied : then the two derivatives of 6 and the two derivatives 
of </), which involve the quantities a, % S, are equivalent to only 
three equations involving these quantities, together with the 
equation 

dO dd d<f> ^ ^ 
dy ds dx 

A procedure, similar to that adopted in the case of the first 
hypothesis, will serve to settle the question as to whether the 
new equations 

ds ds ^ ' dy ds dx ' 

are compatible with one another and with the original equations : 
we shall assume that all the necessary conditions are satisfied, and 
that all the equations are therefore compatible with one another. 
There are various possibilities. 

It may happen that each of the new equations is an equation 
of only the first order in the derivatives of z. They are compatible 
with one another and with the original equations: hence they 
determine p and q, and consequently all derivatives of Zy in terms 
of X, y, z. The resulting primitive, common to all the equations, 
involves one arbitrary constant: this may be regarded as an 
arbitrarily assigned value of z for initial values of x and y. 

It may happen that only one of the new equations is an 
equation of the first order, the other three equations being 
compatible with it and with one another. That equation can 
be regarded as determining (say) p in terms of x, y, Zy q : the 
other equations, and their derivatives, determine all the deriva- 
tives of z in terms of these same quantities. The resulting 
primitive, common to all the equations, involves two arbitrary 
constants : they may be regarded as the values arbitrarily assigned 
to z and q for initial values of x and y. 

It may happen that one or other of the new equations, while 
not an equation of the first order, is a new equation of the second 
order compatible with, yet algebraically independent of, the original 
equations : in that case, s is the only derivative of the second order 
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which it can involve. This last equation, in conjunction with 
the original equations, will serve to determine r, s, t, in terms of 
X, y, z, p, q : and then all the derivatives of z are expressible in 
terms of the same quantities. The resulting primitive, common 
to all the equations, involves three arbitrary constants : they may 
be regarded as the values arbitrarily assigned to z^ p, q, for initial 
values of x and y. 

Lastly, it may happen that each of the new equations is 
satisfied identically, so that the only surviving significant equa^ 
tions are the original two equations: such a pair of equations 
is said, after Lie*, to be in involution. They do not suffice for 
the determination of r, 5, in terms of x, y, z,p, q: one of these 
three quantities can have an arbitrary initial value assigned to it, 
and the other two then are determinate. Again, there are only 
three independent derived equations in a, 7 , 8 , and they do not 
suffice for the determination of these four magnitudes in terms of 
P> % 'f'i Syt: one of these magnitudes can have an arbitrary 
initial value assigned to it, and the other three then are deter- 
minate. Similarly for the derivatives of the fourth order : denoting 
the four deduced equations of the third order by A = 0 , = 0 , 

C7 = 0 , D = 0 , so that (7 = 0 is a consequence of the other three, we 
have 

dA 
dx 


= 0 , 


dA _^^dB 


d^ 

dy 


= 0 , 


^=0 

dy 

as four independent equations involving the five derivatives of the 
fourth order. We do not have 


dC ^ 
dx 


dy 


- 0 , 


as new independent equations, because (7 = 0 is a dependent 
equation; and, as 

dx dy' 

* Leipz, Ber,, t. xlvii (1895), p. 73. 
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as a new independent equation. The four independent equations 
do not suffice for the determination of the five derivatives in 
question : one of them can have an arbitrary initial value assigned 
to it, and the other four then are determinate. And so for all 
the orders in succession : each of them allows an arbitrary initial 
value. Hence, when we construct an integral by means of a 
doubly-infinite power-series, the integral so obtained will involve 
an unlimited number of constants*. 


Ex. 1. Consider the equations t 


Thus 


/=r-9=0, = = 

dx ^ dy ' dx ^ dy ’ 


and so the equations for v, are 


, du , ^du , du 


, du ^ du , du du ^ 


The Jacobian condition of coexistence, viz. 


(Ai, A2)=0, 

is satisfied identically ; thus Ai*=0 and A 2«0 are a complete Jacobian 
system. Accordingly, they have six common integrals: two of these are 
/ and /' : hence other four, algebraically independent of / and f\ are 
required. When any one of the customary methods of integration is adopted, 
it leads to four integrals 

(r+a)«+a>2^) 

where o> is an imaginaiy cube-root of unity. Eliminating jo, q, r, t between 
the six equations 

/=0, /'«0, 

(/i=l. 2, 3, 4), 


* For farther discussion of simultaneous equations in involution, reference 
may be made to Lie’s memoir quoted on p. 295, and to chapter vi in Ooursat’s 
treatise quoted on p. 303. 

t This example is given by Y&lyi (l.c.). 
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we have a primitive in the form 

i+Oi— 

- c/'+‘'+a3e“*+‘^+c«e"^“*', 
on changing the constants. 

Ex. 2. Obtain an integral common to the equations 
r— ^*=0, 
rt — s^^a 

in the form 

2 « tor 4- + y + 6 (a? +y + c (:r ~ y )3, 

where 

I44bc^a, 

Ex. 3. Obtain an integral common to the equations 
r-^taO, 

in the form 

z=ff{c{x-^y)+a}-ip {a (a:-y) +^}, 

where a, /S, and the two invariants of the elliptic functions are four 
arbitrary constants. Verify also that 

*=4 (aH-y)+a _ ^ (a>4*2/)-«j-2^ 

«j=4 ^ {a* <*-»)+/»- a* 

where A, a, A, 3 are arbitrary constants, also are integrals ; and further that, 
when Asa A, then is an integral. (Bourlet.) 

Ex. 4. Prove that the two equations 
3r4-a3-0, 

possess a common primitive : and obtain this primitive in its most general 
form- (Goursat.) 

Ex. 6. Prove that the equations 

r 8 

_ as ss/ 

-U * 

where w is a function of x, y, jo, satisfying the equation 
du du . , , _ 

possess a primitive, i*epresenting developable surfaces ; and investigate the 
properties of the surfaces which satisfy the equations. (Goursat.) 

Ex, 6. Obtain a complete integral of the equations 

r ^ 9 ^ 5 __ 
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+y^ + 2® + 2aia?+ + 2a3^a=sa4, 

[)o the equations possess other integrals ? (Goursat.) 

JSx. 7. In connection with the two equations 

y» Py qy ^y 0 = 

y, Py qy ' 

vhere a is a constant, let quantities A, 7 ) 3 , 2>4 be defined as follows : — 

df hu du df /0w\* 

^ ds ds dt dt \d8/ ’ 

"" ^~<fy \0// da \0« dt dt da) dy dt dt * 

n _ df du du du du du dfdu 
dy da dt da dt dy dt da * 

^“"(fy \0«y da da^ dy\dt da da)' 

j^^here 

0 0 0 0 

da da ^dz ^ dp ^ ^q^ 


)rove that a quantity 72 exists, such that 


A 

A 


dPz ^ 

c2a? 

(f/>4 ^ ^ 

dj; *d> 




dA\ p0^4 
Ty)~^dt' 

dA \ ^ ^ 
dy)^^da* 


Shew that any integral w of the equation 72 **0, which does not make 
3k vanish, leads to a complete integral of the equation r+/~0 involving five 
mrameters. 


Prove that the two equations 

r+/=0, wa=a, 

ire a system in involution, if 

A=0, 

ind if, at the same time, another condition (which obtain) is satisfied : the 
ntegrals of the equation r+/— 0 are then governed by the theorem in 
»he text. 

Discuss the integral or integrals of the equation r+Z^O, if A«0 (but not 
.he other condition for involution) is satisfied. (Kfinig.) 

Note, The memoir by Kfinig, from which the foregoing results are taken 
ind which has been quoted already (p. 303), discusses also the case, when an 
equation of order higher than the second is compatible with an equation r + /» 0. 



836 


hamburger’s 


[264. 


Hamburger’s Method. 


264 . The method, usually associated with the name of Dar- 
boux, is not the only process of constructing equations of the 
second order (when this can be done) compatible with a given 
equation : an equivalent set of equations, in differential elements 
rather than in differential coefficients, is provided by Hamburger’s 
application*, of his process (as explained in Chapter xi of the 
preceding volume) of solving a number of simultaneous equations 
of the first order in the same number of dependent variables, to 
the integration of equations of order higher than the first. In 
particular, consider a general equation 

/=/(^. y> i>. q, s,t) = o -, 

the first stage of the problem is to determine two other equations 

a, v = 6, 


where u and v are functions of r, a, t, and of the other variables, 
such that u, v, /, being algebraically independent, provide values 
of r, 8y t, which make the equations 

dp = rdx 4 - sd 
dq = sdx + tdy 
dz = pdx~^qdy 

an integrable system. With the preceding notation, we have 
i2^ + S^ + 2’|^ = -Z. 

OX ox dx 


and we also have 


ii^ + S^ + 2’|^=-F; 

dy dy dy 


7 dr ^ . ds j 
dr = ^^dx + ^dy, 


dx' 


Following the method of dealing with simultaneous equations of 
the first order, we construct two linear combinations of these 


* CrelUt t, xcni (1882), pp. 188—214. 



564] 


METHOD 


337 


elations in differential elements, one of them involving derivatives 
>f r, 8, ty with regard to x only, and the other of them involving 
lerivatives of the same quantities with regard to y only : they are 


X, dr - 


X^ds + X^dt = Xydx + ^ {\^dx 4 - X^dy) + ^ X^dy^ 


»^hatever be the values of \i and Xj. In connection with these 
elations, and having regard to the preceding complete derivatives 
f f with regard to x and to y, we construct the subsidiary 
quations 


X^dx _ X.^dx + Xidy _ X^dy _ Xjdr 4 X^ds 4- X^dt 


'he equality of the first three fractions determines values of 

nd of ~ for the subsidiary system. Taking 
^1 

dy = fidxy 

^e have 


X,(S-fjLR)= X^Ry 


dx 


X2 (T — — — flXl Ty 


-/xXj 


RT 

S-y,R* 


hich, on the removal of a non-zero factor X^Sy gives 


id then 


T = 0: 


X, R 




here X is the other root of the quadratic. Hence we have 


Rdr-^(S — fiR) ds — —Xdx 
Rds -h — fiR) dt = — Ydx 
dy == fidx 
dz = (p-hfiq)dx 
dp^ (r 4* fLs) dx 
dq^ (« 4- pt) dx 
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where /a is a root of the quadratic 

Let = constant be an integral equivalent of this subsidiary 
system, so that du = 0 is a linear combination of the set of equa- 
tions: then 


(du du\ 


du 


vc/tv \ 7 7 


du 


\dx ^ dyj 


ds + j^dt 


and therefore 


= a [Rdr 4 - (/8 ~ fiR) ds + Xdx] 

4* 0 {Rda 4- (/Sf — fiR) dt+Y dx \ ; 


du 

dx 


du 

'dy 

du 

dr 

du 

ds 




= aR 


= ai8-^LR) + 0R 


^^R(S-,R) = R^, 

When a and 0 are eliminated among these four equations, two 
relations survive ; they are 

v|^-x|‘+^ = 0 
dr ds dt 


du 


du 

dx^ ^ dy Rdr ^ T dt 


X du Y du 


which (§ 261) are the equations given by Darboux s method as 
characteristic of a quantity u, where 

u = constant 


is an equation of the second order that can be associated with the 
given equation /= 0. Also, when the quadratic 

has unequal roots, we have the two sets of equations that occur in 
Darboux’s method, on taking the values of /a in turn. 

Remembering the relation between the subsidiary system in 
differential elements, which arises in Monge’s method of con- 
structing an intermediate integral of the first order (when it 
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exists), and the subsidiary system in differential coefficients, 
which arises in Boole’s method of achieving the same aim, we 
see that there is a corresponding relation between the two sets 
of equations for constructing a compatible integral in the form of 
an equation of the second order. The integration of the equations 


du du Xdu ^ _ A 

dx^ ^dy~^ ) 

is equivalent to the quadrature of the system 
dx _^dy ^ dz ^ dp _ dq 
1 p p + pq r-^ps~^8-\-pt 

dr 4- '^ds ds -f \dt 


where X and p are the roots of the quadratic 
p^R 0 . 

265. It was assumed (§ 260) that, if each of the two systems 
of equations possesses an integral involving r, s, t, the two integrals 
can be combined with /= 0 to furnish values of r, s, and t, which 
make the quadratures possible : the assumption can be established 
as follows. Let pi and p^ be the two roots of the quadratic ; and 
let 

Vi =0, Va = 0, 

be the integrals of the respective systems, such that these two 
equations and /= 0 can be resolved so as to express r, s, t in terms 
of the other variables : then the Jacobian 

does not vanish. Writing 


and so for derivatives of Vj, we have the equations 

X +RiL + s J + y * = 0. 

ax ax ax 
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satisfied identically when the resolved values of r, s, t are sub- 
stituted in /= 0, t/j = 0 ; and therefore 

X,R -R,X + iS,R - RyS) ~ + (T,R - R,T) 0. 

Similarly, 

F, r- r. F + {R,T - TyR) + {S,T- T,S) = 0. 

But on account of the equations satisfied by Vj, we have 

so that 

RX,-R,X = -^^^,{TY,-YT,) 


= --(FF-FF.); 

fl2 

consequently, 

+ MT,l‘-V)^+(S,T-T,S)f-.0. 

Now 

fii (SiM — jKi#S) = fj^R {/?i — (fMi + /Ag) jR^j 

^RT,-TRu 

SO that the first line of the last equation is 

and, similarly, the second line is found to be 

(J’.s-s.ng-l); 

thus the equation is 
Similarly, we find 

ds dr\ ^ ^ /dt ds 
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Now 

RT,--TR,, T,S--S^T \ R, S, T ; 

\rt,^tr,, t,s-^s^t\ R,, S,, T, 

H.. S„ T, 

the Jacobian does not vanish and, without loss of generality, we 
may assume that T does not vanish; hence the two equations 
can hold only if 

ds — 0 

dx dy~^ ' dx dy'' ' 

that is, the conditions of integrability are satisfied. 

In this discussion, an assumption obviously is made that the 
roots of the quadratic differ from one another. When they are 
the same, so that there is only a single set of equations, and when 
that single set offers an integrable combination v — 0, we then 
should use the Vd-lyi process for associating a third equation with 
v = 0, / = 0. The consideration of the matter will be resumed in 
the discussion of the characteristics (Chap. xx.). 

The actual construction of the integrals of a subsidiary system, 
when they are possessed by it, and the use made of the integrals, 
correspond with the construction and the use in Ampere’s method. 
Suppose that a subsidiary system has two integrals, say 

Vi = constant, = constant ; 

the equation to be associated with the original equation is of the 
form 

where <f> is an arbitrary function. Suppose also that the other 
subsidiary system has two integrals 

Wi - constant, W 2 = constant ; 
then, similarly, we have an equation 

W2 = ylr(WjX 

where is arbitrary. The three equations 
/= 0, V2 = (f> (ViX 

are used to effect the quadratures in 

dp = rdx + sdy, dq = sdx 4- tdy, dz = pdx + ; 

and frequently, it is convenient in practice to replace x and y by 
Vi and Wi as the independent variables. 
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Ex, 1. Let it be required to integrate the equation 
With the preceding notation, we have 

thus X and ^ are the roots of the quadratic 
so that 

X4-/A=-gf, XfA—p. 

Also 

r-O: 

thus a subsidiary system, taken in connection with the differentia l elements, is 


and therefore 




and therefore 




the well-known Clairaut form : we therefore can write 

constant, 

dq 

so that 

X= constant 

for the system. Also, as F«0, we have 

ds-^\dt^Oy 

that is, 

« +X^~ constant ; 

and so an appropriate integral is given by 

«+X^=<^(X). 

Similarly, from the other system, we have 

W, 

where ^ and ^ are arbitrary. Thus we have 

x-r"’ 


X — u 
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and therefore 

The equations for quadrature are 

rdx-^8dy—dp^fidK-\r\dyL^ 
sdx-^tdy^dq = ~ g?X - rf/x ; 


Similarly, 


and therefore 


{rt-^)dx^{\t.t-\-8)dK-\-Qd-¥8)d^ 

~>/r (ft) d\-^<fi (X) dfiy 

that is, 

, d\ da 

Similarly, 
and therefore 

dz^pdx-^-qdy 

4> W ^ W 

To obtain explicit expressions for a*, y, we take 

where / and y are arbitrary ; and we have 

.«Xy"(X)-2X/'(X) + 2/(X)+/iVW-2M^' W + 2^(^) 

(X)4-^" (fi) 

-y^Xf" (X)-/' (X)+m/' (fi) 

which constitute the primitive of the equation. 

jS,v. 2. Obtain the primitive of the equation 




^p2 — 4^ 


in the form 


-=/"(«)+/' O). 

:=«/"(«)-/' (o)+/3s-"(i3)-y(/S), 


- (“)- V' (a) +2/(a)+/3y' O) - 2ftr'0)+2^ (/8). 
y*r a 

(De Boer.) 

&. 3. Shew that the equation 

r-j-t^zUf 

where is a function of x and y different from zero, cannot have an inter- 
mediate integral. Find the equation or equations to be satisfied by 
in order that two equations of the second order, of the Darboux type, may 
be compatible with the given equation ; and, assuming the conditions satisfied, 
obtain the primitive. 
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Ex. 4. Obtain two equations of the second order, that are compatible 
with the equation 

in the form 


where 


/ W/'W=i; 


and constmct the primitive. 


(Goursat.) 


Ex. 5. When a surface is referred to its minimal lines as parametric 
curves, each of the coordinates of any point on the surface satisfies the 
equation 

rt-^— cqr - apt = 6 (X ~ pq) - acpq^ 
where the arc on the surface is given by 

d8^—4Xdxdyy 

jD, qj r, t are the first and the second derivatives of any one of the coordi- 
nates, and where 

9(logX ) _ 9(log X) , _ o 3“ (logJO . 
hx ' 

so that the equations of all surfaces deformable into a given surface are 
thus provided* 

Prove that the differential equation possesses no intermediate integral of 
the first order: and find the equation which must be satisfied by X, if 
equations of the second order exist that are compatible with, but are 
algebraically independent of, the given equation. 


Equations /(r, s , t )-0 integrable by Darboux’s method. 

266. In an interesting memoirf , De Boer discusses equations 
of the form 

f { r , s , t ) = 0, 

which admit two compatible equations of the second order 
derivable through the two subsidiary systems of equations in 
Darboux’s method. The following discussion differs in form from 
that which is given in the memoir quoted. 

Let the given equation /= 0 be resolved with regard to one of 
its arguments, say r, so that it has the form 

r + ^(5, 0 = 0. 

* Darboux, TMorie ginirale des sur/aceSf t. in, p. 261. 
t Arch. Nierl., t. xxvii (1894), pp. 355—412. 
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ds~ ’ dt~ ’ 


the quadratic, which has X and /jl for its roots, is 

— /c/S + T = 0 : 


these quantities X and /x are functions of s and t only. The 
equations for the determination of u are, in general. 


or ds at 


du du X du Y du 

Ft 


In the present case. 


X = 0, F=0, 


for f involves only r, 8,t: also, if u contained r explicitly, that 
variable could be removed by substituting its value —^(5, 0- 
Hence we have equations for u in the form 


A.(«) = g = 0, 


. / V ^ du du ^ 


.... du ^ du 


dy 


■ 0 . 


Applying the Jacobian tests of coexistence, we must have 


A,(w) = (A.,@) = | = 0; 

and then 

A,(w) = (A„ ©) = |f = 0. 


Using Ag = 0 and A4 = 0, we can replace © by ©', where 

We have 

(A„@')=0, (A..A,) = 0. (A„A,) = 0, (A.,A«) = 0; 
(Aj, Aj) = 0, (As, A4) = 0, (A], A4) = 0 ; 

(A„@') = 0, (A4,@') = 0; 
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and it remains to consider (A^, ©'). We have 


Let 

and take 


( ©') = g A, (m) + {<A, (/.) + X - ^} . 

A.(«) = g| + (« + /X«-M^)|=0, 


so that (Aa, 0') = 0 ; and 0' = 0 can be omitted when A5 = 0 and 
Ag = 0 are retained. The complete Jacobian system is not to 
contain more than six members* if there is to be an equation of 
the type specified by Darboux : for the system must then possess 
two distinct integrals. We already have six equations, viz. 


Ai = 0, Aa = 0, A3 = 0, A, = 0, A5 = 0, Ae = 0; 


hence the equations 

(Aa,A«) = 0, (Aa,Ae)-0, 

must be satisfied, all the other conditions for the system being 
actually satisfied. Consequently, 

AaW = 0 

from the former, and 


(^-^)Aa(/i)~MAa(^) + \-/i = 0; 


and both these conditions are satisfied by means of the single 
equation 


that is. 


05 dt^ 



which is a necessary condition that the selected system should 
have an integral of the assigned type. 


* This appears to differ from the earlier theory: the explanation is that 
prevents the original equation from occurring as an integral. 
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Suppose this condition satisfied. As \ is a function of s and t 
only, let an integral of 

X 

be given by 

v = v(Sy t) = constant. 

The one integral of the Jacobian system is 

and another integral is given by 

q - yd -- x{s + fit — fid) ; 

and therefore an equation that can coexist with the given equation 
is 

q ^ yO ^ a: (s fit — fid) = <f> (v), 
where </> is an arbitrary function. 

In order that the same kind of equation, compatible with the 
original equation, may be provided by the alternative subsidiary 
system, it is obvious that the corresponding condition (obtained by 
the interchange of X and fi) must be satisfied, that is. 


('"0s dt)f d\ 0\)~^’ 


and then, if 


^ = t -h 


fi—X 
dX_dX' 
^ ds dt 


the required equation to be associated with the given equation is 
q — y^ — x(s-{-Xt — X^) = yfr (w), 
where is arbitrary, and where 

w = w (Sy t) = constant 

is an integral of 


We now have three relations, theoretically expressing r, Sy t in 
terms of the other variables in such a way that the equations 

dp — rdx 4 - sdy " 
dq = sdx 4 * tdy “ 
dz—pdx + qdy. 



348 


CONDITIONS FOR 


[266. 


are a completely integrable system. In practice, and assuming 
the equation /(r, s, t) = 0 resolved with regard to r, it would 
obviously be convenient to make s and t (or v and w) the inde- 
pendent variables for the operative quadratures. 

It therefore appears that the conditions 



secure the existence of two equations of the specified type which 
can be associated with r (s, t) = 0 . 

267. In order to discuss the two preceding conditions to be 
satisfied by the function g (s, t), and in order both to abbreviate 
the notation and to simplify it, we replace s and t temporarily by 
X and y. Derivatives of g with regard to its arguments will be 
denoted by jo, q, r, s, t, a, / 5 , 7 , S : derivatives of \ and of fx with 
regard to x and y will be denoted by Xi, X 2 ) •••> ^hat 

— "X — -x — "X 

^y 

and similarly for ya. 

The first of the two conditions is 

" (\i = 2, 

which is easily reduced to 

( Wj X 2 ) ^^ 2 ) — 2 (X/ij = (X 2 X/Xi 2 “f ^' 22 ) > 

and the second of the two conditions similarly reduces to 
(ggi — (XXi X 2 ) 2 (/xXi X 2 )* = (/a X) (^^X^ — 2/xXi2 + X 22 ). 

Now 

X-f/x = )Si=p, \g—T = q; 

hence 

Xi + /ii=r, 

\i~\- ^2 = 8 — g\i 4- X/u-i , 

t = ftXa -f- X^, 
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(X ~ /Lt) Xj = Xr — s] (X — /Lt) X 2 = Xs ~ f 

(X — /Lt) /Xj = — /ir + 5 J (X — /x) /Xjj = — < j 

As 

X/Xi — /X2 = ““ (/^Xj — X2), 

the two left-hand sides of the reduced conditions are the same: 
their common value is 

_ A 
(X - fiy ’ 

where 

A = (XV — 2 X 5 + 1) (ytxV — 2/bLS + t) + 2 {X/xr — (X -f /x) 5 + 

= 3 {qr — J05 -f- ty -4- (rt — 5^) (p^ ~ 4fq). 

Subtracting the two equations in their reduced forms (and 
assuming, as has been done throughout, that X — ytx is not zero), 
we have 

X^/xji -4“ /x^Xii 2 (X/X 12 + /iXi2) + + X 22 = 0. 

When we construct the symmetrical combinations in this equation 
and substitute, it is found (after some reduction) that this equation 
takes the form 

qa + 7 = 2 (^qr — + t), 

X — /X 

A first integral of this equation can be at once obtained in the 
form 

qr -ps + t=^{X-- pY Y, 
where, so far, F is an arbitrary function of y. 

Again, adding the equations, we have 
2A 

~ ~ {^Vii ~ 2 (X/X ]2 — /i'Xi 2 ) H- /X22 — X22} ; 

constructing the combinations on the right-hand side, substituting, 
and reducing, we find 

2A 

~ -i>/3 + 7 ) + 2 (q0-py+8) + 2U, 

where 

u = {(p* -^)r- 2ps + 2t}. 
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Noting that 


+ 7 = 9^ (r - P* + 0. 


qB — Z — :^{qr — ps + t) - {rt — 

substituting, and reducing, we find that the equation is satisfied, 
provided 

F*+F'=:0, 

and therefore 


where a is a constant. 


F = 


1 


Also 


and therefore the equation* for the determination of g is 


+ 


p^-4q 
y + a ■ 


The equations, constituting the primitive of this partial 
equation, have already been given (§ 265, Ex. 2). Taking 
account of the facts, that we are seeking equations of the form 


r-^giSy 0 = 0 , 

that in the differential equation thus obtained x and y have 
replaced s and f, and that g is the dependent variable which can 
therefore be replaced by — r, we infer that any differential equation 
of the second order, such as to admit of two equations of the 
second order compatible with itself and with one another, is given 
by the system 

- ^ = «/" («) -/' (“) + (^) - g m 


r - ~ = ««/" (a) - 2a/'(a) + 2/(«) + (/3) - m 


Ex. 1. For the preceding equations, prove that 
a«a74-Xy, ^^x+fiy; 

deduce the values of p and q, and integrate the equation. 

* The case considered by Ooarsat, t. ii, p. 132, is obtained by making Y vanish 
throngh an infinite value of a. 
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Ex. 2. In the preceding investigation, it has been assumed that the 
critical quadratic 

has unequal roots, so that there are two subsidiary systems. Discuss the 
case when the quadratic has equal roots. 


Ex. 3. Determine the form of the function k, if the equation 
r-\-k{t)=^0 

is integrable by Darboux’s method : and integrate the equation. 

In this case, 

<s=o, T=y(t)-, 

and the equation giving X and fi is 
Thus 

X= -fj., 

and neither of them involves s. We can proceed, either from the general 
result just given, or from the original conditions in § 266. It is easy to see 
that the two conditions are equivalent to one only, viz. 


so that 



fi. 36, 


where a and 6 are constants. Hence 




and therefore 

where c is an arbitrary constant. Thus the original differential equation is 
(r + c) {t + ay^Zb^. 

The general investigation gives assistance towards the construction of the 
primitive. We have 

constant 


as an integral of 

that is, we can take 

and similarly, we have 
as an integral of 


ds 


dt—Oy 


^=«+TT- ; 

constant 

ds . ^ 

--<*= 0 , 
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that is, we can take 


'•+*=(r+a)*“726(“’-‘’)- 

<,=<+_W =,+|;=-a; 

0« 0^ dt 


and, similarly, 


The two integral equations that can be associated with the given equation 
are 

q-^-ay-xw^ V'\ 
q-^ay — xv= W’\ 

where V and W are arbitrary functions of v and of w respectively ; and 
therefore 

X- , 

v — w 


dq—sdx-^-tdy, 


% = {d{q+ay)-sdx}, 


which, on substitution and reduction, gives 


Further, 


y-fk {(«’-*')(»""+ w")+2(V'- w% 


dp^rdx-¥sdy. 


d{p-rx — 8y)= -X dr— yds ; 
on substitution and reduction, we have 


p-rx—8y=Y^{{v-w)(V'’i- W’)^%V-\-2W}. 

We thus have x^ y, p, q expressed in terms of v and w ; another quadrature, 
effected on 

dz^pdx-^qdy 

after substitution, gives the value of z. 

The result agrees with the result given by De Boer. 

Ex. 4. Discuss the case when 


(De Boer.) 
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Compatible Equations of Higher Orders derivable by 
Darboux's Method. 


268. Should it be found that neither of the subsidiary systems, 
constructed with a view to the formation of an equation of the 
second order to be associated with the original equation, can 
provide such an equation, then we proceed to use the method for 
the construction of an equation or equations of higher order 
which can be associated with 

/=/(^> Py n s, t) = 0. 

As the present argument follows the earlier argument closely, 
here it will be made quite brief: and it will be restricted to the 
consideration of equations of the third order. 


The derivatives of z of the third order will, as before, be 
denoted by a, yS, 7, S : those of the fourth order by tt, p, cr, t, v, 
where 

d^z d^z d*z d*z d^z 


da:^’ ^ doc^dy^ dx^dy^^ dxdy^* dy*' 

We have 

A ^ y y ¥ 

0 _ d^f 

dxdy dr^ ds dt ’ 

where ^ includes the complete second derivative of f with regard 
to X except the terms involving the fourth derivatives of z, and 
similarly for Let 

u = u{x, y, z, jp, g, r, 5, t, a, /3, 7, S) = 0 

be an equation of the third order which is compatible with the 
given equation of the second order : then, taking 

d 0 . 0 . 0 . 0 . 


dMi dx 


dp' dq 


dy dy ^dz ^ dp dq dr '^da dt 
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we have 


^ du ■ du du du , du 

^ du du du du . du 

o = ;s- + ^p + ^‘"+5;:^ + ax'^- 


Thus there are five equations for the determination of values of 
TT, p, <r, T, v ; as before, because 

= /= 0 , 

are compatible with one another and are not independent of one 
another, the values provided for the five derivatives by the five 
derived equations must not be determinate : and therefore 


dll 

du 

du 

du 

du 

0 

dx ' 

doL * 

W ’ 

07 * 


du 

0 , 

du 

du 

du 

du 

dy ’ 

Fa ’ 


dy * 

FB 

dV 

¥ 

¥ 

¥ 

0 , 

0 

d^ ’ 

dr ’ 

ds ’ 

dt ’ 

d^f 

dxdy^ 

0 . 

¥ 
dr ’ 

¥ 
ds ’ 

¥ 
dt ’ 

0 


0 . 

0 , 

¥ 

¥ 

¥ 

df ’ 

dr ’ 

ds ’ 

dt 


These are equivalent to two independent relations among the 
derivatives of u. 


The two independent relations are resolved into equations that 
are linear in the derivatives of u ; and the process is the same as 
in § 261, leading here also in general to a couple of subsidiary 
systems. Let X and p. be the roots of the critical quadratic 

H as ar ’ 


when the equations for u are resolved, we have 


08 ^07 ■^^*0/9 


du 


du 

» ^ dint dJ/vJi 


du du 


dx ^ dy 


^dot^ 
dr 


dr 


du 



dxdy ^ df dy' 
dt 




= 0 
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du 


du 


, du 





\ 


du du du du 

du -v ^ ^ 'da d^f _ ^ ^ _ rv 

dx^ dy df dx^ 0/* dxdy df dy^ 
dr dr dt 


as the two subsidiary systems for the determination of the 
quantity u. The form of the second equation in each system 
can be modified. 


If the method is to be effective in the sense designed by 
Darboux, the first subsidiary system must have two independent 
integrals Ui and u^, and the second subsidiary system must likewise 
have two independent integrals Vi and When these require- 
ments are satisfied, then 

<#> ^) = 0 , ^Ir (Vi, V 2 ) = 0 , 


are two equations of the third order compatible with 

/= 0 , 

whatever be the arbitrary functions <f> and Also, we have 


dx 


dt 


dy ^ dr ^ ds^ dt ^ 


these two equations, together with (^ = 0 and yfr^O, suffice for the 
determination of a, /3, 7, S, in terms of the variables that occur in /, 
Their values are substituted in the first three relations of the set 


dr = adx + j3dy 
ds = ^dx + ydy 
dt = ydx -f ddy 
dp = rdx + sdy 
dq = sdx + tdy 
dz = pdx 4* qdy 


. 


The set then becomes an exactly integrable system : quadratures 
lead to the primitive, which obviously will contain two arbitrary 
functions. And, as before, it may be convenient to change the 
independent variables in the quadratures: thus it may be a 
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practical shortening of the calculations to select and for this 
purpose. 

Just as in the case of the Monge method and the Boole method 
for the construction of an intermediate integral, when the inte- 
gration of a set of equations in differential elements was equivalent 
to the integration of a system of equations in differential co- 
efficients of the first order, and (§§ 259, 264) was similarly the 
case in the construction of a compatible equation of the second 
order, so here also it is possible to construct a compatible equation 
of the third order by means of a set of equations in differential 
elements. The integration of the system of equations 




du du du du ( 

du du doL d^f da d^f ^ r\ 

dx^ ^ dy df da^ df dxdy ^ df dy^ ” 

dr dr dt ’ 


is equivalent to the integration of the set of equations 

dx dy ^ dz ^ dp ^ dq ' 

1 p p-^ pq r + ps s pt 

^ dr ^ ds __ dt 

a + pfi 7 + /aS 

da -h Xdl3 dfi + Xdy _ dy 4- \d8 f > 





—w 

daf^ 

dxdy 

dy^ 

~W 

df 

¥ 

dr 

dr 

dr 


X and p being the roots of the critical quadratic : and similarly for 
the other system. 


The equations in the differential elements here have their 
obviously simplest form. The equations, which involve the deri- 
vatives of u, are capable of a variety of forms : in particular, it is 
easy to verify that the second equation as given is equivalent to* 
(and can be replaced by) the equation 


du du\ df ^ fd^f d:\f 

dx ^ dy) dr \dx^ 


+ 

dxdy dy^Jda 


4. ( _ X. ^ 4. 

\dxdv diJ^ JdS^ dv^ dfv * 
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which, though containing more terms than the other form, is often 
more convenient in practice. 

The subsidiary system of the two initial equations for u 
contains twelve independent variables. It must be satisfied by 
three integrals 



if it is to possess an integral of the type required by Darboux, 
it must possess two integrals independent of the three just 
mentioned. Accordingly, when it is made a complete Jacobian 
system, that system will consist of seven members. 


Ex. 1. Consider the equation 

r-^~4^=0, 

.V 

which has no intermediate integral and does not admit of a compatible 
equation of the second order of Darboux’s type. It can be integrated, after 
transformation of the independent variables, by the Laplace method ; but 
here it will be considered as an illustration of the Darboux method so as, if 
possible, to obtain equations of the third order with which it is compatible. 

The critical quadratic is 

<92-1=0, 

so that there are two subsidiary sets of equations, given by the two assign- 
ments of the roots. We have 


0r 


= 1 , 


ff =_4?+8l-8g, 

dx^ X XT x^ 


-^=-4^+4! 

dxdy x^ .v2’ 

dy^ X 

The subsidiary system, given by X = 1 and - 1, is 
^ 0M . du du ^ 

as"®’ 


du du ( 


“_=£±2_4?!lri+8£ 


0a 

+ ('4^-44') 1^+4 1^-0. 

\ X xy X dy 


(Bif ^2)*“ 


We have 
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tf, («)=3 - 2 + g^+ ^ ^ j =0. 

We also have 

/a a\ to in I X I /o 7 • l • 2 n 

(fl3, <J»)=18 g^- lOg^+4 g^+x (^1 g^ -I g-+i - g^j=0. 


From the last equation, combined with 

ex{u)^0, Bs(u)==0, 

we can express ^ terms of the other derivatives : the results are 


^ 0tt ^ R 


^ . 0M _0W , / du ^ du ^du\ , „ /0W 074\ _ 

, . du _0M , / 075 075 r,^U\ . „ /075 075\ . 




075 ^075 ^ 075 


Let these values of g~ » ^ ^ substituted in 02 (^)> aiid let the resulting 

form be denoted by $2 (u) : then 

^2 W~o. 

Now 

(Ai, A2) = 0, (Ai, A3)=0, (^2, ^3)—0; 

and 

(Aif 02')=-04i (^2y 02)— -2^4 1 (^3> ^2')=~^4> 


/, / X ^75 « 075 . 075 „ 075 „ 075 ^ 

^4(«)-g^ 3g^+^gp-3^g^-^gJ-0. 

Further, 

(04> 02) — ^05f 

where 

... 075 . 075 ^ 

06(»)=g^+Xg^=O; 

and 

(ds, 6 ^') ^=0. 

Combining these equations so as to have simple forms, we take them to be 

^>w=£=®’ 

„ , . 075 9m . 1 /9tt , 075 , 075\ . 

''‘(")=0i-ad+i^iF + & + Fh®’ 

V.W=g^-3gg+.;g^=0, 

„ . . 075 ^du . ( 0tt , - 075 075\ . 

^.(«)’-g^-3g3+i*(^-|;+3g^ - g^j=0, 
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+ §f {^‘'+2^+y)-|('-+*)+ J/>}=o- 

This is a complete Jacobian system : hence it possesses five simultaneous 
integrals. Three of these five are known, being 


r 


t-4 


P 

X ’ 


-7-4^4.^, 


all of which vanish. 


^-8-4-, 

Two others, when these results are used, are found to be 

(a +3^+3'/ +5), x^-y ; 


hence the subsidiary system provides an equation 

a + 3/3 + 3y + 3 <\) {x-\'y)<> 

4> being an arbitrary function : this equation is compatible with the original 
equation. 

Similarly, the subsidiary system, given by taking \=-l and fi=l, 
provides an equation 

a-S^-h^y — d^^x^yfr {y — x)y 

yfr being an arbitrary function : this equation is compatible with the original 
equation. 

These two equations, together with 


.y=4r-4P ff-S=4‘, 

• X X 


give values of a, /3, y, d, in terms of the other quantities. Substituting them 
in the differential relations 


dr=adx+^dyy di—^dx^ydy^ dt—ydx->rhdy^ 
effecting the quadratures, and substituting the deduced values of r and % in 
dp^rdx^-^dy^ dq^idx^-tdy^ 
and, lastly, substituting the deduced values of p and q in 

dz^pdx^-qdy^ 

a quadrature leads to the value 

(/'+^?')+3 (/-^), 

lKiril6]*6 
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Ex. 2. Integrate the equations; — 

(i) r-t-^{p-q)=0i 

(ii) (1— ; 
neither of which possesses an intermediate integral. 

Ex, 3. Obtain an integral of the equation 

<=0, 

where w is a function of x and y, satisfying a relation 

+«;=/(«), 

and / is any functional form. (Winckler.) 

Ex. 4. Solre the equation 

obtaining the primitive in the form 

*=/' (“) +/ W - {*’/(“) + “S' (“)}> 

where '»a = 0 ? + ty, v^x- iy. (Schwarz. ) 

Ex. 6. Obtain two equations of the third order, which are compatible 
with (but are not mere derivatives of) the equation 

(Winckler.) 

Ex. 6. Shew that the equation 

r—t’\’zf{x)=^0 

possesses two compatible equations of the second order, if 
dxyfdx)^^ ’ 

and find the equation that must be satisfied by /, if there are two compatible 
equations of the third order. 

Ex. 7. When an equation 

t)^o 

admits two equations of the third order, compatible with itself and algebraically 
independent of its derivatives with regard to x and to y, in the forms 

<f)(Ui, %)=0, iA(Vi, V2)=0, 

the quantities Uj and integrals of one subsidiary system, and the 

quantities Vj and are integrals of the other subsidiary system. 

Obtain the conditions, analogous to those in § 266, in order that each of 
the subsidiary systems may possess two integrals which are not immediately 
derivable from the given equation ; and, by means of these equations, find 
the suitable forms of the original equation. 

In particular, obtain the equations 

»•=/(«). 


which have the required property. 



CHAPTER XIX. 


Generalisation of Integrals. 

The present chapter is devoted to the problem of connecting the general 
primitive of an equation of the second order with a primitive, that is either 
complete or incomplete in the aggregate of parameters which it contains. 
The problem is of the utmost importance in the case of equations of the first 
order : on that account, Lagrange attempted it for an equation of the second 
order, using his method of the variation of parameters for this purpose. 
Having included too many parameters, he did not attain to a satisfactory 
result except in special cases ; consequently, he set the method aside. Later, 
Imschenetsky limited the number of parameters and made less restricted 
conditions in order to secure the generalisation : he obtains a generalisation 
that is important and, within the limits of analysis which can be effected, is 
practicable. 

The original equation and the generalising equation are, in many instances, 
connected with one another by means of contact transformations. 

269. It was seen in the case of partial differential equations 
of the first order that, when a complete integral is known, it can 
be adapted to the derivation of other classes of integrals: the 
method used for this purpose is the variation of parameters. In 
the case of partial differential equations of the second order, 
integrals have been obtained containing a number of arbitrary 
constants; thus there were complete integrals (§ 180) containing 
five arbitrary constants, and there were integrals (§ 241) for 
special types of equations containing three arbitrary constants; 
and other instances have occurred. Such integrals are not neces- 
sarily particular forms of the general integral: and it is natural 
to inquire whether the method of variation of parameters, applied 
to such integrals, will lead to the general integral or to any other 
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classes of integrals. For the purposes of the present discussion, 
we shall assume that there are only two independent variables. 

Following Lagrange*, by whom the question was first con- 
sidered, we begin with a complete integral in the form 

f{x, y, 2 ^, tti, aa, aa, a^) = 0, 

where Ui, Ug, Us, are arbitrary constants: the elimination of 
these five constants, among the six equations 






dz 

M 

dz 


dxdz dx^ 


d^f 0Y ay ay ^ 


dz ^ dz^ ^ dydz dy^ 
leads in general f to a single differential equation 


fj>{x,y, z,p,q, r, 5, 0 = 0, 

which accordingly has /= 0 for a complete integral. 

On the analogy of partial differential equations of the first 
order, we attempt to generalise the complete integral by making 
the five parameters functions of the variables : this is done most 
directly by making and functions of x and y, and Ug, 
functions of and a,. The functions are to be determined by 
the condition, that the forms of z, p, q, r, s (and therefore, owing 
to the differential equation, the form of t also) are left unaltered 
by the change : the passage from / = 0 to the differential equation 
will then be the same as before. Writing 


d _ a ^ aag a ^ 

doi ”” dui ^ dai da^ ^ dui da^ da^ da^ 

d d ^ aag a ^ aa4 a ^ aus a 

dfCb^ dcL^ dci/2 dcb^ dct^j^ da^ dcL^ da^ J 


* (Euvres computes ^ t. iv, pp. 5 — 108. 

t The conditions are the non-evanescence of certain Jacobians of the left-hand 
members of the six equations with regard to the constants : the detailed exami- 
nation of their forms can be omitted, as not pertinent to the immediate discussion. 
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we see that the values of p and of q are unaltered if 


dai df da^ df 


= 0 , 


dx dtti ^ dx da^ 
dy dai ^ dy da^ ’ 

and therefore, as no limitation upon full generality is imposed by 
assuming Oj and to be independent functions of x and y, we 
have 

^=0 ^=0 
d<h ’ da. 


When these are satisfied, the values of p and q are given by 
9 / . 9 / A 9 / 0 / ^ 

Differentiating the first of these equations with respect to x and 
to y, and introducing the condition that the second derivatives of 
z are to be the same as before, we find 

r doidz da^dx) dx V da,dz da,dx) dx ’ 

V da^dz doidx) dy ^ v da,dz da,dxj dy ’ 

consequently, 


9 y , 


ay 


= 0, 


ay 

^ da,dz da,dx 


dy 

^-0. 


dcbidz da^dx 

Similarly treating the second of the equations, we have 

ay 


daidz 
But the equation 


Sy jy 


doidy 


9 y ^ 


da,dz da,dy 


= 0 . 


(XCi\ 


is satisfied identically when the proper values of z and the 
parameters are substituted: hence 

„ 9y ay dy aa. dy aa._^ 

^ da,dz daidx da,* dx doida, dx ' 


9 y ^ 


9 y ^ dy da, ^ d}f da, _ ^ 
00,0^ ~ do,* ay da^da, dy ’ 
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and therefore 

da^ dx doida^ dx ’ 

^ ^ 0 
da^ dy daida^ dy 

These equations give 

^/ = 0 -^-=0 
dai^ ’ da^da^ ' 

because Oi and are independent functions of x and y. Similarly, 
the equation 



leads to the relations 

^ = 0 ^ = 0 . 
daidci^ ’ da^ 

We thus have six equations in all, viz. 

/= 0 , 

^ = 0 -^=0 
da, ’ da, ’ 

^ = 0 --^ = 0 ^' = 0 
' daidih ' rfua* ' 

which are free from p, q, Vy Sy t; the second and the third contain 
first derivatives of Ug, a^y with regard to a, and Ua, and the last 
three contain second derivatives of the same quantities. Now let 
Xy y, z be eliminated among the six equations: the resulting 
eliminant is composed of three simultaneous equations of the 
second order in three dependent variables. The problem, thus 
provided for the determination of a^ya^y in terms of Uj and Ug, is 
more difficult than the original problem, which is the solution of a 
single equation of the second order in a single dependent variable. 
Consequently, the derivation of further integrals from the complete 
integral cannot be regarded as generally possible if attempted by 
the indicated process. 

It is possible that the method may be effective in particular cases : but 
the course of the analysis must be different. Thus Lagrange takes the 
equation 

tartly 
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where m is a constant (which can be made unity without loss of generality). 
Obviously the equation 

2 = tti + a 2 ^ + a^y + + my^\ 

provides an integral ; and then 

/)=a2-l-«4y+2a6.r, 

Varying the parameters, and keeping the values of r, a, t unaltered, we have 
0 *= da^ +• xda^, -^-yda^ + xyda^ + (^ + rny^) da^ , 

0 = da2 +ydai -f 2xda^ , 

0 = da^-^-xda^ + 2myda^. 

The last two can be replaced by 

daz + m W 2 '\-(X‘\- rn^y) [da^ + 2m^da^) = 0, 
da^ — rti^da^ + (^ - n^y) {da^ - 2rr^da^ = 0 ; 

and the first of them can then be regarded as giving dai> The first modified 
equation shews that da^’\-r}f^da 2 and da^-\‘2ra^da^ vanish together, so that 
a 3 +wi*a 2 and a 4 + 2 m^a 5 are constant together: hence, taking account of 
their generally variable values, we can write 

03 4- w^a2 « («4 4 

where (p is any functional form ; and then 

X 4 + 2)n^a^) =s 0. 

Similarly, the second modified equation leads to the relations 
as — = 4 (®4 “* Sw^as), 

^ 4 («4 — 2m^a^) = 0 , 

where yp is any functional form. Writing 

x+m^y^u, x-m^y^v, 
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For «!, we have 


- dai — 1 (u + v) {ii^ (u) du - vK (r) dv) 

4m* 

^ {u - v) {ug' (u) du+vh' (v) dv} 

4m* 


-i 1 {u^ - {g' (u) du + h iy) dv} 

8m* 


1 


4m^ 


{u^g' {u) du - v^h' {v) dv}, 


so that 


«! = 


j u^g' (u) du — j vVi' (v)dv. 


With the values of ai, a 2 , a^, a 4 , thus obtained, z becomes 
z = IJ u^g' (u) du~2u j ug' (u) du + u^g (w)| 


- U vW (v) dv'-2vj vh! 


writing 

g iu) = 271^0” (u), h{v)^ - 2m^ir'' (v), 

and effecting the quadratures, we find 

z^G(u)^ff{v) 

(x — m V). 

All the conditions are satisfied by keeping </> and yjr arbitrary : hence g and h 
are arbitrary, and therefore also G and IT are arbitrary functions. 


Imschenetsky’s Generalisation. 

270. In the preceding example, we have obtained the general 
integral ; but it is manifest that, in the process, the effectiveness 
depends on the peculiar simplicity of the equations. In general, 
as already stated, the method of variation of parameters, when 
applied to equations of the second order, requires the solution of a 
problem distinctly more difficult than the original problem : on 
this account, Lagrange described* the method as more curious 
than useful. 


L.e,, p. 101. 
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Bour applied the method to a number of cases in which the 
difficulties were overcome: and he placed on record* his opinion 
that the method would yet be developed. It was reserved for 
Imschenetskyf to achieve a real generalisation of an integral by 
the Lagrangian method of variation of parameters, the equation 
being of the form considered by Monge, Ampere, and Boole. 

The real difficulty in the generalisation, which was attempted 
by Lagrange, lies in the necessity of determining three out of five 
parameters by means of partial equations of the second order. In 
the generalisation which was achieved by Imschenetsky, what is 
required is the determination of one parameter in terms of other 
two by means of a single equation of the second order : but, instead 
of using an integral (of the type called complete) involving five 
arbitrary parameters, he makes an integral, which involves three 
such parameters, the foundation of the structure of other integrals. 
It is of course no longer possible to assume that, in the variation 
of the parameters, each of the derivatives p, r, s, t remains 
unaltered in form : for the immediate purpose, and in the absence 
of assigned initial conditions, it is sufficient that the partial equation 
of the second order shall be satisfied. This is precisely the require- 
ment which, in the last resort, is adopted in Imschenetsky’s method, 
the forms of p and q being kept unaltered. 

Accordingly, let it be assumed that an integral of the equation 
of the second order has been obtained in a form 

-2^ =/(^> c), 

involving three arbitrary constants: the process by which the 
integral has been obtained is immaterial. When this value of z is 
substituted in the equation, the latter is satisfied identically. 

Now let a and h be chosen to be independent functions of x 
and y, subject to the condition that p and q have the same forms 
as when a and b are parametric ; and let c then be chosen such a 
function of x and y (therefore, also, of a and h) that the differential 
equation is satisfied. When we write 

df _df df dc 

da^ da^ dc da* dh'^db^ dc db * 

* Joum. de VJSc. PolyU^ Cah. xxxix (1862), p. 191. 
t QrunerVs Archiv, t. liv (1872), ch. iv. 
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the forms of p and q are unaltered in the changed circumstances, 
provided 

+ -1-^ — = 0- 
da dx dhdx ’ da dy db dy 

hence, as a and h are independent functions of x and y, we must 
have 

^ = 0 ^=0 
da ’ db ’ 


the values of p and q still being given in the forms 


Again, 

dix? da dx db dx * 

d^z _ V dp^ dp db 
dxdy ~ dxdy ^ da dy db dy 

— 4. k 

dxdy da dx dbdx ^ 

d^z _ 

dy^ dy^ da dy db dy 

where r, s, t are the second derivatives of / which satisfy the 
original differential equation. 

Also, because the proper values of a and 6, as functions of x 
and y, satisfy the equations 

^=0 ^=0 
da db ’ 

identically, we have 

d /df\ d^fda d^f 
dx\da) da^dx dadbdx ’ 


and three similar equations. When the proper value of c, as a 
function of a and b, is substituted in /, the latter becomes a 
function of Xy y, a, b only: and the partial derivative of the 
modified function with regard to a is the quantity denoted by 

^ . Hence 
da 

A (^M}\ — §L (^f \ - 

7 \da) da W/ 
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d^f da d^f _ dp 
da^ doc dadb dx da ^ 

similarly, 

d^f da d^f db dp 

dadb dx d¥ dx^ db' 

d^f da d^f db _ dq 
da^dy dadbdy da' 

d?f da d^fdb __ dq 

dadb dy db^ dy db ’ 

These equations enable us to express the derivatives of a and of b 
with respect to x and y in terms of ^ ^ ^ ^ 

obviously verify the relation 


We find 


dp da j^dpdb __ dq da ^ dq db 
da dy db dy da dx db dx ' 


hA-(^ ^ 

W’ dadb’ db^Mb’ da. 


d^f ^ d^f d^fYdp 

da^' dadb' d¥ }\db ' daAdb' da) * 


where 


lA-(^ -JH- ^X^ ^ 

W’’ dadb’ db^Hdb’ da 


rfyy d^fdY. 

ladb) da^ db^’ 




dp dq dp dq' 
da db db da, 


Suppose that the differential equation is 


jj d^z d^z / d^z 

doif^ dy^ \dxdy, 


_L P j- 9 q I np ir 
doi? dxdy dy'^ * 


where Uy jK, 8y Ty V do not involve second derivatives ; then it is 
satisfied by 

z^fipoy y, ay by C)y 

whether a, 6, c be parametric or variable, and therefore 
U (rt - 5*) + Rr + 2Ss Tt^Vy 

U{(r + h)(t + 0 - («+ fc)*} + jj: (r + A) + 2S (s + A) + T(t + l)^V. 
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Subtracting, we have 

{R-hUt)h + 2(8- Us)k + (T-h Ur)l=U(J(^-hl): 

when the preceding values of h, k, I are substituted in this 
equation, it takes the form 


where 


R — 2>S^ + T ^ — V 

\dadb dbdaj’ 

the quantities r, 5, and in these expressions being the second 
derivatives of f{Xy y, a, b, c), when a, b, c are parametric. Now 

d^f ay dc d^/dcy d/d^c 

da? da? dadc da dc^ \da) dc da? ' 

and so for the others ; so that the new equation is linear in the 
second derivatives of c, and the coefficients of these derivatives 

involve x, y, z, a, b, c,^^, . The equations 


db 


dc dc 

determine x, y. and z as functions of a, 6, c, ^ : when their 

oa 00 

values are substituted in the coefficients, the new equation takes 
the form 

•w~f • dc dc 

where A, 3, B, F are functions of ^ do not 


involve second derivatives of c. 


When this equation has been integrated, expressing c as a 
function of a and 6, then the original equation possesses an 
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integral, which results from the elimination of a, 6, c among the 
equations 

^ c), 

c = 6(a, 6), 

^'^da'^dcda^ 
db'^dc 06* 

The possibility of the generalisation thus depends on the inte- 
gration of the new equation for c : and the form of that equation 
is affected by the form of /. In practice, it would therefore usually 
be convenient to take simple forms of / where choice can be exer- 
cised ; it is unnecessary to aim at securing generality in the form 
of /, because that generality can be secured through the form of 
6 when the new equation can be completely integrated. 

There are various ways in which an integral involving three 
parameters can be obtained. Sometimes it is possible to write 
down such an integral almost by inspection. Again, when the 
subsidiary systems in the methods of Monge and of Boole, and 
in the method of Ampere, possess three integrable combinations, 
in the forms 

u = a, v — hy w—c, 

the elimination of p and q leads to an integral involving three 
parameters: in this particular case, the critical quadratic must 
have equal roots. Again, if either of the subsidiary systems in 
question admits only one integrable combination in a form 

u — a, 

where u involves p or g' or both, this equation, regarded as of the 
first order and integrated by Charpit’s method, will lead to an 
integral involving three parameters. Further, if each of the 
subsidiary systems admits only a single integrable combination 
in a form 

= a, v = h, 

and if these equations can be resolved for p and g, the substitution 
of these values in 

dz—pdx-^qdy, 

followed by a quadrature, gives an integral with the desired three 
parameters. As will be seen later 271, 274), some of these 
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possibilities (and they are not exhaustive) are bound up with the 
form of the equation for the determination of c in terms of a and 6. 


Ex. 1. Consider the equation 

{q+yt)(r+\)=^{y8-p-x) 8. 

When we proceed to integrate it by Ampere’s method, we find that one 
of the subsidiary systems admits of the integrable combinations 

constant, qy = constant. 


and that the other of the subsidiary systems admits of the integrable com- 
binations 

y? + ^ = constant, qy-- x {p+x) = constant. 


In order to construct some integral of the original equation, involving three 
arbitrary constants, we take 

qy^a, p-\-x=b] 


and then, as 


dz—pdx-\‘qdy 


we have 
This is the 
also 

so that 


— i}>-x)dx-\^dy., 

0 =c+ 6a; - ^x^+a logy. 

integral to be generalised. We have, in the notation of the text, 

■«=?. Cr=y; 

^=6-^, '=0- 


da 


0 , 


db~ ’ 


da y' db~^' 

Thus 

17 ^= 0 , S-U8=\{p^x)=^\h, 

and therefore 

*-«■ ’'■-j- 

Moreover, 

<^f d^f _ 02c cfy_02c 

(fa2“’0a2’ dadh’^dadh^ db^'~db^’^ 


consequently, the equation for c is 

Hence 

|=</,'(a)-log6, 
c«*< 3 (> (a)+tff (6)~alog 6. 
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z=(l) {a)+^ (b) + bz! - log| ; 

and the other equations are 

0 -.</>'(«)+ log I , 

0=x-g+V''(6). 

From the last equation but one, we have 


and therefore 


<#>'(«)=log-. 


<#>(“) 


the left-hand side being manifestly some function of - ; then 


a(f>"(a)^e' 


,/b\ d /b' 


that is, 


hence the equations are 






which constitute a general primitive for the equation. 

Ex. 2. The equation 
possesses an integral 

z = c+(ix+by : 

prove that the equation for c is only a transformation of the original equation, 
and deduce the customary primitive. 

Ex. 3. The equation 

r4-2 {q-x) 8-¥{q-x)^ t=:^q 

possesses two integrals 

z:=aX’^by+^bx{x--b)-{-c ; 

generalise each of these. 

Ex. 4. The equation 

r-t^2P 

X 

admits an integral 

generalise it, so as to obtain the primitive 

ZtB$(^+x) + ylr(j/-x)-X^ (J/fx)‘^X^|r'(i/-x). 
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271. For the purpose of Imschenetsky’s generalisation, it is 
necessary to have an integral of the given differential equation 
involving three arbitrary parameters; in order to complete the 
generalisation, it is necessary to obtain the primitive of the 
linear equation of the second order satisfied by c. If the three- 
constant integral has been obtained without the use of any 
systematic method, say as by mere inspection, the equation for c 
has no special properties or form. If, however, that integral has 
been obtained through one of the subsidiary systems in Ampere’s 
method, it is possible to recognise an a priori limitation upon the 
form of the equation satisfied by c. For example, suppose that 
the subsidiary system associated with the argument a offers an 
integrable combination of the form 

u {Xy y, Zy py q) — constant 
= a, 

in accordance with the Ampere process : and let this equation, of 
the first order, be integrated by any of the methods leading to a 
complete integral, which will have a form 

^ =/(•«, ». «. c). 

When Imschenetsky’s generalising process is applied to this 
integral so as to determine c in terms of a and a, the equation for 
the determination of c is linear in 

d^c d^c d^c 
doL^ ’ dada ' 9a® * 

The arbitraiy functions, which occur in the general integral of the 
original equation, are introduced by the arbitrary functions, which 
occur in the value of c. Now in one of the arbitrary functions in 
the required general integral, the argument is known (from the 
theory of Ampfere*s method) to be a; hence a must be the argument 
in one of the arbitrary functions occurring in the completed ex- 
pression for c. Thus the equation determining c must be satisfied 
by an expression containing an arbitrary function of a together 
with, it may be, some of the derivatives of this function. In 

9®c 

order that this may be the case, the term in must be absent 

from the equation : otherwise, the equation could not be satisfied 
by such a value of c, for that term would introduce derivatives of 
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the arbitrary function of order higher than those introduced by 
any other term. 

When there are two subsidiary systems, and when each of them 
admits an integrable combination of the form 

u {Xy yy Zy py q)^ constunt = a, 

V {Xy yy Zy = COOStaUt = ^y 

respectively, where (by Ampere's theory) a and ^ are the arguments 
of the arbitrary functions in the general primitive, we resolve these 
two equations for p and qy substitute the resolved values in 

dz=pdx-{- qdy, 

and effect the quadrature : when the equation thus obtained is 
resolved with regard to Zy it becomes 


z — h{Xy y, a, c). 

The Imschenetsky method can be applied to generalise this 
integral : an argument, similar to that in the preceding case, shews 
that the equation which determines c as a function of a and ^ is 
of the form 


where 0 is a function of 


otj c, ^ at the utmost. 
da' dp 


Lastly, in the case of equations having only a single subsidiary 
system, so that the arbitrary functions in the general primitive 
have one and the same argument a, suppose that there is an 
integrable combination 

g {Xy y, Zy py q) = constant 


= a. 


Let this be integrated, by Charpit’s method or otherwise, leading 
to a complete integral 

z = k{x, y, o, a, c). 

When this integral is generalised by the Imschenetsky process, 
so as to make c a function of a and a, then the equation of the 
second order determining c is similarly proved to have the form 

da 
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• 9c 0 c 

where is a function of a, a, c, and 5 - , but does not involve . 

oa 09. 

0 ^C . • 

The absence of the term in is due to the fact that there is 

dada 

only a single argument in the arbitrary functions ; in consequence, 
such a term would introduce a derivative of higher order than 
any introduced by other terms. 

Hence when the equation in three parameters has been obtained, 
wholly or partly, from the integrable combinations of the subsidiary 
systems, the generalising equations are of the forms 

with which may be associated 

A 4- — W 

as arising through the use of the alternative subsidiary system ; 

_ n. 

dadb^ ^ 

in the respective cases : and F, (7, K vanish, if the combination 
rf — does not occur in the original equation, for then = 0 , 

Ex. 1. Integrate the equations : — 

(i) xh- - 4x^q8 + -h 2px^ = 0 ; 


(ii) ^-2«=*0 ; 

(iii) ; 

(iv) x*r-4x^q84-3q^-h2px^><^0 ; 




(Ampbre ; Imschenetsky. ) 


Ex. 2. The equation 


a^r4~b^t + (lx+my + nxy) 

y ^ 

- + rixy) {z-px- qy^-snff 

has an integral 

z^ax^-by^-oxy ; 


obtain the primitive. 


(Imschenetsky.) 
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Ex, 3 . Verify that the equation 
is satisfied by 

(ar-a) 24 .(y~ 6 ) 2 +( 2 -c) 2 =l ; 
shew how to generalise this integral. 

(The differential equation is the equation of surfaces with constant 
curvature, all the quantities in the equations quoted being real when the 
curvature is positive. For a full discussion of the properties, reference 
should be made to the treatises on differential geometry by Darboux and by 
Bianchi, where full citations of the original authorities will be found). 


Generalisation of an Intermediate Integral. 


272. The preceding discussion relates to the generalisation of 
a primitive of the equation, when the primitive is not complete. 
Similarly, it is possible to generalise a complete intermediate 
integral. Let 

u{x, y, 5, p, q, a, 6) = 0 


be such an integral, so that the differential equation of the second 
order is the result of eliminating a and h between the equations 


14 = 0 , 


du du 

dx'^ ' dy 


0 . 


The eliminant manifestly will be the same if a and 6, instead 
of remaining parametric, are replaced by functions of x and y, 
such that 

du da du 

da dx ^ dh dx'~~ * 

^ 0a ^ 06 _ 

0a dy 06 dy 

It might be possible that the equations 




should satisfy all the conditions necessary for coexistence with 
t4 = 0 and with the equation of the second order: if these con- 
ditions are satisfied, the result of eliminating a and 6 between 


w = 0. 


— 0 ~ 
0a''^' db 


0 , 
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would be a special or singular intermediate integral : the equations 
of the second order would be a very limited class. The alter- 
native is that the relation 

d (x, y) 

should be satisfied. If this is satisfied identically (and we shall 
neglect all other cases), a functional relation exists between a and 
h: let it be 

6 = (a). 

Also we have 


that is, 


The three equations 


du ,, ^ 


u=^0y b = (j> (a)'j 


constitute a generalisation of the complete intermediate integral. 


Ex. 1. The equation 

^ qh‘-<2pq8-\-pH . {sp-rq){8q-tp) 

^ rt-8^ 

has a complete intermediate integral 

z-\-cp’\-aq’\-ac—0\ 
a generalised form is given by 

aq -l-(p4'a) <^> (a) = 0| 

$'+<#) (a) + (p+a) (t> (a)=0 j 
Ex. 2. The equation 

where X and ^ are arbitrary constants, is a complete intermediate integral of 


Generalising it, we take 
and then 


r^t. 

X = ^(/x), 


that is, /i is a function of x-{-y : changing the functions, we find 
p-\-q^2F' (x-hy). 

Similarly, from 


where a and are arbitrary, we find 

p-qz=:20' {x--q). 
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Hence 

p^F' {x-¥y)-¥0' {x-y\ 
q=F' (x-i^y)-G' (^-y) : 

substituting in 

dz—pdx’\-qdyy 

we have the customary general primitive 

z^F{x-\ry)->tG {x-y\ 


Imschenetsky^s Method applied to Laplace’s 
Linear Equation. 


273 . It might be possible to generalise an incomplete primi- 
tive of an equation not of the form considered by Imschenetsky ; 
but the analysis connected with even so simple an equation as 

rt = 1, 

having an incomplete primitive 

is enough to suggest that the process would usually be im- 
practicable. 

There is, however, one class of equations, which are formally 
included among those considered and which yet provide little 
towards the construction of an incomplete primitive : it is the 
class of Laplace’s linear equations 
s + A'p Bq 

where A, B,G are functions of x and y only. For general values 
of A, By and (7, this equation does not possess an intermediate 
integral : hence there is no simplification to be expected a priori 
in the form of the generalising equation. In order to apply the 
Imschenetsky method, we take a primitive 

z — hzz + czs = fy 

where initially a, b, c are arbitrary parameters, and Zi, Zz, z^ 
obviously are particular integrals of the equation. Applying the 
detailed results of the method, we have 


df . A 


df 5c _ ft . 

9c 0c 

so that X and y are functions of ^ and ^ only. 
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With the earlier notation, we have 

R= 0 , 8 = i, r = 0, £r=0, r=-{Ap+Bq+Ge)-, 
hence 

P 

^'~db dS’ 




da db ’ 


T 

’ da da’ 


F. = 0, 


and the equation for c is 


But 








Jt -98 J-T ^-V 
'dad6^ *d6»“ *■ 


d?f _ a»c dy _ 9’c dy_ a»c 

da«"'^*aa” dadb~^'dadb’ db’‘~^‘db>'’ 


and therefore the equation for c is 

<^P f^P ^<1 dp d^c ,dp^d^ 

db db da? \db da ^ da db) da db da da db^ 


Also, 


dp ^ dc dp . dc 
dq dc dq , dc 

^ = + i = ^* + 3»06; 


hence, when are known, the coefficients for the differential 

equation can be regarded as known. It is clear that these 

the derivatives ^ 

da db 

alone : and so the differential equation for the determination of c 
does not explicitly involve a, b, or c. 

When this equation is integrated, so as to give c in terms of 
a and ( in a form 


coefficients are expressible in terms of 


c^O {a, b), 
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then the general primitive of the Laplace's equation is given 
by eliminating a and b between the equations 

z = Zia + zjb + z^O (a, h) 

+z,- 

‘da 

0-z, +z,^ 

It seems obvious that, the simpler the forms of Zi, z^^ initially 
chosen, the less complicated will usually be the details of the 
generalising analysis. 


Ex. Consider the equation 


We can take 
so that 
and then 

Also 


x-k^y 

zi^xyy Z2^x-yy ^3=1; 

zsszaxy-^h (^-"y)+c, 

0c 

xy=-^, 

0C 

dp dp _ 

da ^ db * 


substituting these values in the equation for c, we find 

that is, 

d^c 0c d^€ dc 
E«“96 0^’^§a0P~”’ 


A primitive of this equation has already (§ 266, Ex. 1) been given: it ia 
constituted by the three equations 

c =X>/" (X) - 2X/' (X) + 2/ (X)+A.y' (m) - W + 2^ 0*) 

-6=X/"(X)-/'(X)+«^'0.)-/(f.) J 
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The quantities X and /a must be identified : we have 
^dc 

dc , dc „ 


and therefore 




Hence we can take 
Writing 
we have 


X=A-, fjL— -y. 

/(X) = X, 

^xX' + 2X+ y’^ F" - 2y F + 2 F, 

-a=X"+F", 

-6r=;rX'-X'-yF"+r. 

Substituting these values of a, 6, c in the equation 
0=flw^ + 6(ar-y)+c, 

^==2X+2F~(a,-+y)(X'+F'), 
which is the general primitive of the original equation. 

274. The transformation adopted in § 273 and applied to the 
preceding example, is easily seen there to be a contact-trans- 
formation between the two sets of variables : in fact, we have 

z=iazi-\- bz2 + czs 


and reducing, we find 


/ dc idc\ 


and, in the example, Zg is unity. This property can be secured 
in general by an appropriate initial modification of the Laplace 
equation. 

Let Zg be a particular integral of the equation, and write 
z = ZgZ, so that, if 

fT nr “^2 

A — ~ ~ > 

Zg Zg 

then Zi, Z^i 1 are three particular integrals of the transformed 
equation which is easily found to be 
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= £' = £+^’. 

Hi Ht 

Accordingly, as the term in Z has been removed, we may suppose 
that our equation initially has the form 

s -f Ap + Bq = 0. 

We then take 

-2 = c + + 6^3 ; 

and the other equations then become 


so that 


dc , 0c 

^ = c-«g^-6g5, 


being the Legendrian contact-transformation. 

The direct construction of the generalising equation is simple. 
Denoting the second derivatives of c with regard to a and h 
by p, <r, T respectively, and writing 

0a _ 0a _ 

and similarly for 6, we have 

— = pctjc + <r6a;| — P 2 = era* + rhx 

— O'! = pay + 0-6y j ' — = aUy + T6y 

as derivatives of the equations 

__ 0c _ 0c 

hence 

{pr-<f‘)ax = ~p^T +pj<r 
{pT-<A)ay = -q^r -V 
{pr-<T^)hx= pi<T-p^ 

{pT-<A)by= qi<r-q^ 

Again, from the equation 

z = c + azi +bZi, 


p = api + bp„ 

q^aq, + bqt, 


we have 
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the terms that arise through the variations of a, b, c vanishing ; 
and then 

s = aSi-^bSi-^piay+piby 

= as, + {piqy-r~(piq,+p,q^)<T+ptq^}. 

Also, 

s = — Ap — Bq 

= - a (Api + Bqi) - b (Ap^ + Bq^) 

= 0^1 + bSi ; 

and therefore 

Mi'T “ (Piq2 + Pag i) (T-^p^q^p = 0. 


Moreover, 


dp dp 

P‘=db' 


from the value of p ; and similarly 

da’ ^‘~db’ 

from the value of q. Consequently, 

db db 0a* \da db db da) da db da da db^ ~ ' 

agreeing with the earlier form obtained for the equation which is 
to determine c. 


276. A different way of proceeding is as follows*. Let the 
equation be taken in the form 

5 + ap 4- = 0, 

where a and are functions of x and y only, so that ^ = 1 is 
an integral of the equation. Let Zi and be two other integrals 
of the equation, and assume that 

^ = W + V-Sj + WZ^y 

where the new unknown quantities w, v, w are to be determined 
by the condition that the forms of p and q (and therefore, owing 
to the equation, the form of 8 also) are the same, when Uy v, w are 
variable, as they would be if Uy Vy w were parametric. Then 

p = vpi + wp^y 
g * + wq^y 

* In connection with this investigation, a memoir by R. Liouville, Journ. de 
vAe. Polyt.y Cah. lvi (1886), pp. 7—62, may be consulted. 
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provided 


also 

provided 


du 

dos 


_ dw 


dv 


= 0, 


024 . dv . dw ^ 

^ -f 5 - + -^2 T" = ^ • 

0y dy dy 

S = VS^-{- WS2, 

dv dw ^ 


because s can be derived from p, and 

dv dw ^ 


because s can be derived from q. Hence 


^ _ q^dw dv P 2 dw 
dx q^ dx ’ dy pi dy ’ 


0W _ / ^2 \ 0W __ 

dx \ ^ qi ^ / dx ' dy~~ 



d_w , 
dy' 


and therefore 

A /"?? — A /£? 

dy \qi dx) dx Vpi dy) ’ 



apparently two distinct equations of the second order satisfied 
by w. It is easy, however, to see that the second equation 
(on the removal of a non-vanishing factor Zi) becomes the same 
as the first ; in fact, they both reduce to the single equation 


d^w ^p 2 qA - q^ti dw q^ pir 2 -p 2 ri 
dx dy p^q^ - mi PiQ^ - Piqi dy 


which may be written 


d^w , dw 
dxdy'^ ^ dx 




When the value of w is known, then 
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SO that V is obtainable by quadrature : and then 
w = — j(zidv + z^dw), 

so that u also is obtainable by quadrature. 

Esc. 1. Let the method be applied to the equation 

Particular integrals are given by 
we therefore take 

z^u-^{x —y)v-k-xyw. 

The equations satisfied by w, v, w are 

dv , die _ 
dy ^ By”" 

From these we have 

3x~ "^ 35 ’ 

^ dw du_ gdw 
0y*“ ^ 9y ’ ^ 

and therefore 

0 / 0tf>\ 0 ( dw\ 

^ \ V W ’ 

0 / « ^ / 9 

^ V ^ V 

both satisfied in virtue of 

0j:0y * 

and therefore 

w^X"+r\ 

where X and Y are arbitrary functions of x and of y respectively. Then 
»- l(xX'"dx-yr'"dy) 

=xX'’-X'-yr"+r, 
u- - J(jr»X"'cte+/r"a!y) 

-x‘X''+2xX' -iX-^r'+i^r -iF ; 


consequently, 


*««M-l-(a?-y) v+xyw 

--2Z-.2r+(^+y)(r+r). 
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Ex, 2. Apply the preceding method to the equation 


x^ry 

where m is a constant ; and using the integrals 
zi—x-y^ 

prove that the equation for w is 

d^w _ m— 1 /dw 
dx' dy'^ x' 4-y' ^y') * 

where xx' = I, yy' == 1. Hence integrate the equation 

,=2e±2: 

and shew how the property can be used to connect the integration of the two 
equations 

ar+y 

Ex. 3. Shew that, if 01 ,^ 2 , 23 denote three linearly independent integrals 
of the equation 

s-hap-hbg-hc2=0j 

where a, b, c are functions of x and y alone, and if three quantities v, w are 
introduced such that 

Z=^UZi-\"VZ3-^WZ3 

is another integral, which keeps the same forms for jo, g', «, whether w, v, w 
be variable or parametric, then w satisfies an equation 

"hw 


^ 1 , Pu 

91 

dhv 
dx dy 

hi Pi 

Z2t P2i 

92 

Hi Pi 

hi Psi 

93 


hi 9i 




Hi 9i 


S'!) 

^2> ^2 
h 


dx 


Hy q\ 

Hy g2 


Pi> 

h 

Pu 

n 

P3» 



= 0. 


2l, Pi 
«2> Pi 

Shew how to determine u and v when w is known : and prove that 
u and V satisfy equations of the same form as the equation satisfied by w. 
Prove also that, if the original differential equation be of rank n in either of 
the variables x and y, then the equation for w is of rank 7^+ 1. 


Ex. 4. Prove that, if Zi^ z^^ Zg denote three linearly independent integrals 
of Laplace’s linear equation 

no relation, which is homogeneous and of the second order, can subsist 
among zi^ Zg^ zg alone. 



CHAPTER XX. 


Chaeacteristics of Equations of the Second Order: 
Intermediate Integrals. 


The theory of characteristics led to an eftective method of integration 
when applied to equations of the first order ; it can be applied also to 
equations of the second order and, in the application, it indicates the 
geometrical significance of the possession of intermediate integrals. The 
following account of these characteristics and of the construction of equations 
that possess intermediate integrals, not necessarily of the type considered by 
Monge, is based mainly upon Goursat’s memoir*. 


276. In order to solve Cauchy’s problem for an equation 
of the second order 


file, y, z, p, q, r, s, t) = 0, 


in the most general form of that problem, which assigns general 
functions of x and y as values of z and p when x and y are 
connected by a given relation g (x, y) = 0, we can proceed as follows. 
Along the curve representing the relation, we have 




as a property of the curve : also, because the value of z, say <f> {x, y), 
is given along the curve, the quantity 


pdx + qdy, =^^da;+^dy, 

for the elements dx, dy along the curve, is known. Hence, as p is 
given along the curve, so also q is known along the curve ; and 
therefore Cauchy’s problem amounts to the determination of a 


* Acta Math.f t. xix (1895), pp. 285 — 340. Reference also should be made to 
vol. I, ch. IV, of his treatise already (p. 7) quoted. 
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surface, satisfying the differential equation, passing through a 
given curve in the plane of x and y, and touching a given 
developable surface* along the curve. 

Accordingly, at points on the curve, the values of x, y, p, q 
in connection with Cauchy's problem are expressible in terms of a 
single parameter u: and the values of r, s, t are given by the 
three equations 

/= 0 , 

rdx sdy = dp^ 
sdx + tdy = dq. 

These three equations will suffice for the determination of r, s, t 
in terms of w, unless the Jacobian of the three equations with 
respect to the three variables vanishes, that is, unless 


where 


R, S, T 
dx, cZy, 0 
0 , dx, dy 





dt' 


When expanded, this equation is 


R 



- 5 !^+ 2 ’= 0 . 

dx 


In the first place, suppose that (save possibly at isolated points, 
and these we neglect) the last equation is not satisfied : then the 
three equations determine one, or more than one, set of values of 
r, s, t in terms of u. We select any one such set, and proceed to 
consider the derivatives of the third order along the curve. 


Denoting these as before by a, 7, S, and writing 

V 9/1 


17 9/ , a/ , 9/ , ^ s/ 


* The values of p and q determine the tangent plane : along the given curve, 
they are functions of a single variable, so that the equation of the tangent planes 
contains only a single parameter: they thus are enveloped by a developable 
surface. 
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we have 

dr » a cZd? + y8di/, 
dfi = /9 cfo + 7 dy, 
dt = 7 da; 4- S dy, 

along the curve, and 

X + Rol 4 “ 4 " 5^7 ~ 

F + jR/34-S7 + rS = 0, 


always. Thus there are five equations involving the four quantities 
a, l3,y,S: so that one of them must be dependent upon the others, 
or there must be a linear relation among them. It is easily 
obtained ; for, on multiplying the fourth by dx, the fifth by dy, 
and using the first three, we have 


that is, 


Xda; 4- Fd^ 4- Rdr 4- Sds 4- Tdt = 0, 

df^O, 


which is satisfied in virtue of /= 0 : so that there are only four 

independent equations. Also, denoting the value of ^ along the 

curve by /x., and eliminating the quantities and 7 from the fourth 
equation by the first two, we have 


Z + a(-B--^ + -,r) + ^5 + 
V J dy 


\dy fL dyj 


The coefficient of a does not vanish, by hypothesis : and therefore 
a is determinate at the point on the curve in the Cauchy problem. 
Similarly, the values of 7, S are determinate there. 

Similarly for the derivatives of all the orders in succession: 
each of them is determinate at the point on the curve, as associated 
with the assigned initial conditions : the only requirement is that 




does not vanish generally along the curve. 

Accordingly, let the function z be developed in a power-series 
in x — a, y^-b, where a, 6 is a point on the curve; as all the 
derivatives of z at a, b are known, all the coefficients in the series 
are known. Under certain conditions, which do not substantially 
concern us here, the series can be proved to converge: the 
Ihnction which it represents is an integral of the equation: and 
we merely obtain Cauchy’s theorem again. 
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277. In the next place, consider a curve G for which the 
equation 

ii(^Y-5^+r=o 

\dxj ax 

is everywhere satisfied. Reviewing the past analysis, we see that 
the three equations, which involve r, Sy t, do not suflSce for the 
determination of those three quantities: one of the quantities 
can be taken arbitrarily, and then the other two are determinate. 
Similarly, the equations involving a, /3, 7 , B do not suffice for the 
determination of those four quantities : one of them can be taken 
arbitrarily, and then the other three are determinate. The same 
holds for all the other orders in succession. Now suppose that 

2=(f>(Xy y) 

is an integral of the differential equation : it represents a surface. 
At all points on this surface, z and all its derivatives are functions 
of X and y, and so also are R, S, T: hence the equation 

R dy^ — 8 dxdy + Tdx^ == 0 

defines two families of curves upon the surface, except when the 
relation 


is satisfied identically, in which case it defines only a single family. 
When there are two families of such curves, then one curve of 
each family (and, in general, only one curve of each family) passes 
through a point on the surface: and the directions of the two 
curves through the point, one from each family, are different from 
one another unless the point lies upon the locus 

— 4RT— 0, z=:<l> (x, y). 


Consider now the equations that are satisfied along C, Every- 
where upon the surface we have 

JST 4" R^ ^ 8^ + Ty = 0, 

adx 4- I3dy == dr, 

^dx-^y dy = ds, 
ydx Bdy = dt, 

and therefore everywhere on the surface, we have 
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/A being ^ and, for full variation of values of dx and dy, giving all 

directions through the point. In particular, select a direction 
giving a curve C through the point, so that 

d*v 1 

the coefficient of a vanishes, and the coefficient of - 7 - is 8 — T. 

dy 

that is, it is Rfi ; hence 

XT’ dS m yv dt* 

which can be written in the form 

X dxdy 4- Rdrdy + Tdsdx = 0, 

(Similarly, from 

Y-^Rff^Sy+TB^^O, 

we find 

F dxdy 4- Rdsdy 4- Tdtdx = 0. 

It therefore follows that the equations 

/=0 

dz = pdx + q dy, dp = rdx 4- sdy, dq = adx + tdy 
Rdy^ — Sdxdy 4 - Tdcd^ = 0 > 

X dxdy 4- Rdrdy 4- Tdsdx = 0 
F dxdy 4- Rdsdy 4- Tdt dx^O 

are satisfied along the curve G. Apparently there are seven 
equations : but the relation 

is satisfied in virtue of the last six equations, so that /= 0 can be 
regarded as an equation not independent of the last six equations. 

The aggregate of these equations determines a characteristic of 
the equation 

/= 0 . 

They involve eight quantities x, y, z, p, q, r, s, t, and no quantities 
of order higher than the second: and being ordinary relations 
among differential elements, they determine seven of the quantities 
in terms of the eighth. But the number of independent equations 
is only six : one of the seven quantities can be arbitrarily assigned, 
atid the other six are then determinate, their expressions (and 
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therefore also the characteristic) being affected by the form of the 
arbitrary assignment. 

Hence every integral of the differential equation, when that 
integral is regarded as a surface, is a locus of characteristic curves ; 
and a given differential equation usually has two systems of 
characteristics though, for equations of specialised form, the two 
systems may coalesce into a single system. 

Let X be selected as the independent variable for a character- 
istic of/= 0 : and let X, /x be the roots of the quadratic 

so that 

/Sf=i2(X4-M), T = R\fjL. 

Then the equations of one characteristic, after a slight trans- 
formation, become 

\ 

dx 

dz 

^ = r + 
dx 

dq r 

-i = -f. X^ 

dx 

dr ds ^ X 
dx^ ^ dx^ R 


dx^^dx^ R I 

the similar equations of the other characteristic are given by the 
interchange of X and fi in the preceding equations. 

278. In particular, let the equation be 

^ 4- Ar -f 2Bs + Ct^D\ 

so that 

A, By Cy I) not involving derivatives of the second order: the 
quadratic in dy : dx becomes 

(A + t) dy^ — 2^{B — s) dxdy 4- (0 •+• r) da^ = 0, 

that is, 

A dy^ — 2Bdxdy -f Gda^ -h + dydq =* 0. 
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Again, substituting in the original equation the values 


\\dx V’ 


given in the equations of the characteristic, and taking account of 
the differential relation just stated, together with 

dx~ ’ 

we find 

Adpdy Gdqdx -f dpdq — Ddxdy = 0. 

These two equations are the equations that occur in the subsidiary 
systems of Monge and of Ampere. Using the modified forms 
there adopted, we denote by p and a the roots of the quadratic 

-f A (7 4- D = 0, 

which has equal roots only when the quadratic 

Re^^SO-^T^O 


also has equal roots ; and we find that the foregoing two equations 
lead to the pair 

dp + C dx + pdy =0 
dq <rdx + Ady = 0 

and to another pair obtained by interchanging p and <r. Three 
other equations of the characteristic become 

dz --pdx ~ qdy = 0, 
dp —rdx — sdy 
dq s dx --tdy = 0 ; 

and the remaining two are the same as before. 

Now three equations of this set, viz. 

dp + Cdx 4- pdy = 0 
dq + a dx Ady — 0 
dz —pdx — qdy = 0 

involve only x, y, Zy py q : any set of values, which can satisfy 
these three equations, determines a charajcteristic of the first order. 
It is sufficient to have a set of values 8 atisf 3 ring the equations, and 
there is no necessity to have an intermediate integral : but if the 
given differential does possess an intermediate integral in any 
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form, that integral will, of itself, determine a characteristic of the 
first order. 

The aggregate of all the equations determines characteristics 
of the second order. The relations of the characteristics of the 
two orders and, in particular, of an intermediate integral to the 
characteristics of the second order, appear as follows. 

We know that, in connection with a given equation, there are 
six independent equations in the system which determines the 
characteristics. When there is a characteristic of the first order, 
it is determined by three of these equations ; and therefore three 
equations remain for the characteristics of the second order, which 
accordingly are sufficient for the determination of r, s, t without 
limitations or conditions. It therefore follows that the character- 
istics of the second order include those (if any) of the first order. 

But, further, let the quantities x, z, p, q, as connected with 

a characteristic of the first order when it exists, be expressed 

in terms of a parameter a ; this evidently is possible, in connection 
with Ampere s theory. We have 

dx _ dp dy 

da Sa da' 

dr fdx^^ __ dx fd^p ds dy dhj\ fdp dy\ d^x 

da\da) da\da? da da ^ daV \da ^ da! do?' 

.dy _^dq dx 

da da ^ da' 


and the equation 


becomes 


X dxdy -i- Rdrdy -f Tdsdx = 0 
da da’^ da da'^ ^ da da~' 


Replacing X, R, T by their values, and substituting for ^ ^ 
from the preceding relations, we find 


ds _ 4* Ag 

da A^s -h Afi 

= «). 

where - 4 ,, As, A4, A^ are functions of a. The integral of this 
equation involves an arbitrary constant : it determines s, and the 
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preceding relatione give the values of r and t Hence, when 
an equation 

7^ — s* + Ar -f- 2^5 D 

possesses a characteristic of the finst order, the equations of the 
characteristic of the second order, which includes that of the first 
order, involve an arbitrary constant. 

279 . Returning to the consideration of the general case, we 
have seen that an integral system passes through the curve G 
along which the equation 

Rdy^ — Sdxdy 4* Tdaf^ = 0 

is everywhere satisfied. There then is a want of determinateness 
in the equations 

/= 0, dp — rdx — sdy = 0, — sdx — tdy = 0, 

as regards the derivation of sets of values of r, s, t\ instead of 
assuming r arbitrarily, so that s and t can then be regarded 
as determinate, we derive irom the three equations an infinitude 
of values, and we can regard them as a continuous system. In 
this aspect, we have an infinitude of integral surfaces which are 
themselves a continuous system; and as these surfaces have the 
same values of x^ y, p, q along the curve (7, they touch one 
another along the curve. Hence, when we substitute values 
of r and t, derived from 

dp — rdx — sdy = 0, dq — sdx — tdy - 0, 

and expressed in terms of in the equation /= 0, the changed 
form of the last equation must, quk equation in s, become 
evanescent: the coefficients of all powers of s must therefore 
vanish. There will thus result a number of simultaneous relations 
in X, y, z, p, q, dx, dy, dp, dq, which are homogeneous in the last 
four quantities. As the modified equation would otherwise have 
determined s, it would have contained at least two terms; so that 
there cannot be fewer than two conditions. On the other hand, 
the relations are homogeneous in dx, dy, dp, dq: hence there 
cannot be more than three independent relations. 

Among the several cases, which thus are possibilities for an 
equation /* 0, the following may be noted. 
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(i) The relations may constitute an inconsistent system, which 
accordingly cannot be satisfied. The equation does not then 
possess an infinitude of integral surfaces having contact of the 
first order along the curve (7. The quantities r, s, t are determi- 
nate ; and two integral surfaces have contact of the second order 
along the characteristics. 

(ii) The relations may be such as to yield an equation or 
equations involving x, y, z, p, q only. 

(iii) The relations may be such as not to yield any equation 
free from differential elements: the preceding explanations shew 
that the number of independent relations in the set is either two 
or three. 


Geometrical Interpretation. 


280. The difference between the various cases can be illus- 
trated through a geometrical interpretation introduced by Goursat. 
He regards r, 8, t as the coordinates of a point in space, and 
X, y, z, p, q as parametric quantities: then the equation /=0 
represents a surface. Denoting current coordinates by p, <r, t, we 
have the tangent plane to the surface /= 0 at the point r, s, t 
given by 

(p — 7') R (<r -- s) S -f- (r — i) T = 0 ; 
and a parallel plane through the origin is 
pR + (tS 4* tT = 0. 

The original equation has two characteristics in general : but they 
coalesce into one if 

S^^4>RT, 


The envelope of the second plane, when this condition is satisfied, is 

pr--cr^ = 0 , 


which is a cone : so that the two characteristics coalesce into one, 
when the tangent planes of the surface /= 0 are parallel to the 
tancrent planes of the cone 

Again, when we take 


dx~^’ dx 


dx 


= m, 
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SO that f, 17, m are parametric quantities, the equations 
dp == rdx •\-sdy, dq = sdx + tdy, 

become 

r = — ms -f f , s = — 

which are the equations of a line parallel to 
r = — ms, s = — m^, 
and the latter is a generator of the cone 

rt 0 . 


To find the intersections of the line with the surface /= 0, we 
substitute 

r = — ms -f f ^ — (s — 77), 


in the equation. In general, we have a set of values of s thus 
given : but if it happens that the equation is evanescent after the 
substitution, the line lies entirely in the surface /= 0, which there- 
fore possesses generators parallel to those of the cone rt- 0. 

When the surface / = 0 is perfectly unconditioned, it obviously 
will not possess this special property: we have the first of the 
preceding cases (§ 279). 

When the surface /*= 0 is not quite arbitrary, but is such that 
certain conditions among its parameters x, y, z, p, q are satisfied, 
the special property can be possessed : we have the second of the 
preceding cases. 

When the surface /= 0 is not quite arbitrary, the property 
may be possessed for appropriate values, or sets of values, of 
7/1, 77. We then have the third of the preceding cases: it 

contains a couple of sub-cases. 

In the first of these sub-cases, there are two relations between 
X, y, Zf p, q, f , 77, m. Hence there is a simple infinitude of sets of 
values for f, 77, m, so that the surface contains a simple infinitude 
of generators : and these are parallel to the generators of the cone 

rf - 58 ss 0, 

which therefore is an asymptotic cone of the ruled surface (or 
scroll) represented by /=s0. 
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In the second of the sub-cases, there are three relations be- 
tween X, y, z, p, q, rj, m. We then have a finite number of sets 

of values for rj, m, so that the surface represented by /=0 

contains only a finite number of straight lines; it is not a 
ruled surface. 

When the first sub-case arises, in which there are two relations, 
these may be taken in the form 

Oi (x, y, z, p, g, f, t), m) = 0, 

y, p, v> w) = 0; 

owing to them, the equations 

y = 0, r = - s = - rjf 

do not determine r, s, t definitely. If then functions x, y, z, p, q 
of a single variable can be so chosen that the equations 

(ri = 0, 6^2 = 0, dz^pdx + qdy, 

hold, r, 5, t are not determinate. In these circumstances, two 
integrals of the differential equation can have the same values of 
X, y, z, p, q, but r, 5 , t will not necessarily be the same; the 
contact of the integrals along the characteristic cannot generally 
be of the second order but is generally of the first order. 

Although the equations are satisfied for one of the roots m of 
the quadratic 

they are not usually satisfied for the other root: then, for that 
other root, r, a, t are determinate ; and so two integrals, having 
contact of only the first order along one characteristic, will usually 
have contact of the second order along the other. If, however, 
the quadratic has equal roots, there is only one characteristic: 
and the contact of two integrals is only of the first order. 

In both of these cases, the surface represented by/= 0 has an 
infinitude of generators parallel to those of the cone rf — s® = 0: 
in the former, the surface is a scroll ; in the latter, it is 
developable. 
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Classification of Equations according to Characteristics. 

281. Returning now to the differential equations of the second 
order, we can classify them according to their characteristics. 

One class of equations is composed of those which possess two 
different characteristics of the second order. Two integrals (when 
Xy y, z are regarded as coordinates) have contact of the second 
order at least along both of the characteristics. 

Another class of equations is composed of those which, when 

y> Py 2 regarded as parametric, represent scrolls (ruled 
undevelopable surfaces) having rt — ^ = 0 for an asymptotic cone. 
There are two distinct characteristics ; two integrals have contact 
of only the first order along one of the characteristics and contact 
of the second order along the other. 

Another class of equations is composed of those which, when 

Vy ^y Py 9 ^rc regarded as parametric, represent developable 
surfaces having their tangent planes parallel to the tangent planes of 
the cone = 0. There is a single characteristic: two integrals 
have contact of only the first order along that characteristic. 

Another class of equations is composed of those which are 
linear in ?*, s, f, rt - of the form 

When K is not zero, the scroll /= 0 has generators parallel to 
those of — s* = 0, Usually /= 0 has two systems of generators 
distinct from one another ; there then are two systems of character- 
istics, and two integrals have contact of only the firat order along 
each of them. But when the relation 

is satisfied, so that /= 0 has the form 

{Kr + G){Kt -f A ) « {Ks - B)\ 

and the surface is a cone, the same as ^ = 0 and similarly 
placed, there is only one system of generators : there is a single 
characteristic, and two integrals have contact of only the first 
order along it. 
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When K is zero, the surface is a plane: through any 
point of it, there are generally two (real or imaginary) straight 
lines in it parallel to generators of the cone H — = in that 
case, there are two characteristics, and two integrals have contact 
of only the first order along each of them. But if the plane is 
parallel to a tangent plane to the cone, then through a point 
in it only one line can be drawn parallel to a generator ; there is 
a single characteristic, and two integrals have contact of only the 
first order along that characteristic. 

It thus appears that, if a relation exists between x, y, z, jo, q 
free from differential elements, the differential equation possesses 
at least one characteristic of the first order : though, conversely, 
it is not the fact that, even if the equation possesses a character- 
istic of the first order, some relation exists between x, y, z, jo, q, 
which is free from differential elements. When such a relation 
does exist in a form, represented by 

u (Xy y, Zy p, q) = 0, 

so that all its integrals possessing any arbitrary element (that is, 
integrals other than singular or special) satisfy the equation of the 
second order, it is called an intermediate integral. Thus the 
investigation of the characteristics of the first order involves the 
construction of intermediate integrals, if any such exist. 

A method has already been given (in Chapter xvi) for the 
construction of intermediate integrals, if any, of a propounded 
equation of the second order: and that method is effective for 
any such equation, for it gives the tests that are necessary and 
sufficient to secure the existence of the intermediate integral. 
We need not, therefore, deal further with this question of con- 
structing the intermediate integrals (if any) of a given equation. 


Equations having Intermediate Integrals. 

282. But the association of intermediate integrals with 
characteristics of the first order suggests an inquiry into the 
classes of equations that do possess intermediate integrals. After 
the classification of equations of the second order which has been 
adopted, it manifestly is unnecessary to consider any of the 
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equations in the first of the selected classes in § 281 : and, after 
the full discussion of equations of the form 

7^ — ^ 4- -f 2B8 +01 — Dy 

Ar + 2Bs + (7< = D, 

given in Chapter xvi, it is unnecessary to give further cm- 
sideration to any of the equations in the last of those selected 
classes. We need only therefore consider equations of those 
classes which possess a characteristic of the first order. 

There are two modes of constructing such equations: and, 
when regard is paid to the association of intermediate integrals 
with characteristics of the first order, the two modes are equivalent 
to one another. 

A characteristic of the first order, if it exists, arises by assign- 
ing the conditions that the equations 

/= 0, dp = rdx + sdyy dq = sdx + tdyy 

must be inadequate for the precise determination of r, s, t The 
number of conditions, independent of one another, may be two or 
may be three ; if, taken concurrently with the relation 
dz—pdx + qdy, 

they are satisfied by any relation 

y. Py q) = 0 , 

which is independent of differential elements, that relation is an 
intermediate integral. Now the equations of the characteristic of 
u=0, regarded as an equation of the first order, are (§ 94) 

dx _dy ^ dz _ dp _ dq 

Up Uq ^ pUp + quq ^ —Uy* 

where 

du , du du , du 

and Upy Uq are the derivatives of u with regard to p and q : and 
this characteristic must be the characteristic of f which is of the 
first order. The equations 

dp = rdx + sdy, dq = sdx H- tdy, 

are transformed by the coexistent equations of the characteristic 
of u into the equations 


— Ugf^rVp + SUq, 


— Uy S= sUp 4- tUq : 



282 .] 


INTERMEDIATE INTEGRALS 


403 


and the conditions now are that these two equations, together 
with /=* 0, must be inadequate for the precise determination 
of r, s, t 

The latter process is the alternative method of proceeding 
to an intermediate integral, and it is the method adopted in 
§§ 238 — 244. In order to be effective, there must be either two 
relations or three relations, involving the derivatives of u and 
independent of one another: and only those equations of the 
second order can have intermediate integrals when the application 
of the process leads to two relations or to three relations which, 
independent of one another, can be satisfied by a common value 
of u. 

After these explanations, we shall adopt the latter process 
so far as the analysis is concerned : we shall therefore make the 
equations 

/=0, Wa; + rWp -f SWg = 0, Uy SUp tUq= Oy 

inadequate for the precise determination of r, s, t: and this 
indeterminateness will require either two independent relations 
or three independent relations. 

First Case. 

283 . In the first place, suppose that the requirement for 
indeterminateness in the equations, so far as r, s, t are concerned, 
leads to a couple of algebraically inaependent conditions. Let 
these conditions be resolved for and Vy, so that they have 
a form 

+ y, - 2 ^, p, q, Up, Uq)=z0) 

Uy + h {x, y, z, p, q, Up, Ug) = 0) * 

where the functions q and h are homogeneous, of order unity, 
in Up and Uq, We require integrals u of these two simultaneous 
partial equations of the first order: as the number of variables, 
which can occur in u, is five, the number of independent integrals 
can be three, two, one, or none. 

We proceed by the Jacobian method. It is convenient to 
change the notation: we take 

y> Pf q^^i> «*, ^5, 

du du du du du 

0y’ ai’ P*’ P» P*’ 
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and then the equations are 

+ + x^, x^, x^, x^, ^4, jp6) = 0, 

XjiP^^~\- h (Xlj X^i ^S, X^y X^y P^y 


The Poisson- Jacobi condition of coexistence, which is (^i, -^2) = 0, 
must be satisfied : expressed in full, it is 


dxi dXi dx^ dx^ 


dg dh 
^ dpi dx^ 



dh dg / ^ dh dg 

dp4 dpn V ® dxj dp^ dx^ 


0 . 


Now this equation cannot be satisfied in virtue of i^i = 0 or F^ = 0, 
for it contains neither nor p^: hence either it is an identity on 
account of the forms of g and A, or it is a new equation. 

When it is an identity, the equations = 0 and = 0 are a 
complete Jacobian system ; and then they possess three common 
integrals independent of one another. In that event, noting that 
neither g nor h contains p^y we have 

dg _ dh 

» - 12 + . » - |£ + j- ( A* ) + 7 (• Ai) . 0. 

dxi dx2 axs dxs \p4, xj \p^y xj 


The former of these shews that there is some function F, such 


that 


9 ^ 


dp 4 ^ dp/^ 


and F consists of two parts, one of them homogeneous of the 
second order in p^ and the other of them not involving ^4 or p^. 
Writing 


we can take 




F — Pi^ (xi, Xq, Xgy X4, x^y 7 n)-hQ 


= P4^ 4 - Gy 

where G does not involve p^or m \ and then 

g{xi, xy, Xy, x^, p^, 

h{x^, Xy, Xt, Xt, Xt, Pt, Pi)=Pt^. 
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The equations of the characteristic of u are 

dx ^dy dg dq 

~ 


Pi - Pi -^4^8 

dp 


Pa - ^sPs 


dq 

dyjr dyjr* 


80 that 


dy = mdx, 
dp=2ylrdx-^^dy, 

In order to obtain the differential equation, we have 
dp = rdx H- sdy = (r 4* sm) dx, 
dq = sdx 4* tdy == (^ -f tm) dx, 


and therefore 


r + m — m 
d\lr 

5 4- to = ;r-^ . 

dm 


dyjr 
dm * 


When we eliminate m, we have the required equation : or, what is 
the same thing, the required equation is given hy the elimination of 
m between the equations 

r 4- 2sm 4- tm^ = 2^] 


S'^tm 


dm) 


(These equations, on the geometrical illustration of § 280, represent 
a developable surface: the result may be compared with the 
results before obtained). The function yjr does not involve r, s, or t: 
and it has to satisfy a condition represented by the second relation 
between g and h. When the forms obtained for g and h are 
substituted in that relation, it takes the form* 


5^ 

' dm^ 


\ dx 4 dxj dmdx^ dm dmdxt \ ^ dm, 


, . 0Slr d^ylr 


dvidxt dmdx-i dm dx^ ‘ dx. 




* The equation differs from Goursat’s form {Acta Math.^ t. xix, p. 322) by the 
omission of one term. 
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or, on restoring the old variables, it is 


2^ 


dyfr dM d'f df 8S^ 

dp dq ) dmdq dm dmdp \ ^ dm) 



Any integral of this equation gives a possible form for yjr, and so 
determines a differential equation of the second order. 

In this case, the equations = 0 and = 0 have three common 
integrals functionally independent of one another: let them be 
01, 02, 08- We resolve the equations 


Fi = 0, .Fa = 0, 01 = a', 02 = b', 08 *= c\ 


for pi, p 2 ,p 8 , Pi, Ps • we substitute in 

s 

du=^ S Pndxn, 

n=l 


integrate, and divide out by a homogeneous constant: and we 
then have a relation 


u{x, y, z, p, q, a, h, c) = 0, 

which is an intermediate integral of the constructed differential 
equation of the second order. One constant, say c, is additive. 


284 . The primitive of the differential equation of the second 
order is obtained simply, on the basis of a general proposition due 
to Goursat. Let 

= 0 

denote the intermediate integral; and let a, h denote the two 
constants in u which are not merely additive: then Goursat's 
theorem is that, ifp arid q he eliminated between the equatiom 


u = 0, 




where a and fi are arbitrary constants, the eliminant is a primitive 
of the equation of the second order. The proof is as follows. We 
have 

Xi, x„ x„ p„ p,) = 0, 

+ jTbPj 4* A (^1, x^, x^f x,y Xf, p,f p®) — 0 j 
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da^ * da ^ dp^ da ^ dpt da ' 
da^ * 0a dpi da dpt da 

Now let the Poisson- Jacobi combinant of u and ;r- be con- 

da 

structed: thus 






dp.^dj^y 

da'^^*\dp, da^dp, da) 




dpt (dh dpt dh dp, 


JT* I - -jr» i 

da dpt da) 
dg dh\ 

nf\ ^ _1_ /M 


da\^ dpi ^4) 0a ( dpt ^ dpj 

^P* ( ^9 . ^9\ t f 1 , 9 ^ , 

because of the relation 

dg _ dh 

dpt'^dpt' 

Also g and h are homogeneous of the first order in p^ and p^, 
so that 


consequently, 


0a 0a , dh ^ dh 


r 9“1 n 

r aj-"' 


Similarly, we can prove that 


hence the equations 


[“■ s]-'’' 

[t 


r, du ^ o 

“=®’ 0^^““* »='®’ 
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coexist. The elimination of p and q between them leads to a 
relation between x, y, z, a, 6, c, a, which is consistent with all of 
them : it is a complete primitive. 

Goursat also shews that the general primitive of the equation 
of the second order can be deduced from a knowledge of the 
intermediate integral. Denoting the two non-additive constants 
in by a and b as before, consider the equations 

w = 0, 6 = </) (a)y ^ (®) = 


Resolving the last two equations for a and b, and substituting the 
deduced values in , let us denote the results by 

respectively. Then 

01 ^ _ (du 9^ xl 9a 
dXn dXn |0a 06 ^ dXn 


— 9w 

0W3 0^U 


0% 0®li 

dxn ~ 0^n9a |0a2 ^ dadb 

for n = 1, 2, 3, 4, 5 ; also 




0 = 


0^ dH 


dxnda dxndh 


f(«)+ sfa+2 


dH ^ d^u 


dcL^ dadb 




da 


When the value of * — given by the last equation is substituted 

OXn 

du^ 


in , we have 

OXn 


dti2 _ . dhi d^u 

dxn dxnda ^ dx^db * 


where X and p do not change for the different values of n. Hence, 

0Ui du , 
as =s — we have 

OXn OXn 

t^] = X 


and, similarly, 


sa X 

- 0 ; 


du 


du' 



du~ 


r dv,~ 


L“’ 


[w„ %] = 0, 

K, = 0. 
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Thus we obtain a primitive by the elimination of p and q between 
the three equations 

= 0, W 2 = a, Uj = 

or (what is the same thing) by the elimination oi p,q, a, h between 
the five equations 

Eliminating p and q first, we have relations 

e {x, y, - 2 , a, 6, a, /9) = 0, 

h — <f) (a), OL + (a) — 0, 

from which to eliminate a and 6. Replacing a by a new constant 
a\ such that a' 4-/3(/>' (a) = 0, we have a primitivt^ given by 

6 [x, y, z, a, </> (a), — (a), ^8) = 0 ; 

and when we replace ^ hy x (^)> where x arbitrary function, 
the general primitive of the constructed equation of the second 
order is given by 


e {x, y, z, a, <i> (a), - x («) <i>' («). X («)) = 0 

dd 9^ .// \ 9^ ./// \ 9^ ,, , - 

+ («) + a-x(«) = o 

involving two arbitrary functions. 


285. The equation for yfr is of the second order, being linear 
in the derivatives of that order; but the construction of the 
quantity yjr is made difficult, on account of the number of inde- 
pendent variables with respect to which the derivatives are taken. 
In the absence of the knowledge of the most general integral, 
we cannot construct the aggregate of equations of the type under 
consideration : but, by obtaining special values of yfr satisfying the 
equation, we can construct special equations or even special classes 
of equations. One or two examples will suffice. 

Ex, 1. It is obvious that the equation for ^ is satisfied by taking ^ to be 
a function of m only : yjr can be an arbitrary function of m. The dififerential 
equation then occurs as the eliminant of 

r + 2<m -f 24 

d4t 
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or, what is the same thing, it is obtained by equating to zero the m-discri- 
minant of 

The equations, satisfied by the quantity u connected with an intermediate 
integral, are 


and these two equations are a complete system. Obviously 

(Fu Pr)^0, (F 2 , ??r) = 0, 

for r sal, 2, 3; so that jt?i , j 02 j Ps ^ taken as the three integrals that are 

independent of one another. We then have 

pi^a, p2^b, ps^c, Fi^O] 

thus 

^4 ( 2 >/r - myft') — - a-- cXi^ 
jD4f'=-6~ar6, 

and so m is determined by the relation 


say. Now 


and therefore 




du= Pfiix^. 

n=sl 


d {axx 4* hx2 + ca7s — {^dx^ + mdx^. 

Changing the independent variables on the right-hand side to m and ^ 5 , 
we have 

a+ar 4 a=( 6 -fcj? 5 )/i, 

and therefore 

cdXi^Cfxdxs'¥{h-\-cx^fx^dm ; 

also 

Consequently, 

G?(ari4-&a?2+cr3--tt)as^-^7^ cir5-f ~~~ — 

on reduction : and therefore 

04 ?! -h 64:2 -h CiPs ~ « «a (ft + <ja?5)* + A . 
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Now the intennediate integral is ; hence, resuming the variables 
4 ?, y, e, jp, g, and making c equal to unity (which involves no loss of 
generality), we have 

z + flwp + - ( 6 + ? )* ^2 ” ^ ® » 

where k is an arbitrary additive constant : the argument m of which is an 
arbitrary function, is given by 

^ ylr p + a 

^|r' q-ho 

The equation thus obtained, account being taken of the value of m, is an 
intermediate integral of the equation of the second order, represented by 

Discr. (r + 2sm -f /m® - 2\lr) = 0. 

The equation, which determines m in connection with the intermediate 
integral, shews that m is a function of p and q : hence, when we construct the 
equations of the characteristic of 


z + oj; + ~ + S')* ^2 




one of them is 


An integral of this equation is 


-dp ___ -dq 
a-\rp~^ b^q' 


where y is a constant : hence, for the primitive, m is a constant. Combining 
this equation with the intermediate integral, we have 

p+a—y{z-^ax-\-by--k)^ 
q+b^ {z-\-aa:"\-by- k)^ yjr'yfr'^ ; 
substituting these values of p and q in the relation 

dz^pch’^qdyy 

and effecting the quadrature, we have 

2 (« + cu; + * (r^ +y + d) 
where the argument m of ^ now is given by 

ylr 

2j-m=v. 

This equation is a complete primitive, involving five arbitrary constai^s 
a, by k, y, a. ^ 

To obtain the general primitive, let 

p + a « 1? (2^ - m^'), 
where v is a new magnitude : then 

and 

tt «« 4 * + 6 y - ife — « p. 
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Now 


hence 


and 


^ “ 3^ + ® (V'' - m^^") ^ , 

. dv dm 

0=g-v.+i>f g-: 


du 

da 


—X- 2v^^|r — 


, dm 
da 


—x — v ; 


du 


similarly obtained. Accordingly, after the general theory, we eliminate 
m and v between the equations 

z•\^ax^\■hy — k — v^^\r—0, 


leading to a relation 


X— V =a, 

mv=j3, 

e{x,y, z, a, 6, a, i3) = 0. 


The general primitive is given by 


6 {v, y, z, a, <j> (a), - <f>’ (a) x (a), x («)} =0 


d6 

da 


Ex. 2. It is natural to enquire whether can have the form 
!//> = + 2Bm + (7, 

where A, By 0 involve only Xy y, Zy p, g. If it is possible, the differential 
equation of the second order is the eliminant of 

r + 25m + tm^ = 2 Am2 -f 4:Bm 4-2(7, 

8 + tm^2Am-k2By 

that is, it is 

(r-2C0(jf-2A) = (tf-25)2. 

On the present hypothesis, there are to be three integrals of the subsidiary 
system : we, therefore, have the problem of § 241. 

The preceding analysis shews that the possibility will be realised, if yj/ 
satisfies the differential equation of the second order. That this may be the 
case, we find (on actual substitution of the supposed value of yjr) that the 
relation 

4- 02w 2 + ©3771 -i- ©4 « 0 

must be satisfied identically, where ©1, ©2, ©3, ©4 do not contain m; and 
therefore we must have 

01=0, ©2=0, ©3=0, ©4=0. 

On effecting the calculations, it appears that the equations 

©is=0, ©2 = 0, 
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must be satisfied, both identically: the equation 63=0 becomes 

which, on noting that 2(7, 25, 2 A =5, 5, is the old relation 

a5=a'5; 

and the equation 04=0 similarly leads to the old relation 

a>S'=A'7^. 

The equation, subject to these conditions, has already been fully discussed. 

Ex. 3. Obtain the conditions which must be satisfied, in order that yjr 
may (if possible) have either of the forms 

n f Am^ + 3Bm^ + 3Cm + 5, 

where D are functions of y, 0 , jo, q only. 

Ex. 4. Discuss the equations that arise when yjr has either of the following 
forms, each of which satisfies the equation of the second order : 

(i) , where a and n are arbitrary; 

(ii) , yjr = am + ay (q) + b, where a and b are arbitrary, and / is an 

arbitrary function. 

286. We now pass to the consideration of the equations 

when the condition (Fj , F 2 ) = 0 , which must be satisfied and cannot 
be satisfied in virtue of either of the preceding equations, is not an 
identity ; consequently, it is a new equation, say 

Fs = Aps H- = 0, 

where 

and 

dh d(f . ^ f g,h \ ^ j/ g,h \ 


dx, dx^^ *dx. 




(iA\ 

\pt, 


\p4, X^/ \Pti> ^6/ 

If the number of independent integrals of the original system 
Fi = 0 , jPg = 0 , is to be two, then F^ = 0 , = 0 , Fg = 0 , must be 

a complete Jacobian system. 

If, in these circumstances, it were possible that A should vanish 
identically, the equation .P 3 = 0 would become 

J5 = 0. 
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Now B is homogeneous of the first order in ^4 and : hence it can 
be resolved into a number of equations of the type 

where /x is a function of ^ 4 , and the set of equations 

would be 

F,=:pi + x^Ps+psG = 0, 

F^-p^ + x^Pi +P6^= 0, 

^8= JP4 + P5/^=0, 

where 0, H, p are functions of Xiy x^, x^, x^, x^ only. Also 



The right-hand side must vanish: it cannot vanish in virtue of 
i?\ = 0 , = 0 , F^ = 0 , because p^ occurs only in the term — jOg, while 

Pi and jOa do not occur ; and it does not vanish identically. Hence 
it is a new equation, and therefore the set of three equations is not 
complete. It therefore follows that, when (i^i, JF’ 2)==0 provides a 
new equation, the quantity A is not zero. 

Two cases occur for consideration when A is not zero, according 
as B does or does not vanish. 


Second Case. 


287. When B vanishes, the equation F^^O becomes = 0 : 
when this is used to modify the other equations, the system is 


where 


F I — Pi +^ 4 ^ (^Xi, X 2 , Xg, X^f Xa, TfC) — 0 , 
F 2 ■!“ pJ^ {f^if ^4t 

F.^Ps = 0 , 

Ps = mp^. 


As the system is to be complete, the necessary conditions must be 
satisfied. From (Fi, F^) = 0 , we have 


firom (F 2 , Fj) =s 0, we have 


dxt 


= 0 ; 
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and from (Fi, = 0 , we have (after an easy reduction) 

dH dG dG djO.H) d(G,H ) 

dxi dx2 dx^ dx^ d{x^ym) 0 (a?6, m) 

It follows that both F and 0 are explicitly free from x ^ : and the 
last equation shews, that either G or H may be arbitrarily assumed 
(subject to the non-occurrence of ^ 3 ), and that the other is deter- 
minable as an integral of an equation of the first order, though the 
explicit form of this integral will be affected by the form adopted 
for the other quantity. Thus, assuming 0 assigned, the equation is 

dxi V ^ dm) 0 a ?4 dm dx^ \ dx^ dxj dm 

dx,dx2^ 

for the determination of jET, we should require integrals of the 
system 

, dx^ _ dx^ dm dH 

^ dO dG dG dG zrdG dG' 

G — m:^ rffi 4 . 

07/1 07/1- 0^4 dXf^ dx^ dx^ 


Ex. 1. 


A set of cases is provided by taking 


Qwss 


dxi ’ 




dxo' 


where 0 is any function of ^ 1 , 572 , m. The equations are 

7^3=y>s =0, 

Fi==Pi+Pt ^=0, 

^3“f’2+/>4 0^=O. 

Evidently 

{Fry Pi)^0y {Fry P6)=0, 

for r=l, 2, 3; hence and jOs are two independent integrals of the system. 
Accordingly, we take 

■fi-O, /’a-O, y)4=a, pt=b, 

where a and h are constants ; and then 

34 (»!■ ^ 2 . H (^l > ® 2 , I) 

- a ^ - dxi-a ^ dx 2 +adx 4 +bdxi, 


(^ly j?2, +aa?4+6d75+c. 


so that 
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Now «=0 is the intermediate integral: hence 

or, in the other notation, 

^ + a^+/3=<#»(^,2^, a), 
where a and ^ are arbitrary constants. 

The equations of the characteristic are 

dx dy dp dq 

T 

dx 0y 

and 

dp—rdx-\-8dyy dq^8dx-\’tdy \ 

consequently. 


The required differential equation of the second order is given by eliminating 
a between these equations. 

A general intermediate integral is given by the elimination of a between 
the equations 

p + ag + ylr(a)=(/)(x, yy a) ' 

yfr being an arbitrary function. To proceed to the primitive, we take p and q 
in the forms 


and then the relation 




pdx+qdy 


must be an exact differential. That this may be the case, a must be such a 
function of x and y that 

dy'^dx^ 

that is, 

3^6 /926 , ,A 9a 06 d^(f> / , „ 0®0\ 0a 

dxha \0a* ^ ) dx^ dy ° dyda daydy * 

or, what is the same thing, 

00 0*0 0*0 

0a , 0a dy ^dyda dxda 



0o* ^ 
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say. When the form of (ft is given, we have an equation for the determination 
of a : the most general value can be obtained by Lagrange’s method of 
integration. We construct the equations 

dy da 

if two integrals are 

6 (Xf a)— constant, 

X (^, y, a) = constant, 

the most general value of a is given by the elimination of ^ between the 
equations 

where /is arbitrary. We combine these with 

we substitute in 

dz=:pdx+qdy 

and effect the quadrature : the result is the general primitive of the differential 
equation, for it involves two arbitrary functions / and 


Ex. 2. A simple example arises by taking 

y, a)^xya) 

and then the general intermediate integral is given by 
p-\raq'¥^ (a)^xya) 
q-hf'(a)^xy ) 

Hence 

p-ar/r'-f, q^xy-rl^'; 

and now the argument a of yj/" must be such as to make 

pdx-i-qdy 


an exact differential : hence 




, ^a , „ da 

-'I' 


The most general value of a satisfying this relation is found by Lagrange’s 
rule : it is easily proved to be the result of eliminating jS between the two 
equations 

y*=2a>/r'-2^ + 2A 

"^"da 


-/'(«+/- 


where ^ is to be regarded as a constant during the quadrature that occurs 
in X, and / is an arbitrary function. 


Again, we have 


d {px - z) =^xdp — qdy 

=a7((fjP-yrfy) + V^Wy 
= ^xdl3 + ylr'dy: 
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substituting for x and for rfy, and rearranging, we have 
d {px - 2 + /(j3)} — Ada^r Bd^, 


where 


A=- 


(2a^' 






^ f y\t”da 

J (2aylr'—2yl/’\ 


(2aylr' - 2^ + 2^)* J (2a f' - 2^ + 2/3)^ ’ 

and, in B, the quantity ^ during the quadrature is constant, becoming para- 
metric after the quadrature has been effected. We at once verify that 

dA dJB 

0^ " 0a ’ 

BO that the right-hand side of the differential relation is a perfect differential : 
the result of quadrature can be expressed in the form 

a\f/‘'ylr"da 


h 


(2aV^'-2^ + 2^)i* 

(3 being kept constant during the integration expressed in the result. 
Gathering together the various equations, we have 
p==af-\lf, 
q=xp-f'. 


^2a-.2a^' — 2^-f 2)3, 


^=f(fi )+( — ^ 

J(2af'-2 


'da 

-2^ + 2^)^' 


z-px=f{fi) 


■h 


aylr'yj^''da 


' (2aylr'-2f + 2/3)^' 

where the two quadratures (in which /3 is to be kept unvarying) can be 
regarded as explicitly possible. The differential equation of the second 
order, of which this aggregate of equations constitutes the general primitive, 
is given by eliminating a between the equations 

r4-«a=ya| 
s i-ia^xa) 

that is, it is 

ri-s^-rx-hsy^O. 

Its general intermediate integral is given by 

p+aj+f(o)=a2^a, ?+f'(a)=a2'. 

that IS, 

p=f(.q-^)- 


Ex, 3. Obtain a general intermediate integral of the equation 
in the form 

p>BB2aX^ ^ a^q+2ylr (a)) , 

0=07^ — ay (a) ; 

and deduce the primitive. (Ampere ; Goursat.) 
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Ex. 4. Integrate the equation 

{rt - «*) {ix — yt ) + (ay - rx)^ *= 0. 

Ex. 6. Another class of equations having intermediate integrals is pro- 
vided by assuming 

^_dF{xi, ^ 2 , w) 

dxi » 

^ a?2 , 

aar2 * 


when we denote mhy x^^ and write 


dH^ , 


the equations to determine H* are 


The two equations are a complete Jacobian system : there are six independent 
variables in the construction of H\ viz., Xi, x^t x^y Xiy x^^ x^: and therefore 
there are four algebraically independent integrals common to the two equations. 
These are easily found to be 

and therefore we can take 

H'.4,{xu X,) 

E. 9^ \ 

P-F+^^, q-^, mj. 

where ^ is any arbitrary function of its four possible arguments. 

With this value of AT", the conditions for the completeness of the system 

-^i='Pi+i>4^=0 
F j =jP3 = 0 - 

are satisfied: it therefore possesses two common integrals, which can be 
deduced by the usual processes, and the forms of which will be affected 
by the form of 

Let t4a:0 be the most general intermediate integral; its characteristic is 

dx dy ^ ^ 

^“^6* Pi “ft’ 

dy^mdx^ 
dp^Odx, 
dq^Udx : 


so that 
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hence 


r4-«wi==<7 


ZF{x, y, m) 


da 


dy 


The elimination of m between these two equations leads to the required 
equation of the second order. 


Third Case. 


288 . Passing to the alternative case, suppose that B does not 
vanish ; then, as B is homogeneous of the first order in p 4 and jpg, it 
can be expressed in the form 

pji(xy^y ^ 2 , ^ 3 , ^ 4 , ^ 6 > ^); 

and so the system of equations is transformable to 

^i=Pi + jP4/(^i, ^2, ^3, «?4, ajg, 

(iPi, ^4, ^5, m) = 0 

F I “ P^ "f” Pih (^Xlf X^y X^y X^f X^y TtV^ = Oj 
where, as before, 

P 5 = mp 4 . 

The system is to be complete, and the necessary conditions must 
be satisfied. From (Fi, F^) = 0, we have 

+ Jf -0- 

dxi dx2 *' dx4 ^ dx4 d{m, x^ d (m, Xg) 

from (Fiy Fs) = 0, we have 

dh dg dh ydg 3 {g, h) 3 (or, h) ^ 

0x2 dx^ 0X4 0X4 a (m, X4) 3 (m, Xg) 

and from (Fg, Fi) = 0, we have 


0*8 


3 xi 3x4 3x4 3 {rriy x^ 3 (m, x^ 


and each of these three conditions must be satisfied identically. 
They may be regarded as three simultaneous equations of the 
first order, for the determination of /, g, h. 
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Ex. 1. One simple set of cases is easily obtained. Let a'a, ^3, m) 
denote any function of xx^x^^x^^m'. then the three conditions are satisfied 
by taking 

. x^^ 0 : 3 , m) 


^ ^ 2 , ^ 3 , wi) 


dG(xx^ a?2, Xs, m) 


Assuming these to be the values of fjg,k, we find 

(F„ Pt).=0, (Fr, P6)=0, 

for r=l, 2, 3 : so that and p^ are independent integrals of the system. 
We therefore take 


and then, as 


we have 


Fi^O, Fi=0, F3=0, pi=a, pi=b; 


du= "2. PndXny 

W=1 

i:=^aF(xiy X2, Xsy + 


The intermediate integral is ^=0; hence, returning to the earlier notation, 
it is 

p=F(x, p, z, a)-aq+?. 

The characteristic of this equation of the first order is given by 
dx dy dp dq 

bx'^P dz cly'*'?02 

that is, by 

dy^adx, 

rdx+,dy=(^^+p^-lyx, 

»dx+tdy=(^+q : 

and therefore the differential equation of the second order is obtained by 
eliminating a between the two equations 

dF dF\ 

r+>a=^x^p^ 

where denotes F{x^ y, 2 , m). 

The general intermediate integral is given by 
p^F(x, y, e, a)-aq + e{a) 

0J^^-q + ff(a) I’ 
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where $ (a) is an arbitrary function. From this equation, we can proceed to 
the primitive by a process similar to that in § 287, Ex. 1. 

Es. 2. Obtain an intermediate integral of the equation 

(rt - z — (rt - 8^) (qh - 2pqs + qh'S - jog- (r^ + «*) = 0, 

in the form 

abz-\-ap’{-bq^l ; 

and find the general primitive. 

Ex. 3. Obtain an intermediate integral of the equation 

qhs^pq (f’t + «*) -hp^st -tpq — qxr -^{px -Vyq) 8 + pyt, 

in the form 

pq-ax-~-by+ab=iO ; 
and find the general primitive. 

Ex. 4. Integrate the equation 

{rt — «2)2 = (jqr - ps^ -\-{q8- pif. 


Remaining Cases. 

289. The remaining case, in which jF’i = 0 and = 0 can be a 
complete system only if two other equations are associated with 
them, is comparatively unimportant. There is only a single 
integral of that complete system : and so the intermediate integral, 
which is being sought, contains only a single constant. When 
resolved with respect to this constant, the intermediate integral 
has the form 

v==v(x, y, Zy p, q)^a. 

Let this equation of the first order be integrated so as to obtain 
its complete primitive, which will contain two additional constants 
and can have a form 

f{x, y, Zy a, hy c)=0. 

It may be possible to generalise this by means of Imschenetsky's 
process and to construct a general integral involving two arbitrary 
functions. 

The significance of the integral and of the various equations is 
limited by the fact that, in reality, the intermediate integral 
leads to a couple of equations of the second order, viz, 

V* -b rvp 4 - svq « 0, Vy H- tVq^Oy 

neither of which contains any arbitrary element: the integrals 
cannot be regarded as belonging to either equation alone. 
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290 . We now have to deal with the alternative, left over 
from § 282, in which the requirement, that the equations 

/= 0, % + rUp -f SUq = 0, Uy + SUp + tUq = 0, 

shall be indeterminate so far as concerns r, s, t, leads to three 
algebraically independent relations. These relations are homo- 
geneous in Ux. Uy, Up, Uq\ when resolved, they yield a set (or 
a number of sets) of relations of the type 

% + Uqp = 

Uy + Uq<T = 
lip + UqT = 

where p, or, t are functions of x, y, z, p, q alone. 

It may be at once noted that f— 0 is not the only equation of 
the second order which arises in connection with the intermediate 
integral : in fact, 

p -h t'T — s = 0 

<r + 5T — < = 0 

are a couple of equations, with which /== 0 is not inconsistent 
and which actually are of the second order. Hence the integral, 
when it exists, cannot be regarded as belonging to either equation 
alone; and this alternative case accordingly does not demand 
further consideration. 



Ex. 1. Consider the equation 

rt - - ^«ib0, 

propounded by Ampere at the end of the first of the memoirs quoted in 
Chapter xvii. 

The necessary conditions for the possession of an intermediate integral 
are three : viz. 


tixUy 

UpUq 



V 

These resolve themselves into the two sets 
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where t is ± 1 ; and it is easy to prove that, in addition to the given 
equation, these require 

The original equation can only have integrals in finite form free from 
partial quadratures when they satisfy the last equation also (see § 183, 
Ex. 3). 

The discussion of these simultaneous equations of the second order by 
the method of Vdlyi (§ 263) is left as an exercise. 

Ex. 2. The equations 

y, 2 , p, q, 3)=0, t+g(Xy y, 2 , p, q, «)=0, 

are a system in involution (§ 263) : shew that they possess a common 
characteristic, the equations of which are 



Indicate a mode of deducing an integral surface from the integrated equations 
of the characteristic. (Lie ; Goursat.) 



CHAPTER XXI. 


General Transformation of Equations of the 
Second Order. 


As indicated at the beginning of the present chapter, the general theory 
of the transformation of partial equations of order higher than the first has 
been only slightly developed. Such developments as have been effected 
are concerned with equations of the second order in two independent 
variables : and they are chiefly associated with geometrical pro^jerties or 
interpretations. The discussion in the present chapter relates to matters 
that had their origin in some investigations by Backlund, upon simultaneous 
partial equations of the first order in two dependent variables*, and upon 
the theory of the transformation of surfaces in ordinary space t. For the 
contents of the chapter, reference may be made to these memoirs by Back- 
lund, to Goursat’s discussions J of the matter, and to a thesis § by Clairin 
where other references are given. 

Processes of Transformation for Equations of the 
Second Order. 

291 . Before concluding the discussion of equations of the 
second order in one dependent variable and two independent 
variables, it is natural to consider those processes of transformation 
which can be used in connection with such equations. We have 
seen how Lie’s theory of contact-transformations not merely 
elucidates the consideration of equations of the first order but 
actually provides a method of constructing various classes of 

* Math, Am., t. xvn (1880), pp. 286—328. 

t Math. Ann., t. xix (1882), pp. 387 — 422. 

X In Chapter ix of his *‘Lecons sur Fint^gration des Equations aux d4rir^es 
partielles du second ordre,” and in a memoir, Annates de Toulouse, 2« S^r., t. iv 
(1902), pp. 299—340. 

§ Ann. de V Nicole Norm. Sup., 8« S6r., t. xix (1902), Supplement. 
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integrals of such an equation. Again, Laplace’s process of solving 
a linear equation of the second order (as expounded in Chapter xiii) 
is really a process of transformation : and other cases have arisen 
in which transformations, perhaps depending upon the form of 
particular equations or particular classes of equations, have been 
used. Such instances raise obvious questions as to what is the 
most general type of these transformations and as to how far they 
are, or can be made, effective in throwing fresh light either upon 
the construction of the integrals or upon the general theory. 

It may at once be stated that such results, as have been 
obtained, do not constitute a theory of nearly the same important 
range for equations of the second order as does Lie’s theory of 
contact-transformations for equations of the first order: that, in 
their present development, they are connected with equations in 
only two independent variables: and that they apply only to 
equations of the Monge-Ampere form and, even so, not to the 
most general equations of that form. A comparatively brief sketch 
of the investigations already achieved will suffice to give an indi- 
cation of their range and their significance. 

Perhaps the simplest mode of initiating the discussion is to 
propound the question as one concerned with the transformation of 
surfaces in ordinary space. In accordance with the now familiar 
notions of Lie’s theory, let x, y, z, p, q denote an element of any 
surface, and x\ y\ z\ p\ q denote an element of any other surface. 
In order to connect the two elements completely though not 
uniquely, it is necessary (but not unconditionally sufficient) to have 
five distinct equations connecting the two sets of variables. But, as 
each set of five variables is to define an element of a surface, we 
have the Pfaffian relations 

dz = pdx + q dy, dz' = p'dx' + q'dy ' ; 

and therefore, if we are seeking the equations which are sufficient 
to determine an element of one surface corresponding to any given 
element of the other, we need take only four distinct equations, 
provided regard is paid to the Pfaffian relation. Accordingly, we 
shall take four equations of a form 

K (^, y, A p> q, y\ z\ p\ = 0, 

for n = 1, 2, 3, 4 ; and it will be assumed that the four equations 
are independent of one another. 
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A CRITICAL Relation. 

292. These four equations do undoub^dly make surface- 
elements in the different spaces correspond with one another : no 
conditions are required. But if, instead of securing the corre- 
spondence of elements, it is desired that the equations should 
secure that a surface or surfaces in one space should correspond 
with a surface or surfaces in the other, an inquiry into the circum- 
stances of the correspondence is needed : and it is conceivable that 
conditions may emerge limiting the correspondence. On the other 
hand, there should survive a generality in the results which arises 
from a different cause ; for when two surfaces correspond, an un- 
limited number must correspond arising through the application, 
to both surfaces, of general contact-transformations. The latter 
generality will so far be discounted by declaring that, for the 
present purpose, surfaces transformable into one another by Lie's 
contact-transformations are equivalent to one another. 

As the four equations are independent of one another, we shall 
consider them resoluble so as to express four out of the five 
variables x\ y\ /, p', g', in terms of the remaining quantities that 
occur. The preceding explanations shew that contact-transfor- 
mations can be applied to both elements without affecting the 
immediate issue ; we may therefore suppose that the four equations 
have been resolved so as to express x\ y\ q\ in forms 

x'^X(x, y, = 

y':=Y{x,y,z,p,q, z')^Y 
p'^P(x,y,z,p, q,z)^P 
q^Q (x, y, z, p, q, z')^Q ^ 

A simpler form would arise, if Z, F, P, Q were explicitly inde- 
pendent of /; for the present, however, the more general form 
will be’ used. 

We have to determine the surface or surfaces in the set 
Vt Pi 3 which, through the above equations, lead to corre- 
sponding surfaces in the set x\ y', z\ p\ q\ In order that the 
latter set of variables, when varying continuously, may determine 
a surface, the relation 

dz' --p'dx' — q'dy* = 0 
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must be satisfied. When the values of x\ y\ p\ q' are substituted 
and the terms in the same differentials are collected, this relation 
becomes 

Ad/ + (B + Dr + Es) doc (C Ds + Et) dy = 0, 

where 




(dY , dY\ 

^ dz] 


dX , dX\,^fdY, dY\ 

dx^ az\ „/SF, aF\ 


Now the integral equivalent of the differential relation is to consist 
of a single equation ; hence the relation must be integrable. The 
necessary and sufficient condition of integrability is 

A\^(B + Dr + Es)-^(C + Ds + Et)\ 


+ (B + Dr + Es)^^,(0 + Ds + Et)-^'^ 

+ (G+Ds + Et) 1 (B + Dr + Zs)} = 0, 

where 

dA dA dA dA dA 

dx dx ^ dp dq' 

dA_dA dA dA dA 

dy dy ^ dz ^ ^ dp ^ dq * 

and similarly for the derivatives of the other quantities. It is 
easy to see that, in this equation, the derivatives of z of the third 
order disappear : and the condition becomes 


U {rt — s^) -f -Rr + 288 + K + F = 0, 


dJD^d^ 

dp, 




__d_A\ 
d/ dq ) ’ 


and so for other coefficients: the quantities U, R, 8, Ty V can 
involve a?, y, Zy py 5', z'y but they do not involve derivatives of z 
which are of the second order. 
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293. In the first place, suppose that z does occur in the con- 
ditional equation; then the equation provides a value of z' in 
terms of the other quantities that occur, viz., x, y, z, p, q, r, «, L 
Let this value be substituted in the initial form 


A.dz + {B q- Dv •+• Es^ dx 4 * (G - 4 - Ds + Et ) dy =» 0 
of the differential relation, which may be written 
ad/ /Sdo? + r^dy = 0, 
more briefly ; the result of substitution is 

dz* dz' 

where - 7 - and -j- are the complete derivatives of the value of z\ 
dx dy ^ 

Consequently, z satisfies the equations 

dz ^ ^ dz ^ 

+ ^ = + ^ = 

which are two equations of the third order. 


These two equations, while distinct from one another, are com- 
patible with one another in virtue of the original condition of 
integrability. For, when complete derivatives with regard to y 
and to X are taken of the two equations respectively, they give 


^ dxdy ^ \ 0 y dz' dy) dx dy dz' dy ^ * 

^ dxdy dz' dx) dy dx dz' dx ’ 

subtracting, and substituting from the equations for the first 
derivatives of z' that have remained, we find 



which is the condition of integrability, known to be satisfied. 

Hence the two equations have integrals in common. To deter- 
mine the amount of arbitrary element that occurs in the most 
general common integral, we can proceed on the basis of the 
existence-theorems as discussed in Chapter ii. Most simply, let 
initial values ^o(y)> when a 7 = a, be assigned to z,p, r,. 
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03 ^ 03 ^ 

respectively ; then the values of and ^ , when ar = a, can be 
regarded as known, and the two equations of the third order can 

, that is, as deter- 


08 ^ 08 ^ 

then be regarded as determining and g— g- 




mining and 


d^z 


when ^ = a. Eliminating g~ between them, 

we have an ordinary differential equation of the first order for the 
determination of (f )^ : the integral of such an equation contains a 
single arbitrary element. Consequently, when values are assigned 
to z and p, the two differential equations possess a simple infinitude 
of common integrals. Taking the initial conditions more generally 
as in §§ 24, 178, we can say that the two equations of the third 
order determine a simple infinitude of surfaces, which satisfy 
them and which touch a given developable along a given curve. 


To each such surface of elements x, y, z, p, q, there corresponds 
a single /-surface ; for z is known in terms of z and its derivatives, 
that is, z is known as a function of x and y. 


Hence, on the present assumption, there is a simple infinitude 
of ^r-surfaces touching a given developable along a given curve ; to 
each of them there corresponds a single /-surface. 


294. In the second place, suppose that / does not occur in 
the conditional equation 

U (rt — 5*) + Rr -f 2Ss Tt’\‘ V=^0; 

the latter equation is then of the Monge- Ampere form and it 
serves to determine z. When a value of z satisfying this equation 
is substituted in the relation 

A-dzf -f- (JB 4 “ Dr -f Es^ dx 4- ((7 -f- Ds 4" Ef) dy = 0, 

the latter equation is integrable by a single integral equation 
which involves an arbitrary constant. We thus obtain a simple 
infinitude of surfaces in the set x\ y\ z\ p\ q\ corresponding to a 
single surface in the set x, y, z, p, q : and the single surfiice is an 
integral of an equation of the second order. 

This result will always arise when the four equations of the 
transformation either do not involve / explicitly, or can be changed, 
by a contact transformation, so as not to involve / explicitly : when 
either condition is satisfied, we shall clearly have the simplest 
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comprehensive set of transformations. The character of the Monge- 
Ampere equation, which has been obtained, will be discussed 
almost immediately. 

It is to be remarked that, in both the preceding hypotheses as 
to the form of the conditional equation, the quantity A is tacitly 
assumed to be different from zero. The general value of A is 


pdX dY 


and the tacit assumption will be justified, if neither X nor F 
involves /. If however A should vanish, the conditional relation 
becomes 

(H + Dv + JEs^ dx + (0 + Ds + Et) dy = 0, 
and the condition of integrability can be taken to be 

dz' -h jDr + Es) 


but the resulting integrated equation will be ineffective, because 
the arbitrary quantity which arises in the quadrature is a constant, 
so that the equation will not involve z'. 

The relation can, however, be satisfied by taking 
E 4" Dv 4” Es = 0, 

G 4" Ds 4” Et “ 0 j 

these two conditions lead, on the elimination of z\ to an equation 
of the second order 

f{x, y, -s:, p, q, r, s, t) = 0: 

and then, when z is determined so as to be an integral of this 
equation, either of the conditions will serve to determine z in terms 
of Xy y, Zy py q. Usually this determination of / will be unique, so 
that then a single surface in the set x, y, z\ p\ q' corresponds to 
each surface in the set Xy y, z, py qy arising as an integral of the 
equation /=0. 

As the equation /= 0 arises from the elimination of z' between 
two equations that are linear in r, s, ty it is not an equation of quite 
general form: when we regard r, 8, ^ as the non-homogeneous 
coordinates of a point in a new space, the equation represents a 
ruled surface having generators parallel to those of the cone 
rt’^s^=0, so that the differential equation /=0 possesses a 
system of characteristics of the first order. 
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Ex. Shew that, when the four equations 


are not resolved so as to express x\ y, jo', q' in terms of the other variables, 
the equation of the second order (which is the condition of integrability for 
the differential relation dz' daf dy') can be expressed in the form 


(12) [34]+(13) [42]4-(14) [23] + (34) [12j + (42) [13]+(23) [14]=0, 


where 



dFi 


dx dy dx dy * 

and where 

d 

dx^ “bx ^ dz ^ dp ^ dq^ 


d 

dy~ dy ^ dz^ ^ dp dq" 

(Backlund, Darboux.) 


Backlund Transfoemations. 

295 . It thus appears that, when the transformations 

K {«:, y, p, q, n!, if, 4) = o, 

for n = 1, 2, 3, 4, are used so as to construct a surface or surfaces in 
the set Xy y\ z\ p\ ((y which correspond with a surface or surfaces 
in the set Xy y, ZyPy^y there are certain cases when the variable z 
is an integral of a partial differential equation of the second order 
having the form of the equations considered by Monge and by 
Ampere. Conversely, if we seek to construct a surface or surfaces 
in the set Xy y, Zy jo, g', which, under the same transformations, shall 
correspond with a surface or surfaces in the set x'y y\ z\ p\ q\ it 
may happen that the variable / is also an integral of a similar 
partial differential equation of the second order. 

When the variables z and z' thus separately satisfy partial 
equations of the second order, these equations can be regarded as 
transformable into one another by the four relations 

K («, y, SI, p, q, y', y, g') = o, 
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for n = 1 , 2, 3, 4. This set of four relations is usually called a 
Bdckliind transformation ^ because the properties were first dis- 
cussed in some of Backlund’s investigations*. 

As the transformations in question change, into one another, 
surfaces which are integrals of equations of the second order or 
(what is the same thing, when the geometrical link is dropped) 
transform equations of the second order into one another, it is 
important to obtain the limitations and the restrictions (if any) 
upon the equations, other than that of belonging to the Monge- 
Ampere type. Thus two questions arise for discussion at the 
outset. One is to determine whether a given Monge-Amp^re type 
admits a Backlund transformation : the other question is the 
construction of Backlund transformations in general. 


296 . It is easy to see that there are several kinds of Backlund 
transformations f, discriminated according to the correspondence of 
the surfaces. 


One kind of transformation arises when a single surface in one 
set of elements corresponds to only a single surface in the other 
set, and conversely. As there is only a single surface in z\ 
p'y q\ the quadrature of the relation 

dz' = p'dx' -f q'dy\ 


after it has been duly modified, does not occur for operation : and 
the condition 




is therefore satisfied. The equivalent condition, associated with 
the transformations in the form 


^n=0, 

forn = 1, 2, 3, 4, is that the Jacobian 

V w', y', p', q' ) 

dF dF 

should vanish, the oy'-derivatives being + and similarly 

for the y'-derivatives. 

* These are contained in the two memoirs in volumes xvii and xix of the 
MathematUche Annalen, which have already (p. 425 of this volume) been quoted. 

t The following classification is due to Clairin, Ann. de VJ^c. Norm., 3* S5r., 
t. XIX (1902), Supplement, p. 15. 
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Another kind of transformation arises, when a single surface in 
one set of elements corresponds to a single surface in the other 
set, while to the single surface in the latter set there corresponds 
a simple infinitude of surfaces in the former. 

A third kind of transformation arises when, to each surface in 
either set of elements, there corresponds a simple infinitude of 
surfaces in the other. 


Ex. 1. Prove that if two surfaces, arising as integrals of equations of 
the second order, correspond to one another under a B^klund transfor- 
mation, their characteristics also correspond to one another. (Gk)ursat.) 


Ex. 2. Prove that the equations 


dw 


—+p-q^q, 


where is a function of xf and y only, constitute a Backlund transformation ; 
and obtain the equations of the second order satisfied by z and / respectively. 

(Cosserat, Goursat.) 

Ex. 3. Discuss the transformation constituted by the equations 

where is a function of xf and y' only. (Goursat.) 


297. A question next arises as to the degree of generality 
possessed by the equations of the Monge-Amp^re form, which arise 
in connection with a Backlund transformation: does a perfectly 
general equation of that form necessarily admit such a trans- 
formation ? It will be seen that the answer is in the negative. 

It has appeared that the equations of the transformation may 
be taken in the form 

= p=P, 

where Z, F, P, Q are functions of x, y, z, p, q, and of z\ All the 
analysis is much more complicated when / occurs explicitly in 
these functions : we shall therefore be content to deal with those 
transformations of the equations which are such that / does not 
occur explicitly in the functions Z, F, P, Q. 

Proceeding to consider in detail the simplest form of the 
original equations when they do not explicitly involve z\ so that 
the equation 
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does not explicitly involve z\ we see at once that 

and we easily find the coefficients U, R, S, T, V, in the preceding 
equations, to be 

_ /X.P\ /Y.Q\ dD dG 


\p,y} \p,y) dy dp 

(P.x^ (Q,Y\_dB_dE 

\q,x)\q,xj dq dx 

(P,X\ tQ,Y^_^dB dC 
\y,x)\y,xj dy dx 


dp dq dx dy 


where, as usual, 


(— ) = 
\P>9/ 

(^) = 
\p,y J 


P\ 

q ) dp dq dq dp ’ 
P\ 

y)~ dp dy dy dp ’ 

9 . 

dx dx ^dz’ 


U' 1/1/ 

dy dy ^ dz* 

and so for the other combinations. The quantities B, (7, D, E are 
the forms of the coefficients of the equation of § 292, simplified 
by the non-occurrence of z\ so that they are 
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the equations of transformation themselves being 
x' = X {x, y, z,p,q) = X' 
yf=Y{x, y, z,p, q)=: Y 

- • 

p'^P (x, y, p,q) = F 

The new form of the relation, by hypothesis, does not involve / : 
therefore either it is identically satisfied, or it is an equation of 
the second order for the determination of z. 


Significance of the Critical Relation. 


298. In the first place, suppose that the conditional relation 
is identically satisfied : in that case, each coefficient in the relation 
must vanish. As U then vanishes, we have 


dD^dE_ 

dq 


and therefore we may take 






where, so far as D and E are concerned, 6 can be any function of 
X, y, z, p, q. Next, because R vanishes, we have 


dp dy ^ dz) dp 

~dp\dy'^^dz)’ 

and therefore 

dO , . \ 


where, so far as 0 is concerned, <l> is an arbitrary function of the 
arguments indicated. Similarly, fi’om the vanishing of T, we find 

^ d0 
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where, so far as 5 is concerned, is an arbitrary function. When 
these values are substituted in the expression for S, and when 
account is taken of the fact that 8 vanishes, we find 


drir _ d<f) 
dp dg ’ 

as q cannot occur on the left-hand side nor p on the right, we 
clearly have 


where, so far as concerns 5,^, the quantities H, iT, Z, are functions 
of the variables x, y, z only. Lastly, because V vanishes, we have 


that is. 


Hence 


dyfr d<j> 
dy ^ dx' 


dH dH dL di 





dK 

dx 


+p 


dji 

dz ■ 


dJ£^dL_ 

dy dz ’ dz dx ’ dx dy ’ 


and therefore some function I of x, y, z exists, such that 


TJ-^I T-^I 

^~dz’ ^~dy’ ^~dx' 

Consequently, 

<f, = qH + K=^^, ^f>' = pH + L 

and therefore, if 

we have 


dx^ 


so that 


Again, 


^'^dx^ ^'^dy^ 

Bdx + Ody + Bdp + Edq 

= d@ - {dz — pdx -- qdy). 


p'dx 4* q'dy' 

= + Gdy+ Ddp +Edq + (^P^ + Q —^dz -pdx -qdy), 
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and therefore 

dB -pW-q'dy' = ^ ~ ^ 

Accordingly, we take 

/ = 0 ; 

and this equation, together with the four initial equations 

defines a contact-transformation which, as is known, changes every 
surface into some other surface. 

It has already been declared that surfaces, which are trans- 
formable into one another by contact-transformations, are to be 
regarded as equivalent to one another for the present purpose. 
Consequently, the case, when the equation 

I7(r< - «*) + jRr 4* 2Ss+ 2Y + 7 = 0 

is identically satisfied, provides no new or independent transform- 
ations. 

299. In the next place, suppose that the relation is satisfied, 
though not identically; then it is an equation of the Monge- 
Ampire form which serves to determine z. We proceed to shew 
that this equation is not perfectly general: that is, we cannot 
assume that any postulated equation of the form can be associated 
with a Backlund transformation. 

To justify this statement, two forms of equation will be con- 
sidered, according as the term in rt — a® is present or is absent. 
First, suppose the term in rf — to be present : then the equation 
may be taken 

— s* + ar+6s + ci-|-e = 0, 

where a, b,c,e are functions of x, y, z, p, q. If this equation is 
effectively the same as the equation which arises in the discussion 
of the Backlund transformations, a quantity fi must exist, such 
that 

U^fi, 28 Fs*/i6. 
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The equations for the determination of /a, B, G, D, E are 

_0i) dE 
^ dq dp’ 

dD dC 
^ dy dp’ 

dE 


, dB dC dD 

dB dE 
^ dq dx ’ 

^ dy dx’ 


dx^ dy’ 


five equations for five quantities. Let a new variable 6, an unknown 
function of x, y, z, p, q, be introduced by the relation 

W 

dq’ 

and let other unknown quantities be introduced by the relations 

dd 


E^ 


B. 


dx 


+ Br, 


C^^ + G', 

dy 

D = ^ + D'. 

dp 


The foregoing equations become 

dD' 





dD 

dG' 



dp * 


, dB' 

dG' 

dD' 

dq 

dx 

dF 






dff 



dy' 

dx ‘ 



We still have five equations, but they now involve explicitly only 
four unknown quantities /i, G\ D * : and 0 remains undetermined. 
Manifestly, all the equations cannot be satisfied simultaneously 
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unless certain conditions are fulfilled : and therefore an arbitrarily 
postulated Monge- Ampere equation of the assumed form does not 
arise (and cannot be made to arise) through a Backlund trans- 
formation. 

Next, suppose that the postulated Monge- Ampere equation is 
devoid of the term in rt — so that it has the form 
ar 4- 4- e = 0. 

When we proceed as in the preceding case, the quantities B, 0, D, 
E, and an unknown multiplier X, must satisfy the equations 

dq dp ^ 
rfD dC 
dy dp^ 


.,_dB dC 
dp dq 


dx dy ’ 


The first of these is satisfied by taking 

dS de 

where 6 can be any function of x, y, z, p, q; and then, when we 
write 

r. dO .r,. 


C' = ^- + C", 
dy 


the remaining equations are 


Xa = ~ 


dp * 

d^_d^ 

dp dq ’ 

dq ’ 

^_dG^ 

dy dx 
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We thus have four equations for the determination of the three 
quantities B, G\ the variable 0 being left arbitrary : the equa- 
tions cannot be satisfied unconditionally. 

Hence any arbitrarily assumed Monge-Ampfere equation cannot 
be associated with a Backlund transformation. 


Ex. 1. Implicit functions Pand of p and of q respectively, are defined 
by the equations 

prove that the relations 

q=e *+>'+ 2 '+— — +1 

constitute a Backlund transformation connecting the eqtiations 

(x+.y) 2 =PQ, 




x-\-y {x-JtyT 
Discuss the relation of the integi*als of the equations. 


(Clairin.) 


Ex. 2. Prove that the equations 

«'=0, «+^e“*=0, 

are transformed into one another by the Backlund transformation 

(Clairin.) 


Ex. 3. 


Prove that the equation 
s 


p^z 


9 



can be changed to the equation by a Backlund transformation: and 
obtain the transformation. (Clairin.) 


Application to the Linear Equation. 

300. Consider the linear equation* 

s^ap + 0q + ryz-O, 

where a, y are functions of x and y only, so as to construct the 
Backlund transformations (if any) of the form 

af = x, if-y, /=P, g''=0, 
which can be associated with the equation. 

* The equation, in this connection, is discussed by Goursat, in the memoir 
quoted on p. 425. 
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With these assumptions as to the form of the transformation, 
we at once have (from § 292) the values of B, (7, JD, E in the form 

5 = a = i)=:0, £^«0. 

Thus the quantity 6 in the preceding investigation is a function of 
«?, y, and z only ; also 


so that 


5' = function of x,y,Zyp=^<f> {x, y, z, p), 
C' = function of x, y, z, q=^yjt (x, y, z, q). 


We then have 


Ti dO , . \ 

-P = ^ + 0 (a;, y. p), 


and the equations, to be satisfied by the functions <f> and are 

dp dq 

X(«p + ^y+7^) = g-g 

where \ is the (unknown) multiplier: these equations being 
satisfied consistently with the limitations imposed on the forms 
of and 


Writing 




we can take the equations as a set for the determination of in 
the form 

dp dq^ • 

dd> d^lr 
dy^dx^^* 

p.o. 

dq 
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The Jacobian conditions of coexistence of these three equations 
are 




dX ^d/M 

^ dy dp dz * 


0 


ss 


d^ dX 


d(f> __ d /dyjr\ dfi , 
dz ”” dq \dx) dq' 


in the first of these, regard has been paid to the fact that yjt is 
independent of p. In order that the last of them may coexist with 
the three equations which involve derivatives of we similarly 
have 

0-1 4. _ JL_ 

dz\d^)^dz dpdq \ dx) dpdq * 

0 — 1 (^] 4. — -1 11 — A. 

^dz\ dx) dz dy (0^ \da?/ j dy \dq) * 


^ dq'Kdx) 






0^/Lt 

0g* * 


We thus obtain five equations involving derivatives of yfr only: 
combining them with 

dyfr 
dp 


0. 


which is satisfied in virtue of the form of ylr, we see that the 
necessary and sufficient conditions for the coexistence of the whole 
set are 

dpdq 

dx [dqj dq^ * 
d ^X\ ^ d*/i 
dy \0p/ ^ 0p* ' 

dx d^fi 

dz ** 0p0^ ' 

dx ^ ^ /0/i-\ ^ ^ /0ft\ ^ dfi 
dxdy dx \dp) dy \dq) dz * 

The foi-m of X is already known, being 


dp dq' 
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where <f> is explicitly independent of q, and of p: this form 
satisfies the first of these equations. Also 

where a, /9, y are functions of w and y only. 

When these values are substituted in the fourth of these 
equations, we have 

d^<f) ^ 

dpdz ^ dp^ ~ dqdz ^ dq^ 

— 


where u is any function of x, y, z alone, because ff> is independent 
of q and of p. Hence 

+^u + v+/(x, y, f), 


where 


^ ^ ^ ^ y> '»?)> 


^^P + 0Z, 7 / = 9 + 02 :, 


V and w are any functions of x, y, z, and / and g are any functions 
of their arguments. With these values, the value of X is given by 


\ = 


af dv* 


When this value of X and the corresponding value of g, are 
substituted in the third of the equations, we find 




y/ 


We assume that the coefficient of z, which is one of the invariants 
of the linear equation, does not vanish : and then the preceding 
equation for / leads to the two equations 


9? 

0y 

dyd^^ 

9/ 


= 0 , 



r I -.V, I! 


Hence 



300.] 

where 


LINEAR EQUATIONS 


445 


dm ^ 

= 2aw, 

oy 

and I, m are functions of x and y only. 

Proceeding similarly with the second of the equations, and 

assuming that ^ — 7 (which is another invariant of the 

linear equation) does not vanish, we find 

dg ,, , 

^ = l -mv, 

where 


dr^ 

dx ' 


2/3m\ 


and m' are functions of x and y only. 
The value of X now is given by 


X = Z + — V + 

= mp 4- m!q + (tny9 + w'a) - 2 ^ + r?, 


say, where n is a function of x and y only, and 


dm 

dy 


= 2aw, 


dm' , 


When this value of X is substituted in the remaining equation^ 
viz. in 

dxdy "" dx \dp) ^ dy \dq) dz * 

we find 


dxdy 


{mfi + m'a) 


d d 


which must be satisfied in order that the term in z may vanish ; 
and 

d‘n _ d (wtt) 8 (n^) 

0a:ay“ 0® 0y 

in order that the terms independent of z, p, q may vanish: the 
terms in p and in g respectively are unconditionally evanescent. 
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Denoting the two invariants of the original equation by h and 
where 

and taking account of the equations satisfied by m and m', the first 
of the two preceding equations can be changed to the form 

dx oy 

It is to be noticed that the equation satisfied by n is the adjoint 
of the original equation. 

There are thus three equations in the two unknown quantities 
m and m': consequently, some condition must be satisfied. Let 


a 


dA 

dy^ 



where A can have as an arbitrary additive term any function of a*, 
and B can have as an arbitrary additive term any function of y : 
then 


where X and F are arbitrary functions of x and of y respectively, 
which may vanish but will not vanish in the most general case. 
Assuming that X and Y do not vanish, and absorbing the X into 
^ and the F into we can take 


m = m' = 

Substituting these values in the third equation which involves m 
and we have 

This relation involving the coefficients in the equation 


« -f op 4- ^3' + 7-8^ = 0 

must be satisfied, if the equation is to be capable of a Blk^klund 
transformation. 


It is to be noted that the three equations can be simultaneously 
satisfied by taking X and F both zero, so that m and wf vanish. 
In that case, we have 

X = n, 



TRANSFORMED 


447 


300.] 


where ?i, a function of x and y only, is an integral of the adjoint 
equation ,* and the equations for <f> and become 

M „ 

dp dq ’ 

It is easy to verify that possible values of <f> and yjr are given by 


where 


■f = u'q + z(^-na^ 


dx 

dy 


u — u = n, 


and 6 is any function of x,y,z\ and that then the transformation 
is given by 

x’^x, y' = y, />' = </>, = 

dn , 

z znb 

ox 

The explicit value of z' is known as soon as the values of z and 
n are known. 


^ + {nq + zna) . 


6 + zu 




Ex, Verify that a Backlund transformation of the preceding equation is 
given by 

and that another is given by 

ri—-np-vlhz^ 

^ ^ ^ \ dy) (Goursat.) 


301. The process adopted by Goursat for a determination of 
quantities ((> and which are to satisfy the equations 




fi=:X(ap + ^q-^yz)=^ 


d<l> dyfr 
dy dx * 


is as follows, on the assumption that \ is known. Take two par- 
ticular functions <f>i (a?, y, z, p) and (a?, y, z, q), such that 
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then 


dp ^ == 

where U is any function only of x, y, z, so that 


<f>=<t>i^Up+V, ylr::^yft,+ Uq+w, 

where F and W are functions only of w, y, z. When these values 
are substituted in the second equation, we have 


where 


dv dW^ fdu dW\ { 
dy dx ^\dy 


dz dx) 


P* 


Evidently p is a linear function 


d<l>i ^ dylr^ 
dy dx * 

of p and q ; and 


dy dz dp ' 
dz dx dq * 


dV dw dp 
dy dx ^ ^ dp 
p being determined by the equation 



^p d^p _ ^ 

dxdp dydq dz ^dpdz ^dqdz* 
or, what is the same thing, by the equation 


dx \dp) dy \dq/ 



When the value of p is substituted, we have 


A (^\ JL A 
dx\dp) dy\SqJ 


_ d* /d<f>i ^ dyfrA 
dz dxdy \ dq ) 


^ d^\ 
dxdy* 

one of the equations already (§ 300) known as one to be satisfied. 
Assuming the value of p to be such that this equation is satisfied, 
we see thafc the three equations in [7, F, TT are equivalent to a 
couple only, so that one of the three quantities P, F, W can be 
taken arbitrarily. Goursat takes 


Z7«0; 
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provided 


■by 




dp ^dq j \dxdp dydq, 


I dz 


dp dp 


The values of V and W (and therefore of <f> and >|r) will be known, 
if f and g are any two functions satisfying this last relation. 


When the particular form 

/[A = \ (op H- + fyz) 

is taken, so that \ is an integral of the equation adjoint to 
5 + ap + + 7-er = 0, 

and therefore can be regarded as a function of x and y only, we 
have first to obtain particular functions <^i and >/ri, such that 


001 9i/rj ^ 

dp dq 

Obviously we can take 


0i=J\p, yjr^^-^Xq; 

and then 

. / o . , d\ , d\ 

Making Zq = 0, we have 

and 

df dg r dp dp~\ 

Ty-i=V-^^-^rqU 

= 0 , 


.dS[ _dJB 
^ dx ' ^ dy * 


so that we can take 
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where H is an arbitrary function of x and y. The values of and 
yjr are 

earlier investigations shew that we can add ^ to p, and ^ to q, 
where ff is any function of x, y, z. 


Simultaneous Equations of the First Order. 

302 . In connection with these investigations upon the trans- 
formation of equations of the second order, it is worth while con- 
sidering another set of investigations on lines initiated by Backlund. 
Reference was made to them in the introductory note to Chapter XI ; 
they are concerned with the discussion of simultaneous equations 
of the first order, the number of dependent variables being equal 
to the number of equations. The simplest case arises when there 
are two simultaneous equations involving two dependent variables : 
denoting the latter by z and and their derivatives by p, q, p', q\ 
respectively, we may take the equations in the form 

/(x, y, z, z', p, q, p', 9 ') = 0 1 
g (x, y, z, z\ p, q, p', q') = 0) 

When these two equations /= 0 and ^ = 0, can be resolved 
algebraically for (say) p and q, the condition being that the Jacobian 
of / and g with regard to p and q does not vanish identically, the 
resolution leads to equations 

P’=Mo!,y,z,z:,p’,q)\ 

g y, p', in') ) 

Now we must have 

dp _ dq 
dy dx* 

where the respective derivatives of p and q are complete : hence 


‘ 4. /• 4. o' ^ 

^^^dz ^ ^ dz^ 


dp’ dq' 


~ a., +/» a. ^ aT' + * av > 
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being a relation which is linear in r\ s', t', and which, in general, 
involves x, y, z, /, p', g'. When z occurs, we can conceive this 
relation resolved so as to express z, in terms of the independent 
variables, of /, and of the derivatives of / up to the second order 
inclusive ; when the value of z so given is substituted in the given 
equations (or in their resolved equivalents), they become two 
equations of the third order for the determination of /. From the 
general theory we know that, unless the original equations cannot 
be resolved with respect to 'p and jp', or with respect to q and ([, 
they possess common integrals; consequently, the two equations 
of the third order which are satisfied by z' must be compatible with 
one another, and they must therefore lead to a value or values of z 
which involve (or may involve) arbitrary elements. To each such 
value of /, there corresponds the resolved value of as given 
above. 

If, however, it should happen that the relation, which expresses 
the condition 

dp ^dq 
dy'^ dx* 

should be explicitly free from z, then it becomes a single equation 
for z'y of the second order and linear. When a value of z' has been 
obtained satisfying this equation of the second order, and when it 
is substituted in the equations expressing p and q, then a process 
of quadrature leads to a value of z which involves an arbitrary 
constant. We may therefore infer that an infinitude of integrals 
z will correspond to a single integral /. 

Note. Exceptional cases arise when the relation, which ex- 
presses the condition 

dp _ dq 
dy^ dx* 

does not involve r', s', if ; that this may happen, we must have 

M_o M-0 

¥~ 9 ?'“ 'dp'~dq'- 

If the relation in this special event should involve z, then / satisfies 
two equations of the second order. If it should not involve z, then 
z' satisfies a single equation of the first order; and the relations 
between the integrals z and / are the same as in the more 
general event. 
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303 . When the two equations /= 0, ^ = 0, cannot be resolved 
algebraically for p and because the Jacobian of / and g with 
regard to p and q vanishes, either identically or in virtue of the 
two equations, then the elimination of p between the two equations 
compels the elimination of q also : the result of the elimination is 
an equation 

9 y, p, q) = 0 . 

If g involves 2 , we can imagine ^ = 0 resolved with regard to z ; 
and then the original equations can be replaced by a set (or by a 
number of sets) of equations of the form 

f(x, y, /, p, q, p\ q') = 0, 

2-9i {^>y> z\p\q')=^0. 

Substituting for z, we usually have an equation of the second order 
for the determination of z\ to every integral of that equation, 
there corresponds a single value of z. 

These are the results which arise from resolution of the two 
original equations with regard to p and q. The equations can 
equally be resolved with regard to p and or the resolution can 
equally fail : and there will be corresponding relations between the 
integrals z' and z. We thus have the same three kinds of pairs of 
equations as arise in the Backlund transformations; they are as 
follows : — 

(i) the equations may be such that an integral z corresponds 

to a single integral, and conversely : 

(ii) the equations may be such that a single integral of one 

equation corresponds to a single integral of the other, 
while a simple infinitude of integrals of that other cor- 
responds to a single integral of the first : 

(iii) the equations may be such that to each integral of either 

equation there corresponds a simple infinitude of in- 
tegrals of the other. 

In each case, the simple infinitude of integrals arises through 
the presence of an arbitrary parameter: and the equations are 
equations of the second order. 

Ex. 1. Of the first case, the general type is such that the two initial 
equations can be expressed in the form 

2 f^F{Xy y, ZyPy q)y 
z^Q{Xy y, p\ <i\ 
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where F and O are explicit functions : the elimination of either of the 
dependent variables leads to an equation of the second order for the determi- 
nation of the other. 

The best known instance is associated with Laplace’s linear equation, 
which is 

a, 6, c being functions of x and y only. When we take 
z'^q~\-az^ z"^p-\rhz^ 
we find, with the notation of Chapter xiii, 

hz + 62', kz — q” -1- az ” : 

then 2' and z" satisfy the respective equations 

a' -f 5=0, 

a" + a'*p” 4- h"q" + c"z" = 0, 

with definite values of a', 6', c', a", c". A single value of z and a single 

value of 2' correspond uniquely to one another : likewise for a single value of 
2 and a single value of 2". Hence a single value of 2' and a single value 
of 2^' correspond uniquely to one another through the medium of the unique 
corresponding 2 : but the analytical expression of the correspondence between 
2' and 2" is of a different character, for it involves derivatives of the second 
order. 


Ex, 2. In the equation 

+ + y, 2 , q, 0 = 0, 

the coefficients a and h are functions of x,, y^ z,, q \ shew that, if 


where is any integral of 


z'^<t>(x, y, 2, q\ 


Cq 


a 


d(f> 

02 


= 0 , 


2' satisfies an equation of the second order. Shew also that each integral of 
either equation corresponds to only a single integral of the other. 

(Teixeira.) 


Ex. 3 . Of the second kind of correspondence in the text, a type is 
represented by a couple of equations 

«=/(^. y. y. ?'). 

y, p, q, z!, p', q'), 

these equations being supposed resoluble wuth regard to p' and q\ in a 
form 

p'~F{x, y, !, p, q, z'), 
q'= 0 {x, y, z, p, q, z'). 


It is clear that 2' satisfies an equation of the second order : if the relation 

dF dO 
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does not contain / (and this will be assumed to be the fact), then z also 
satisfies an equation of the second order. To eaoh integral ^ there corre- 
sponds one, and only one, integral z : to each integral z^ there corresponds 
a simple infinitude of integrals z\ 

The simplest set of cases is given by the equations 

*=/(^. y. p'< ?*). 

0-9 (.‘e, y, p, q, p', ?'), 

the Jacobian of / and g with respect to p' and ^ being supposed not to 
vanish. 

Ex, 4. Of the third kind of correspondence in the text, a type is 
represented by a couple of equations 

/(^, y. p< q, p\ q')-o, 
y(^. y. p. ?. p'< ^)=o, 

when they can be resolved with respect to p and and also with respect to 
p* and q ' : the sufficient condition is that neither of the Jacobians 



should vanish. 

It is easy to see that z and / both satisfy equations of the second order. 
To each integral z\ there corresponds a simple infinitude of integrals z ; and 
to each integral there corresponds a simple infinitude of integrals /. 

Ex. 5. Discuss the character of the correspondence of the integrals 
of the equations 

p-^p'^«in{z-2^\ 

9 '-^'= sin {«+/), 

being equations connected with surfaces of constant curvature. Obtain 
integrals z and sf, which are functions of only; and interpret the 

results. (Biancni ; Darboux.) 

Ex, 6. Shew that every equation f{x^ y, «, p, q^ r, s, ^)«0 of the second 
order which, under the transfonnation 

^-q, 

leads to an equation of the second order for the determination of z\ can be 
brought to the form 

Xir+Z 8 p+Z 3 «+y(a?, y, q, 0=0, 

where Xi^ Xs are any functions of x alone ; and discuss the correspond- 
ence of the integrals of the two equations. (Goursat.) 

Ex. 7. Shew that, if z satisfies a linear equation 

Gt'\’ Dp’^’ Eq-^ Fz^O^ 

and if a new quantity u be defined by the relation 
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where A, -fi, <7, D, E, -F, a, /3, y are functions of x and y only, then, when u 
satisfies an equation of the second order, u^O must be satisfied by two 
distinct integrals of the original equation, provided (7a* does 

not vanish. 

Obtain the condition, necessary to secure that u satisfies an equation 
of the second order, when A/3*~25a/3+(7a* does vanish. (Ooursat.) 

Ex. 8. Given two equations 

p' 4’i32! +yP 4*5^ ) 

where all the coefficients are fimctions of x and y only ; prove that, if is to 
satisfy an equation of the second order resulting from the elimination of it 
is necessary and sufficient that 

3a __ 0ai 

3y 3 :f ' 

When this relation is satisfied, and when yd' -y'ds=0, shew that the elimi- 
nation of z leads to an equation of the second order for 2 ^ : and obtain 
the conditions for this result, when yd^ — y'd does not vanish. 

Discuss the correspondence of the integrals. (Goursat.) 



CHAPTER XXII. 


Equations of the Third and Higher Orders, 
IN Two Independent Variables. 


The present chapter is only a brief outline of the application of the 
preceding theory and the various preceding methods (where they can be 
applied) to equations of order higher than the second ; and, with the fewest 
exceptions, these applications are made to equations of the third order only. 

The earlier sections are devoted to the discussion of equations of the 
third order having an intermediate integral of the second order. On this 
topic, a paper by Tanner* may be consulted : the method of exposition 
adopted is different from Tanner’s, and is the extension of the method 
expounded in Chapter xvi. Some results relating to equations of the third 
order had previously been given by Faikf, who also gave some results, 
mostly formal, relating to equations of order n. Reference also may be 
made to the treatise by Natani J, and to the investigations by Hamburger § 
on equations of order higher than the second. 

304. The methods, that have been expounded, were devised 
in connection with equations of the second order. They can be 
applied, with the appropriate modifications, to equations of order 
higher than the second: and some instances will now be given. 
As however the development does not seem to lead to any new 
kinds of properties, but is concerned with details of a kind already 
familiar in the equations of the second order, and as no new method 
of constructing integrals has been devised for equations of higher 
orders, we shall give only a brief discussion of this part of the 
subject, 

* Proc. hond. Math. Soc.y vol. viii (1877), pp. 229 — 261. 

f Acta Ups.f t. VIII (1872), pp. 1 — 40. 

X Die Mhere Analysis, quoted at the begiuning of Chap. xi. 

§ Crelle, t. xciii (1882), pp. 201 — 214. 



304] 


EQUATIONS OF THE THIRD ORDER 


457 


With the notation already adopted, the derivatives of z with 
regard to x and y of the third order will be denoted by a, yS, 7, 8. 
The differential equation of the third order csan then be taken in 
the form 

f{x, y, p, q, r, 5, t, a, 7, 8) = 0 ; 

and, for the purposes of discussion, the equation will be supposed 
polynomial in the derivatives of highest order. 

We naturally begin with those equations which possess an 
intermediate integral or which admit an equation of lower order 
compatible with themselves. The simplest form in which such an 
integral will occur is 

6 (Uy v) = 0, 

where 0 is an arbitrary functional form, while u and v are definite 
functions of a?, y, z, p, r, Sy t : the corresponding differential 
equation is 

E {ay — + F (aB — ^y) + G (/58 — 7 ®) 

+ ^a + i?/9+07H-i>8 4-£r = 0 , 

where Ay By Gy Dy Ey Fy Gy H do not involve derivatives of the 
third order. This form is a first condition that an equation of the 
third order should have an intermediate integral of the specified 
type ; yet the necessary form is only one among other conditions. 
Another simple form of intermediate integral is 

g {Xy y, -g:, py qy r, 5, t, a, h) = 0, 


where a and h are arbitrary constants : the elimination of a and h 
between the equations 


leads to an equation of the third order having y = 0 for an inter- 
mediate integral. And other cases can be constructed when other 
types of intermediate integral are postulated. 

To construct the classes of equations that have intermediate 
integrals of a form 

U {Xy y, 25 , Py qy Vy 8y t) = 0, 

without any specification of the element or elements of generality 
in Uy we use the property that the three equations 

/=0, 

Ugn 4- atir+^Ug -h 7^ 0, 

+ yUg’\-hut^0, 
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where 


du 

dx 


du 


du 

dp 


du 


du du 


I ^ ■ i 

+ S r- + t 

dp 


du 

dq 


are not independent of one another; so that, regarded as three 
equations from which two of the four quantities a, 7, S can be 
eliminated, they will provide an evanescent eliminant. Suppose 
that we use the second and the third of the equations to express 
a and S in terms of ^ and 7, the coefficients in the expressions 
being homogeneous of order zero in the derivatives of u. Let 
these expressions be substituted in /= 0, where / is a polynomial 
in the third derivatives : after substitution and collection of terms, 
there would be three terms at least in an arbitrary equation, viz. 
a term in a term in 7, and a term free from j 3 and 7. The 
result of the substitution must, on the hypothesis adopted, lead to 
an evanescent form : hence the coefficient of each term in ^ and 7 
is to be evanescent, and the vanishing of each such coefficient 
gives a condition to be satisfied by u. Consequently, there will be 
three conditions at least. Each of the conditions must involve 
Uyy Ur, Ug, Ut homogeneously, and therefore there cannot be 
more than four independent conditions. We therefore have two 
cases to consider: — 


(i) when there are three independent conditions for u ; 

(ii) when there are four independent conditions for u. 

When u is known, or when we infer that u can be determined, 
then the differential equation possesses an intermediate integral. 

Note. It has been assumed that the number of independent 
conditions is not two. If there were only two, we could consider 
them resolved for u^ and Uy in the form 

u^-^g{ur, Ug, 1 ^) = 0, Uy -f A(Wr, Ug, * 0 : 

the differential equation should then result from the elimination 
of the ratios UriUgiUt from 

aur + 0Ug + yut = g, fiur 4- Ttt, + = h, 

and there are, in general, too few equations for the performance of 
the elimination. 
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A GENERAL CLASS OF EQUATIONS. 

305. To illustrate the working by a particular case, consider 
the equation 

E{oL>y — 4 - F(pLh — 4 0 (/88 ~ 7 *) 

-f- A a 4 4 Cy 4 Bh 4 H = 0, 

which may have an intermediate integral. 

According to the preceding argument, we take 




Ut 


a = 

-P — 

~7~ 



Ur 

Ur 

Ur 

S = 


Us 

-“7 — 

_U^ 



Ut 

Ut 


we substitute these values of a and S in the equation, and we 
then make the resulting equation evanescent so far as regards the 
determination of B and 7 . 

The terms in 7 ® disappear in virtue of a single relation 

Eut - Fug 4 Our = 0. 

The term in disappears in virtue of the relation 

Ur Ut Ur Ut 

the preceding relation being used to simplify the form. Similarly, 
from the disappearance of the term in 7 , we have 

Ur Ut Ur Ut 

and lastly, the aggregate of terms independent of and 7 gives 
the relation 

UrUt Ur Ut 

There are apparently four equations. 

From the second and the third of these relations, we find (also 
using the first relation) 

{EQ - F^) (Fu^ - Bur) = (- AFG 4 BF^ - GFE 4 BE^) ut, 
(EG-F^)(Fuj,-Aut) ^(AO^--BFG+CF^-BEF)ur; 
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and the fourth relation can be written 

{Fux — Dur) {Fuy — Aut) = {AD - FH) UrUt^ 
Consequently 

{AFO ~ BF'^ + GFE ~ DE^) (AO^-- BFG + GF^ ~ DEF) 

= {EG-F'^y{FH--AD), 

a relation between the coefficients of the original equation which 
must be satisfied. When satisfied, it renders the fourth relation 
for u a mere identity in the presence of the other relations ; also, 
it can be regarded as determining H, on the removal of an ob- 
viously superfluous factor F. 

Following Tanner*, we select one class of equations determined 
by the property that EG — F^ does not vanish : and this class will 
be composed of two sub-classes, according as F does not or does 
vanish. The subsidiary equations are 

Fux — DUr — OUt = 0 "I 
FUy — 0'Ur — AUi = 0 y , 

Fug — Gur — Eut = 0 J 

when F and EG — F^ do not vanish, and the quantities 6 and 
6' are 

{EG - jP«) (9 = - AFG -h BF^ - CFE^DE^ | 

{EG - F^) 6'= AG^ - BFG + GF^ - DEF J ' 

obviously 

e&^AD-FH, 

But, when F does vanish while neither E nor G vanishes, the sub- 
sidiary equations are 

Eut + Gur = 0 

D B\ Ur + Au, 

Eux- i^^JrO^Ur + D—V, 

while the value of H is easily found to be 

^ A^G + AGE . lAE + BDG 

+ GP 

the fourth relation then is an identity. 

* Proc. L, M, S.t vol. vin (1877), p. 237. 
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For either of the sub-classes of equations, we have a system of 
homogeneous linear equations of the first order in one dependent 
variable. This system can be treated in the ordinary way, by 
being made a complete Jacobian system. The most useful case 
arises when the completed system contains six equations so that, 
as there are eight variables, the system will have two algebraically 
independent integrals: if these be Ui and the intermediate 
integral is 

/(«!, 1^2) = 0 , 

where f is an arbitrary function. If the completed system 
contains seven equations, the only intermediate integral is of 
the form 

u — a\ 


and that integral leads to two equations of the third order, not to 
one only. If the completed system contains eight equations, there 
is no intermediate integral. 


Ex. 1. Consider the equation 

ay — -|- a5 - fiy — {fib — y'^) =0. 

Here E—\^ F=l, and all the other coefficients vanish. The 

necessary relation between the set of coefficients is satisfied : and so, 
formally, we have an instance of the first sub-class. Also 

^= 0 , ^'= 0 ; 

thus the subsidiary equations are 




Taken in full, these are 


We have 


0w . 0w . Sw . ^ ^ 


0r 0« dt 


dp^ ^ dq 

0 . 


8u du 
~dr 9» 

(A., A3)=0, 

^ dudu 
(Ai, ^3)=-^- 

(A„ Aj)=-^+g^=0. 

by the Jacobian conditions of coexistence : hence 


du 


du 
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With these equations, we have now 

^ , Zu . 

, 'hu hi 
^“57,+? & =® = 


also 


/ 3n\ Su 

/ , a«\ 0tt 

Hence our equations are the complete Jacobian system 


du 


A 


du 


du 

h 


=0, 


du 


= 0 , 


du 

rq 


= 0 , 


0u 


Two independent integrals are r-~«, : hence an intermediate integral of 

the original equation is 


Ex, 2. Obtain intermediate integrals of the equations : — 

(i) aa-^y«0; 

(ii) ^(ay-zS^)— « (ad-/Sy)+r (jSd--"y*)=0; 

(hi) t{ay-^)-r (/3d - y*)-f - ^(r+l)i9+«(r+l)y*- r^h^rt — a'K 

(Tanner.) 


ty 


306. Another ckas of these equations is the class determined 
the condition 

i5;G-jP* = 0, 


while E, F, O do not vanish together. Obviously both E and Q 
cannot vanish, for then F also would vanish : and the case E^O^ 
F—0, and 6? 5 0, is obtainable from the case (? = 0, ^=* 0, and E%0j 
by interchange of variables. Hence there are two sub-classes in 
the present class : 

(i) E, Fy 0 all different from zero : 

(ii) = 0, jF= 0, and G different from zero. 

First, take the case when no one of the quantities E, F, G 
vanishes: then we may take 

F =» mE, G = m^Ey 

as fulfilling the general condition, m being not zero. The equations 
for 6 and ^ then give 

+ Cm-‘D * 0 , 
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as the necessary relation among the coeflBcients. In order to 
obtain the equations for Uy we revert to the original relations of 
§ 305, the first of which now is 

Ut - mUg + m*i/r == 0. 

The second is 

iiy Ux Ug D 

while the third is 


Uy , A Ut D Ug 

Ur Ut E Ur B Ut 


c 

e'^ 


and these two are equivalent to one another, in virtue of the fiirst 
relation and of the condition satisfied among the coefficients. The 
third relation is 


{Fux — Dur) (Fuy ^ Aut) — (AD -- FH) UrUt. 

Resolving the modified relations so as to obtain u^yUyy Ug in terms 
of Ur and we have 

D ^ 0 \ 

1 

Ug = mUr — Ut 

m I 

where 0 is either root of the quadratic equation 

0^ — (m^A — mB) 0-^m(AD — FH) = 0, 

and where 


being the other root of the quadratic equation. 

In general, the quadratic has distinct roots: and thus there 
can be two distinct systems. In the most favourable combination, 
each of the systems would lead to an intermediate integral ,* and 
we should then have two intermediate integrals. 

If, however, the condition 

m (mA — By *= 4 (AD — FH) 
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is satisfied, the quadratic has equal roots : there is only a singl 
system, and there cannot then be more than a single intermediat* 
integral. 

In either event, the system of simultaneous equations is treatec 
in the usual manner. 

Ex. 1. Consider the equation 

ay — -f aS — 4■^5 - y^ = 0. 

We have 6^—1: it thus is an example of the preceding case. 

Also, there is only a single subsidiary system for because the quadratic 
equation is 

^2=0. 

This subsidiary system is easily found to be 

W;r = 0, Wy = 0, 

two independent integrals are 

r+a, « + 

and therefore an intermediate integral of the original equation is 

A primitive of the equation is easily constructed. 

Ex. 2. Integrate the equations : — 

(i) ay — — /3y + /3d — y2 

+ i(«+<)(a+/3) + ^(r+«)(7+d)+i(r+»)(«+<)=0; 

(ii) — — (^ + y) = 0, 

where, in the latter, a and h are constants. (Tanner.] 

Ex. 3. Obtain an intermediate integral of the equation 

r2 (/sa - y2) Oy - ad) + «« (ay - j32) -0. 

307. Next, take the case when 0, 0, and 0 is different 

from zero. The first of the relations in § 305 becomes 

Ur = 0, 

so that u cannot involve r ; and we therefore must reinvestigate 
from the beginning. Our differential equation is 

G (/ss - r*) + ii a + -f C7 + i)s + jg- = 0 ; 

and it is presumed to have an intermediate integral 
% = y, z,p, q, 8, 0 = 0. 
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Consequently, when we proceed from the relations 
Ux + 4- = 0, 

Uy 4 4 hut = 0, 

to eliminate the derivatives of the third order from the given 
equation, the result must be evanescent: hence 




UgUt 

Ug Ut 


-b'^ + g- 

Ut Ug) 

Ug 


Ut 

A = 0, 

Ur = 0 . 

We then resolve these equations : and we easily find that they are 


together, of course, with 

We then resolve thes^ 
equivalent to the set 


= 0 ^ 

Oux — Dug — 6ut^0 I , 

Guy — 6'us — But = 0 J 

where 6 and S' are the roots of the quadratic 
4 OfM 4 BD — OH = 0. 


Ex. 1. In the case of the equation 

8^ = 0y 

we have 

(?=1, C7=-2«, i>=r, H^rt-8^', 

hence 

and the subsidiary equations for u are 


Ux — rUg — 8Ut^0 
Uy-mg'-tUi^O 
Ur — 0 


When the system is rendered complete, it is found to possess two independent 
integrals 

«4p, t-¥q ; 

and therefore an intermediate integral exists in the form 
/(»+i», <+j)=o, 
where /is an arbitrary function. 

Ex. 2. Obtain an intermediate integral of the equation 
pq ()3d - •/)’{‘q8t^—{p8t-^qrt) y {rt - 
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308. Next, we consider equations, for which JF=0, ^^=0, 
(?=0, and which therefore. are linear of the form 

^ a + 5/9 + O7 + 2>S + = 0. 

Proceeding as usual to eliminate a and S from the equation by 
means of the derivatives 

+ aur + + yUi = 0, Wy + + 7«« + Swt = 0, 

of the supposed intermediate integral w = 0, and making the 
resulting equation evanescent as a relation in ^ and 7, we find 

Ur Ut 

Ur Ut 

Ur Ut 

as the necessary and sufficient conditions. Taking 

D^ = A,i, 

the first of these relations gives 

Ug B 

Ur^A->^’ 

and the second then becomes 

that is, 

AfjL* — BfjL* + Cfi — 5 = 0 . 

Let I, m,n he the roots of this cubic : then the three relations can 
be replaced by the set 

u^ = mnur \ 

Ug = {m + w) Mr j- ; 

A (Ux -f luy) = Hur J 

and when the roots of the cubic are unequal, there are three such 
systems. 

If 5 =s 0 and A is not zero, the inference merely is that one of 
the roots of the cubic is zero ; and the corresponding subsidiary 
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systems are simplified in form. If ^ « 0 and D is not zero, we 
interchange the variables : and we then have the preceding case. 

If ^ = 0 and i) = 0, it is simplest to reinvestigate the subsidiary 
equations from the beginning. The coefficients B and G cannot 
vanish simultaneously: we shall assume that B does not vanish. 
Then the equation 

B^ + Gy + S = 0 

is to be an inference from 

Ux + OLUr + ySit, + 71^ = 0, % + + 7«, + hUt =» 0, 

and therefore quantities \ and must exist such that 
H = + flUy, 

B = \Ug + fXUry 

(7 = \ue + fJLUg, 

0 

0 = iiut : 

consequently, the subsidiary systems are 

Hug = Bux -f Guy ) 

GUr^ BUg 

GUy = HUg 
wt = 0 
But = Gug 
Bux = Hug 

Wr = 0 

In every case, we have a system or systems of subsidiary 
equations for the determination of u. Each of the equations 
is homogeneous and linear in the derivatives of u\ and they 
can be treated by the customary Jacobian process of integration. 

Ex, 1. Consider the equation 

ay 0-y)+aT - 2 (a?-y) - 2q^0, 

B^xy, (7- -ay, 

H^xr - 2 (a? -y) a -y« - %q. 



Here 
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The first of the subsidiary systems is 


The Poisson- Jacobi conditions of coexistence of the first and third, and 
of the second and third, give 

du du ^ du du ^ 


SO that we have 


du du . du du ^ 

— y— = 0, ^ — :r^=0; 

ds ^ dp ds dq 


and, using these, the other equation is 

The Poisson-Jacobi conditions of coexistence of the last equation with the 
third and with the fourth of the modified system are satisfied in virtue of 

du du - 

regard being had to all the equations. The system can be replaced by 


du du du du dti _ du 

^ dp ^ da ^ ^ dq~~ da ^ dz^' da ^ 


fdu ^ du 
V0y dx) da * 


-ax-\-p-q)^^ ; 


and, in this form, it is easily seen to be a complete Jacobian system. 
Consequently, it possesses two algebraically independent integrals: two 
such are 

ocya-Vyq-irxp^-z^ X’\-y \ 

and therefore an intermediate integral of the original equation is 
where g is an arbitrary function. 


Proceeding in the same way with the second of the subsidiary systems, we 
find an intermediate integral in the form 

xy{r-a)Jt{%y-x)p-yq’- {x\ 
where h is an arbitrary function. 
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And similarly proceeding from the third of the subsidiary systems, we 
find an intermediate integral in the form 

where k is an arbitrary function. 

Each one of these three intermediate integrals admits of integration. 
Further, they can be treated as existing simultaneously : the proof is simple. 
Either by integration of one of the integrals, or by quadrature that is based 
upon all three of them, we find a primitive in the form 

xyz^h {x)^ki^)-\-g 

Ex. 2. Integrate the equations : — 

(i) a^a -}- 4- + 2 {xhr + 2^« + yH ) = 0 ; 

(ii ) a 4- 4* 4- ~ 0, 

where u is given by the equation 

(Falk.) 


Ex. 3. Obtain an intermediate integral, involving an arbitrary function, 
and obtain further (as far as possible) the primitive, of the following 
equations : — 


(i) 

(ii) 


(iii) 

(iv) 


t (ay — jS^) — «(a5 — /3y)-|-r(3fi — y®)=0; 


(ay - (aS - ^y) - y^) 

4- 2q8ta + 2 {pst -q^-~ qrt) fi 

4- 2pr8b ■\-^{qr8 —p^ - prt) y = (r^ - ; 


tf (ay - 32 ) ^{8 -r) {8- 1) (ad - ^y) -^(8- rf (|9y - d*) » 0 ; 

\r f ] o n 


where a, X, p are constants ; 


(v) a-3c)3 + 3c^-c®d = 0, 

where c is a constant ; 

(vi) {xs +yt)fi- (xr +y«) y = (? - ^) » (rt - »«) ; 

(vii) (}»-p<)j3-(jr-p«)y=»(rt-»») ; 

(viii) /3=»y. (Tanner.) 

Ex. 4. Denoting the derivatives of z of the fourth order with respect to 
X and y by t, k, X, p, v, prove that, if the equation 

A (tX — <c*)4-i?(tfi— «:X)4’ (tv — icp) + E (kp — \^)-k’E {kp --Xp) + E QiP — p^) 
«/i4 - ATk d-iX+i/fi+A^v 4- AT, 
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where -4, AT are functions of x, y, 2 , jo, r, a, ft y, ft 
possesses an intermediate integral 

v)*0, 

where 0 is arbitrary, and where u and v are definite functions of z and 
its deriyatives up to the third order inclusive, and of x and y, then the 
relation 

AF^BEJtCD^O 

must be satisfied, as well as two other relations which involve only these 
coefficients in the difiTerential equation. 

Assuming the conditions satisfied, prove that u and v are independent 
integrals of a system 

Cw^—Nw^-\-6w^ «0 1 
Iw^ »0 
Gwf^ - Ew^ — Aw^^O 
Gw — Fw ~ s= 0 

y a 0 

^W'll6r6 

{AF-G^)B^^KG^ ^MAG--NAB-^IEG, 

{AF-- G^ 0 - KGF^ MG^ +NBG - lEF, 


Equations having Intermediate Integrals. 

309. Proceeding now with the equation of general form and 
dealing first with the case when there are three equations for the 
determination of u, where = 0 is the supposed intermediate 
integral, we may suppose that these equations (which are homo- 
geneous of order zero in w*, Uy, Ut) are resolved so as to 

express three of these quantities, say %, %, Ug, in terms of the 
other two. Let 

y, JP, qy ^ 1 , ^ 2 , ^8, ^4, ^6, ^6, ^6> 

respectively ; and let 


du 



for t « 1, . , 8 ; then the three equations can be taken in the form 

A * + ^6jP4 + a77j?6 4- A(a?i, ..., a?8, p«, ps) = 0, 

A' = j>2 + a;5p8 + avp4 + ^8i>5 + ^(^i, Ps) = 0, 

A"^pr + f a?8,i>6,i>8) = 0, 

where each of the functions A, k, I is homogeneous of the first order 
in j7e RHd |>8. 
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As A = 0, A' = 0, A" =s 0, are simultaneous equations of the first 
order in one dependent variable, they must satisfy the Poisson- 
Jacobi conditions of coexistence 


(A, A')=0, (A,A")=0, (A', A")=:0. 
The condition (A, A") = 0, when expressed in full, is 


dl dl dl dl ( dh\ 

ra , + - [P‘ + 0^j 


+ A(M + 

9 (p«, ‘Pe) 


Hh.l) 


and the condition (A', A") = 0, when expressed in full, is 


M dl dl 

dx^ dx^ ^ dxi 



d(k,i) d(k,i ) _ 

9(p..*«) o(j>8, «() 


Before using the other condition, it is convenient to use these two 
relations: they clearly are independent of the three equations 
already obtained, and so they are new equations expressing p, and 
Pi respectively in terms of the other quantities. Let 

= —>‘pB>Pt,Ps)-0, 

^B=PB+ft.(^u •••, «8, P«, J)®) = 0 : 

substituting these values, let A become V, where 


V =p, + a;ip, + h’(Xi, .... Xi,pi,p^ = 0. 

Now we must have 

(V, A,)=0: 


expressed in full, the condition is 


* 0^3 



. MlA) 


9(^8. PPb) 


This again is obviously a new equation : and it expresses p, in 
terms of the other quantities. Inserting this value, and gathering 
together the various equations, we have 

0 = Ai=pi+/i(«„ ..., x»,pi,pt)=pi+pt4>i{xu ..., *8. w)' 

0 = A,=p,+/j(a:„ ...,x„pt,pt)=^p, + pt<t>i(xi, ...,x„m) 

0 = A, =p, +/,(«„ ...,Xi,p„p,)=pt+pt<f> 3 (xi, ...,x„m) 1 

0-At-p, +ft («i, P», p») = Pi+ P»<i>i(/Pi ««. w) 

0 = A, = p, +f, («, xg, p,) = p, + (xi x„m) 

0 = Ar=p,+/,{i®i, .... X,, p„ Pi) pr + p,<f>, (Xi, ...,Xi,m) I 
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where 

m = £?, 

Po 

all the functions /i,/2,/8,/4r/5,/7 being homogeneous of the first 
order in and p^. Thus 

9j)."0m’ dp, am’ 

and so the Poisson- Jacobi conditions of coexistence, being 


(Af, A,.) = 0, 

take the forms 


dxi dxj dm dx^ dm dxg 




on the removal of a superfluous factor pg. 

The above system of equations will be regarded as complete, in 
order that there may be an intermediate integral; hence these 
relations, for all the combinations t,j = 1 , 2 , 8 , 4 , 5 , 7 , must be 
satisfied. It is then obvious that they can only be satisfied 
identically. 


Suppose that functions <^i, <#>a, <#> 8 > <#>»> <f>7 are known, satisfying 

the foregoing conditions : then the Jacobian system is complete, 
and it possesses integrals satisfying all the equations, that is, there 
is an intermediate integral. As, however, the equations are no 
longer necessarily linear and homogeneous in the derivatives of u, 
we cannot declare that the intermediate integral necessarily in- 
volves an arbitrary functional form, though it will involve some 
arbitrary element. Let it be denoted by 


then, as 
we have 


u=^0; 


wps = 


du du 
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The equation of the third order is given by the elimination of the 
arbitrary element and of m between the equations 

du du 

=5- 

dt or 

and I . 

am + ^<f >7 + 7 4- 4- 1)<^3 + r(f>^ 4 - = 0 

ySm 4- 707 4- S 4- 02 4- 90s + 504 4- ^05 = 0 , 

The development of the analysis follows a course similar to that 
adopted (in Chapter xx) for the corresponding questions relating 
to equations of the second order in two independent variables. 

Ex. 1 . Prove that the equation 

4- 4-^^S = 3a/3yS 

possesses an intermediate integral, in the form of an equation of the second 
order involving two independent arbitrary constants. Obtain this integral : 
and deduce a primitive. 

Ex, 2. Obtain intermediate integrals of the equations : — 

(i) a5--^y = 0; 

(ii) OS - y2)2 r 4- Oy - aS) Od - y^) s + (oy - {fib - y^) t 

-{^y-ab) ; 

(iii) {ab - /3y) {(a5 - ^y) r 4- 2 _ ay) «} 

+ {(a5-^y)^4-2(y2-^a)«}2=0. 

310 . Next dealing with the case where four equations arise in 
the process of § 304 for the determination of u, we may suppose 
these equations resolved for the four ratios UxiUyi UfiUgiUt, in a 
form 

Ux 4- Ug6i = 0 ' 

Uy 4 - UgB» = 0 

Uy 4- UgOg = 0 t ’ 

Ut + Ug6^ = 0 / 

where 61, 0.^, 0g, 0^, can be functions of all the eight variables, 
subject of course to the necessary conditions of coexistence of the 
four equations. 

It is, however, comparatively unnecessary to discuss the 
detailed development of this case : for even when the conditions 
are satisfied, so that an intermediate integral exists, that integral 
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leads to two equations of the third order and not to only a single 
equation. In fact, these equations are 

01 4 - ol6^ 4-/0 4 “ 7^4 ~ ^ . 

02 4- 009 4" 7 ’t' B0i = 0 ; 
we shall not further consider the case. 


Eoj. Obtain intermediate integrals of the equations ; — 

ay~/32 _a5-/87_/85-y2 . 
r 2s "" t ' 

(ii) (ta + ry) {t^-^rb)>sst4:rt^y 

^(ay~/S2)~r(/Sd~y2)«0/‘ 


Ampere’s Method applied to Equations of 
THE Third Order. 


311. When a given equation of the third order does not 
possess an intermediate integral, in the form of an equation of 
the second order involving an arbitrary element, so that the pre- 
ceding method does not apply, we still may be able to proceed to 
a primitive by applying Ampere’s method, as used for equations 
of the second order, or Darboux's method, for the construction of 
compatible equations of the third or of higher order. 


Using an extension of Ampere’s method, we denote by u the 
argument of any one of the three arbitrary functions that occur in the 
integral equivalent, supposed to be free from partial quadratures : 
and we change the independent variables from x and y to x and u, 
on the assumption that u is not a function of x alone. Adopting 
the notation of Chapter xvii and denoting derivatives with 
B B 

regard to x and 8-nd ^ , we have the former relations, viz. 


& 

Bx 


By 


& 

Bu 




By 


Bx 


By 


Bp ^ By 
Bu~^^ Bu* 


Bx 


= 8 -h t 


% 

Bx* 


% 

Bu~Uu’ 
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Br - By 

Ss oj_^y 
St ^ Sy 


Su ^ Su * 

Ss _ Sy 
Su'^'^ Su' 

^ ^ % 
Su'^ Su^ 


Keeping the value of 8 as given by the last equation, viz., 
Su ' Su' 


we have 


7 = 

a = 


8 ^ ^Sx' 

8;^' 8.^•S^“^ W ' 

8a? 8a; Sx 8a; \8a;/ \8a;/ 


Let these values of a, 7 be substituted in the given equation 
f(x, y, p, g, r, 5, ty a, / 9 , 7, 8 ) = 0 , 

which will be supposed to be a polynomial in the derivatives of 
the third order. After the substitution, f will become a polynomial 
in 8 alone ; thus the equation, arranged in powers of 8, acquires a 
form 

Qo + QiS + . .. + = 0, 


where the original degree of / as a polynomial in a, )8, 7, 8 is m at 
least. 


Now the equation is to be satisfied identically when the proper 
value of z is substituted. In that value, there occur an arbitrary 
function of u and its derivatives up to finite order; and these 

8^ 

derivatives occur in p, q, r, s, t Now, in the derivative , the 

order of the highest derivative of the arbitrary function is greater 
than the order of the derivatives of the arbitrary function which 
occur in any of the quantities Qo> • • • > Qw : that is, in the transformed 
equation, the quantity 8 contains higher derivatives of the arbitrary 
function than occur elsewhere. The transformed equation must 
be satisfied identically in connection with the integral system: 
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when account is taken of the successive powers of S, it is easy to 
see that the requirement as to the equation can be fulfilled, only if 

Qm = Of Qwi— 1 = ^> • • • > Qi ~ 6, Qo = 0. 

Further, having regard to the preceding values of a, y sub- 
stituted in /= 0, we see that the equation 

y 4 . (^X _ ¥ (^X = 0 

03 By Bx d0 \Bx/ da. \Bx/ 


must be satisfied : but it is not additional to the other equations, 
being satisfied in virtue of them and of the subsidiary equations. 

Now ^ is given by the relation 

Bx By Bx ’ 

and therefore 


Bf /BuV Bf / Bu\^ Bu Bf Bu /Buy Bf /Buy _ . 

08 \0y/ 07 \0y^ Bx BjS By \Bx) Ba \3x) 


which accordingly is an equation satisfied by the argument of any 
arbitrary function that occurs in the integral equivalent of the 
given equation, on the hypothesis adopted as to the character of 
that equivalent. 

Reverting to the earlier relations, we see that they give a 
number of simultaneous equations. If these equations are con- 
sistent with one another, and are also consistent with /= 0, regard 
being paid to the relations between the derivatives relative to the 
old independent variables and the new, then the original equation 
can possess an integral system of the specified type. The quantities 
Qof Qjf •••f Qm contain z, p, q, r, s, t, and also the derivatives of 
these with regard to x : and we also have 


Bx 




k 

Bx* 


Bp . By 


OX ox 


Thus the system of equations contains no derivatives with regard 
to u: it can be regarded as a system of simultaneous ordinary 
equations. 


Fx. 1. Consider the equation 
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When we substitute the values of /3 and y in terms of 8, we have two 
equations after the application of the preceding process. One of these 
equations is 



as this is a degenerate form of the cubic, the arguments of the three arbitrary 
functions that occur in the integral equivalent are 

y, X, x-^-y. 

The remaining equation is 

^ hi hy ht ^r-t 
hx 8x 8x dx^x-^y* 

Taking the argument u, where 

u=x^yy 

we have this equation in the form 



where u is constant in derivation with respect to x. Also, 


dx 


=r+« 


8x 


■r- 




in the present case ; thus 



bx 6x 


-8- ty 


and therefore 

8s hq 

^ bx^ hx^ hx'‘ 

so that, as w is parametric, we have 

U8 —p 4- ^ + constant. 

The constant on the right-hand side is subject to the constancy of u : let 
it be 

{U)y 

where & is any arbitrary function. Thus 

U8 —p + $- + u6'* (u) -2ff {u)y 

and therefore 




which is an intermediate integral. 
The primitive is 


2=X4- T'—i (^+y) (X'+ Y')+0 (^+y), 
where X and F are arbitrary functions of x and of y respectively. 
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Ex. 2. Integrate the equation 


^ + 7 


x-k-y 


and obtain a primitive of 

{x — 2cy)2 (c3 -f y) « (j7 - 2cy ) ^ + ^cq 

in the form 


z-X’^2c{y-^-B{x-cy)}-‘{x-2cy){Y'-c6^ ix-cy)}^ 

where X, F, 6{x-cy) are arbitrary functions of x, of y, and of x-cy 
re8j)ectively. 


Darboux’s Method applied to Equations of 
THE Third Order. 


312. It is natural to consider the extension of Darboux’s 
method, as explained in Chapter xviii, to equations of order 
higher than the second. When it appears that an equation 

/=/(^> Py A 7» S) = 0 

has no intennediate integral in the form of an equation of the 
second order, the method seeks to obtain a new equation of the 
third order, say 

u^u(x, y, z, p, q, r, s, t, a, 7, S) = 0, 
which may coexist with /= 0 , though it is not resoluble into /= 0 . 
Let the derivatives of z of the fourth order be denoted by e, k, X, 
/i, V : and write 


d d d d d 
dx dx^ ^ dz^^ dp ^dq 





dt’ 


dy dy dp dq ^ dr'^'^ ds dt' 

Then, in accordance with the earlier explanations, we assign the 
conditions that the equations 


0 = 

dx 



dy 

4- 

d/ 

0 = 

dy 


da 

¥ 

d0 

4- 

^07 

0 « 

du 

du 

du . 

du 


du 

da; 

doL 


dy 

4- 



du 



du 


du 

0 = 

dy 


+ /C 5 - + X 
da 

W 

4" 



+ "08 


du 

+ *'as 


V 
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are not linearly independent of one another. That this may be 
the case, quantities Z, m, n must exist such that 


-h I 
dx dy 

du 

da 


du df ^ 

— m -T — n-^ = 0, 


dx 

y 

da 

^f. 


dy' 


= 0 , 


du j du df df 

du . du df A 

du , du df ?/* A 

00 + ^ 

I 9m 9/ 

^08 '^0S"'‘^- 


Now the quantity n — Im cannot be zero : for if it were, we should 
have 

du df du df du df du df 

and u would not be functionally independent of /, so far as concerns 
7> Multiply the second equation by l\ the third by — Z®, 
the fourth by Z^ the fifth by — Z, and add all these to the sixth : 
then we have 



so that Z is a root of the equation 






dy as 


= 0. 


Let p, cr, T be the three roots of this cubic, and let 

we shall assume that p, <r, r are unequal. Again, multiply those 
equations in order by p*, — p®, p, — 1, ~ respectively, and add : we 
have 



du du 


_ 

dsj~ 


0 , 
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and I is not equal to p ; so that 


Similarly, 


Also 


8 ^ 
doL 


, du 

w 


du du_ 

P + 08 


du „ du du du 


dOL 


^ 0 ) 9 "*' ^07 00 


= 0 . 


du 

02 

da 

du 

—'f 

ds 


du 
JL 08 . 
pcrdf' 
da 


and therefore the first equation is 


/du du\ df^dfdu 1 dfdu 
^ dy) da dx da pa dy dS ‘ 

With each arrangement of the roots of 


"da " d0^ dy 



we have three equations satisfied by u ; one integral obviously is 
iL = f. If they possess an integral, which is distinct from f and 
involves some of the derivatives a, )9, 7 , 0 , then 


It = 0 


is a new equation independent of, and compatible with,/= 0. The 
test, as to whether they do or do not possess such an integral, is 
obtained as usual : the set of partial equations of the first order in 
u is made a complete Jacobian system. If when thus completed, 
the system contains n equations, it possesses 11 — n new integrals : 
for there are twelve variables that can occur, and f is certainly 
an integral. 

It may happen that one distribution of the roots of the cubic 
may provide a system which possesses new integrals, and that 
another distribution does not. The most favourable case occurs 
when three integrals are provided: the least favourable case occurs 
when no integrals are obtained. Moreover, when n = 9 for any 
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system, being the value of n which often occurs when the method 
proves effective, there are twt) integrals, say and ; the most 
general integral is then </>('Ri, where ^ is arbitrary: and the 
equation compatible with /= 0 is 

</>(«!, 1/2) = 0. 

When the process leads to no such integral, then we attempt 
to find an equation of the fourth order compatible with, but not 
composed of, the equations 

dx dy ’ 

the complete derivatives of /= 0. 

In all cases, the subsidiary equations in this extension of 
Darboux s method are homogeneous and linear of the first order. 


313. Instead of subsidiary equations which are linear and 
homogeneous partial equations of the first order, we can obtain a 
subsidiary system in differential elements as follows. Let 




ir 9/, 9/, 9/ .9/,„a/, a/ .a/ 


A = 


'■dz 

da’ d^’ dy’ dS’ 


then, because of the equation 

/= 0 , 

we have 


Ap+Bf + Gp + Df = -X, 

dx dx dx dx 


A 


dy dy 


+ 


dy dy 


Now the system 

dr = adx + ^dy^ dp = rdx + sdy, 
ds = ^dx + 7dy, dq = adx + tdy, 
dt = ydx -I- hdyy dz ^pdx + qdy, 
is to be perfectly integrable; hence, among other relations, we 
must have 

dx~^ dy' dx dy ' dx dy* 
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the derivatives with regard to x and y being complete. Hence 

dS = da? + dy. 

dy dy 

In accordance with Hamburger s method of procedure (§§ 167, 173), 
we form the combinations 

Ajda * 4 " *4“ ^ ^ {^K^dx 4 ” Ajd^) 

0 'y 00 

+ ^ {\dx + \^dy) + g- \dy, 

0 a 0 ^ 

XjdyS “f" X 3 CZ 0 — 0 ^ Xjd^ *4" 0 ^ (^.^dx "f* '^idy'^ 

0 <y 0 ^ 

4- ~ (\idx + Xad^/) + ^ 'Kdy; 

and then, comparing these with the two first derivatives of /= 0 , 
we construct the linear equations 

\idx _ \dx 4“ Xjdy _ \dx + X^dy _ Xjdy 

~Z““ B cT” ‘■"IT 

X]da 4" XjdB 4“ Xjd*y XidyS 4^ X^d/y 4" X^dS 

_ _____ . 

The equality of the first four fractions determines t and the ratios 
Xi : Xg : X,, where 

dy = rdo?. 

Writing each of the fractions as equal to Jdx, we have 
X,^JA, 

X,^J(B^tA), 

Xt=: J{C ^ tB 4* T*il), 
rXi^JD : 

hence t is determined by the cubic 

At^ — J5t* 4 - — D =» 0 , 
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the significance of which will appear later. Using these values of 
^1, we further have 

Ada +(B-TA)d^ + -Ddy = -Xdx, 

T 

AdB + (B-TA)dy + -DdB = - Tdx, 

together with 

dz—{p-^ rq) da:, cir = (a -f t 0 ) dx, 
dp-{r + Ts) dx, H- T7) dx, 

dq ^{8 + rt) dxy = (ty + t8) dx. 

The first two of these equations can be modified. Let t denote 
any root of the cubic equation, and let the other two roots be 
denoted by p and <r: then 

B — tA = (p + < 7 ) 

^ D — paAj 

T 

and so the first two equations become 

da + (p + a) dff + p(rdy = — ^ 

Y 

d/3 + (p + (t) dy + pcrdS ^ d,x. 

Whichever form be adopted, we have a system of equations linear 
in the differential elements ; and permutation of the roots of the 
cubic, when these are unequal, gives three such systems. 

What is desired, in every case, is an integrable combination 
of the equations. The following process leads to the subsidiary 
equations in Darboux’s method. 


314 . Let du be a linear combination of the equations of a 
system which is an exact differential : then multipliers Xj, X, 
must exist such that the relation 


du 


Xi {dy — rdx) *f Xg — (p + Tq) dx} 

-I- Xs {dj? ~ (r + Ts) dx] + X4 {d^ - (« + rt) dx] 
+ Xb [dr - (a + TyS) dr} + Xe {ds ~ ()8 + T7) da?) 


X ) 

+ X7 (d^ - (7 + tS) dr} -f Xg- da + (p -f 0“) d^ -f pfrdrf + dr > 


+ X9 


F 

dfi + (p + 0-) d7 + p<rd8 A‘-^dx * 
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holds identically, these multipliers being free from differential 
elements. We at once have 


^ du 

. du 



^ du 

. du 

^~dp’ 


du 

du - 

dr’ 

'S’ 


L'U. - 

^ = ^(p + <’■) + 

^ = Xspo- 4- Xd (p + cr), 
du 


^ = X9 ^ + X« 2 - X, (a + T^) - X, o + T7) - X? (7 + t8 ) 


• Xg (r + T 5 ) — \4 {s + T^) — ^2 (i> H- Tg) - XjT. 


Hence 


du du X du _ A 

dx^ ^ dy A da Apa dS 

.du .du ^ du du 

0^+'’ 8^-98=® • 

^du .du ^ du du ^ 

"8-«-"8^+‘^8;^-88 = ®) 

These are the partial differential equations in Darboux’s method ; 
they can be used to determine integrable combinations (if any) of 
the subsidiary system in the differential elements. One such 
combination is f: it is ineffective for our purpose, because /= 0 
is the original equation: and so what is required is some other 
combination. 

Moreover, by permuting the roots of the cubic 

At^ — + ( 7 t ~ Z) = 0 , 
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we shall have three systems ; and we proceed to obtain integrable 
combinations (if any) other than f belonging to each of the systems. 
The most favourable case occurs when each of the systems gives an 
integrable combination involving a, 7, S : if these be 

u = 0 , V = 0, w = 0 , 

they can be combined with /=0, so as to express a, 7, 8 in terms 
of the other variables : and the construction of the primitive is then 
merely a matter of quadratures. The proof is the same as for 
former similar propositions. 

Ex. 1. Consider the equation 

2 

a + — 7 — afi - (r + ««), 

where a is a constant unequal to 1 or - 1. The critical cubic is 

the roots of this cubic are —1, -fl, a : and therefore the arguments of the 
arbitrary functions in the primitive are 

y^x, y-Xy y--ax. 

Taking m, - 1, 1, a in some order, we have the equations subsidiary 
to an intermediate integral of the second order (if it exists) in the form 

2 

[mJ + Z [%] -- (r+tt«) M,=0, 

Uf-mn^Oy 

where 

\Uy\ = Wy 4 - qUg + «Wp 4 - tu ^ . 

It is not difficult to prove that these equations do not possess a common 
integral j hence there is no intermediate integral. 

We must therefore seek to construct some equation or equations in 
ay 7, hy which are compatible with, but not resoluble into, the given 
equation. Taking the preceding method, we shall have three subsidiary 
systems, corresponding respectively to the three arrangements 


(i) 

r» a ; 


0-= 1, 

-1 

(ii) 

r« 1 ; 


<r=-l, 

a 

(iii) 

T=-l ; 

h 

<r= 1, 

a. 


The subsidiary system for the distribution (i), when made a complete 
Jacobian system, is found to contain ten equations ; it thus possesses two 
integrals. One of these must be 

2 

a4‘a^--7 — ad — (r 4 'a«), 

X 
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which vanishes owing to the original equation : the other is 

y-ax, 

which is not useful for our purpose. The distribution (i) therefore leads 
to no new equation. 

The subsidiary system for the distribution (ii), when made a complete 
Jacobian system, is found to contain nine equations : it thus possesses two 
integi’als, in addition to the vanishing integral 

2 

a -fa/3 - y - ad - - (r + a«). 

These two integrals are obtainable in the forms 

i{a-2^+y+a(/3-2y + S)}, y-x. 

Accordingly, the distribution (ii) provides a new equation which can be 
taken in the form 

a-2/3+y+a(/3-2y-fd) = 447/"' ( 3 ^- 47 ), 
where / is an arbitrary function. 

Similarly, the distribution (iii) provides a new equation which can be 
taken in the form 

a-f23-fy+a(/3+2y-fd) = 44?^'" (y + 4?), 
where g is an arbitrary function. 

We thus have two new equations compatible with, but not resoluble into, 
the original equation. When they are treated as simultaneous equations, 
they give 

a -f a/ 3 = ~ (r +<w) +47/"+ 4/", 

/3 + ay*: ~^/"+47/" 

y + ad = - i (r -f cw) + 4 /"' -f xg'". 


The construction of the primitive depends upon quadratures in the first 
instance. We have 

rfr-facfo«»(a+a^) (i4?-f (/34-ay) dy 


and therefore 
Next, 


X 


4 ? 




<;?a4-arf^«04-ay) (i4?4-(y 4*ad) dy 


-:47(d^"4.C^/"). 


r4“a« 


dy 


^xdf -fdy’icxdf^^f'dy ; 


«4-a<=4?/' - 


and therefore 
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Consequently, we have 

dp-\-adq^ir-\-(ut)dx-^{8’\’at)dy 

= X dg” - g'dy + x df" -Vf'dy, 

and therefore 

p-\-aq^xg' -g-^^xf^^-f. 

This is an equation of the first order : integrating it by the usual process, 
we have 

z^yjriy-ax) 

■^xO' (y +.r) - 0 {y +;*?), 

^ 

+ (y - (y ■“ ^)» 

where 

(l+a)^'-5r, (a-l)(^'«/; 

and, in this last form, <^, yjr are the three arbitrary functions in the 
primitive. 

&. 2. Obtain the primitives of the equations : — 

(i) ; 

(ii) a~^-y4-§=|(r-«). 

Equations of the oth order. 

316. After the preceding investigations dealing with equations 
of the third order in two independent variables, it will be sufficient 
to state the results of a similar type which appertain to equations 
of order n also in two independent variables. We write 

and we assume the equation to be 

/(^r, y, Z,Pio,Poi, An~i» i^o.n) = 0. 

The general primitive of such an equation, in whatever form it 
occurs, involves n arbitrary functions, each of a single argument : 
if a denote any of these arguments, supposed to be a quantity 
depending upon both x and y, then the derivative of y with regard 
to X on the supposition that a is constant, being given by the 
relation 


da , da By 
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satisfies the equation 


y /^yA" y 

Spn.o\&e/ dpn-\,i 



+ ... +(-!)*-> 


y gy 

y:.n-i 


+ (- 1)»5^ = 0, 


while a satisfies the equivalent equation 

3 f».oW yn-i,iW ey dpt,n\dy/ 


Ex. 1. Shew that, if the equation 

/(^> PhQy P0,U — » i?n,0, pO,n)^0 

possesses an intermediate integral in the form of an equation 

<^(m, v)=0, 

where ^ is an arbitrary function, and u and v are definite functions of y, « 
and of all the derivatives of z up to order » — 1 inclusive, then/=0 is of the 
form 

{Pn-ltn-fnPn-V,n~m’'“ Pn-l + l.n—m-l Pn-V 

where 

l^m—% V-hm'—Uf 

and the coefficients Bi, 0 do not involve any derivatives of order n. 

When the particular equation of order n possesses an intermediate 
integral in the form of an equation 

{Uy v)=0 

of order where is an arbitrary function, shew that the coefficients 
Ai,i' identically satisfy relations 

Ai^i> Ajc,k> — Ai,i A^y 

for all values of I and I' different from Jt and E. Obtain other identical 
relations which must be satisfied by the coefficients Ai^^y when the given 
equation has an intermediate integral. 


Ex. 2, Shew that, if the equation in the preceding example does not 
necessarily possess an intermediate integral in the form of an equation 
of lower order, while it does admit the existence of a compatible equation 

9 (^» PlOi Poif •••> Pn,0t •••3 


which is of order n and is not resoluble into /=«0, then y satisfies one of the 
sets of equations 

I - r 3ff 


dx 


r, *-P»0poi»’ 

®SL 


2 
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where j has all the values in 1, n other than i, and the sets of 
equations are varied by giving the values 1, n to t in succession : and 
where 




¥«.o 





while also -7- and 
ax 


d 

dy' 


as applied to / and to imply complete derivation 


with regard to x and to y respectively through all derivatives of z up to those 
of order n—\ inclusive : and where, lastly, is any one of the roots of 
the equation 


91 

2 (-ir 

A=0 


K n-A 


9 / 


= 0 . 



CHAPTER XXIII. 


Equations of the Second Order in more than Two Inde 
PENDENT Variables, having an Intermediate Integral. 


As indicated in the opening sentences, the aim of this chapter is the 
extension, to equations involving a number of independent variables greater 
than two, of the methods of Monge, B<x)le, and Goursat, which are applicable 
to equations that involve only two independent variables and possess an 
intermediate integral. The results are given, and even the notation is 
specially devised, for the case when the number of independent variables is 
three : but many of the results can obviously be generalised to the case 
when the number of independent variables is w, though it has seemed 
unnecessary to state them explicitly. 

Much of the material of the chapter is derived from a memoir by the 
author* * * § ; reference may also be made to memoirs by Tanner t, Sersawy|, 
von Weber §, Vivanti|i, and CoulonH. 

316. The preceding discussions have shewn that the theory oi 
partial equations of the first order in one dependent variable and 
any number of independent variables can be regarded as complete. 
It is in a much slighter degree that the same claim can be made 
as regards equations of order higher than the first when there are 

* Camh. Phil. Trans.^ t. xvi (1898), pp. 191 — 218 : other references are there 
given. 

t Proc. Lond. Math. Soc., t. vii (1876), pp. 43 — 60, 76—90, i6., t. ix (1878), 
pp. 41—61, 76—90. 

t Wien. Denkschr.f t. xlix (1886), pp. 1 — 104 ; many results are stated for 
n variables. 

§ Math. Ann., t. XLvn (1896), pp. 230—262. 

II Math. Ann., t. xlviii (1897), pp. 474 — 613. 

IF ** Sur I’int^gration des Equations aux d4riv4es partielles du second ordre par 
la mMhode des caractSristiqnes,'’ {These, Hermann, Paris, 1902), where other 
references also will be found. 
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two independent variables. Still, methods have been given which 
suffice for the integration of large classes of equations; most of 
them depend upon some subsidiary equations, in which all the 
magnitudes involved are temporarily held to be functions of one 
of the independent variables. Among the methods thus devised 
for equations of the second order, those associated with the names 
of Monge and of Boole presuppose (if they are to be effective) that 
the equation is of a special form and that some of its elements 
satisfy certain appropriate conditions : the most general methods 
are those due to Ampere and to Darboux respectively, being 
effective when the integral is expressible in finite terms without 
partial quadratures. There is also (§ 238) a method, intermediate 
in generality between these two classes of processes : it deals with 
equations of the second order (or of higher orders) in two inde- 
pendent variables which possess an intermediate integral, not of 
the particular type considered by Monge and by Boole. 

When we proceed to equations of more extensive type, the 
natural generalisation is to be found in an increase in the number 
of independent variables: and such equations occur in various 
branches of mathematical physics, involving three independent 
variables (as in the theory of space-potential) or four independent 
variables (as in the theory of the conduction of heat in a solid 
body, and in the theory of propagation of vibrations in three 
dimensions). These equations are of a very special form, and 
very special analysis is needed for the full development of the 
particular solutions : but their occurrence challenges a considera- 
tion of equations of general form, to which the individually special 
methods are quite inapplicable. 

Accordingly, in this chapter, we shall discuss general equations 
of the second order which involve three independent variables: 
the restriction of the number of independent variables to three is 
made for the sake of brevity : and, in spite of the notation adopted 
for special service in the equations considered, it is not difficult to 
see that many of the properties can be extended to equations in 
any number of independent variables. 

The three independent variables are denoted by x, y, z\ the 
dependent variable is denoted by v, and its first and second 
derivatives are denoted according to the scheme: — 
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dv j 
dx~ ‘ 

dv 

dy 

dv 

II 

d‘v , 
dy‘ 

d‘v 

II 

d‘v 

dzdx~^’ 

II 


and then the general differential equation of the second order can 
be represented by 

Fix, y, z, V, I, m, n, a, h, c,f, g, h) = 0 . 

317. It will be convenient, in the first place, to consider (so as 
to set on one side as being definite) those equations which have an 
intermediate integral ; and the discussion will be limited to those 
equations of the second order which are the sole consequence, in 
that order, of the intermediate integral. Let this integral, sup- 
posed to exist, have the form 

u {x, y, z, V, I, m, n) = 0 ; 
and, in accordance with earlier notations, write 


du j du 

du 



du du 

du 

^ dy dv 


du du 

du 




Then we have 

Ux + aui H- hum + gun = 0, 

Uy + hui 6u„j + fun == 0, 

+ CWn == 0. 

Owing to the hypothesis of an intermediate integral, the equation 
is to be satisfied in virtue of these three equations, that is, 
when we resolve the three equations for any three of the second 
derivatives (say for a, 6, c) and substitute the deduced values in 
J^ = 0, the latter must become evanescent: and therefore the 
coefficients of the various combinations of /, g, h must vanish. 
This requirement provides a number of relations that are homo- 
geneous in the quantities Ux^ %, w*, uu Un, so that there cannot 
be more than five such relations ; the actual number less than five 
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will depend upon the equation itself. Each relation is a partial 
equation of the first order: and u is provided by the common 
integral (if any) of the system of simultaneous equations. 

As regards the actual number of relations, it is easy to see 
that, for such equations as are amenable to the method, there are 
generally three relations at least. After substitution for a, 6, c, 
has taken place, the modified equation is of the form 

T + Pf + Qg + Rh + ... = 0 j 

in order that it may be evanescent, we must have 
i^ = 0, Q = 0, P = 0, T=0. 

If these were equivalent to only one relation, the equivalence 
would arise through the occurrence of a vanishing factor common 
to all the expressions ..., P, Q, P, P: let this factor be 

Ux 0 {Uy^ Uzf Illy '^nX 

where 6 is homogeneous of the first order in Uy^ u^, Ui, Un. 
We then have three equations 

0 ‘{•aui + hum + gun = 0 , 

Uy 4 - hui + bu^ + fun = 0 , 

Uz + gUi -^fUra + CU.n = 0 , 

involving five quantities homogeneously, and the elimination of 
these quantities is to lead to the equation of the second order: 
such elimination is not possible in general. 

If the equations were equivalent to only two relations, they 
may be taken in the form 

{Uxy Uyy Uzy Uu Um, Un) = 0, 
yjr (llxj Uyy Ug, Ui, Unit Un) ~ 0 , 

where </> and are homogeneous : the original equation is to be 
derivable by the elimination of the six derivatives of u between 
these two equations and the other three 

Ux 4 - aui 4 - hum-^gun = 0 ’ 

Uy 4 - hui+bu,n+fiin == 0 • ; 

Uz + gUi’^’fUm 4 - CUn = 0 

and this elimination is not possible in general. 
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The respective eliminations might be possible for very particular 
cases: we shall put them on one side as being too special. 
Accordingly, we conclude in general that, when an equation of 
the second order possesses an intermediate integral, the number 
of algebraically independent relations determining the quantity u 
in this method of proceeding is either three, or four, or five. 

Note 1. In testing whether a given equation possesses an 
intermediate integral, it might be convenient to eliminate /, g, h, 
rather than a, 6, c, by means of the equations derived from w = 0 : 
all that is necessary, in order to obtain the appropriate relations, 
is to use the three derived equations in order to eliminate three 
of the second derivatives of v from the given equation. 

Note 2. As our object is rather to indicate the method which 
is of general effectiveness than to apply it in an exhaustive 
discussion of all inclusible cases, we shall make an initial 
limitation. 

If there were four algebraically independent relations deter- 
mining the quantity u, these could have a form 

(Xi {Uxi Uyy Uz, Ui, Ufm Un) == 0, 

for ^ = 1, 2, 3, 4. Each of these is homogeneous of order unity in 
the six quantities w®, Uy, Uz, ui, itm, Hence, when we proceed 
to the equation of the second order, we have to eliminate the two 
ratios ui : Um : Un between the four equations 

Oi (- aui - hum - guny - hui - bu^ -funy 

- g^l - CUny Ui, Umy U^) = 0, 

for ^ = 1, 2, 3, 4 : that is, two equations will appear in the eliminant, 
which accordingly will consist of two differential equations of the 
second order. 

Similarly, if there were five algebraically independent relations 
determining the quantity u, there would result three simultaneous 
differential equations of the second order. 

Both these cases will be left on one side : the method will be 
expounded sufficiently for the most important case, when the 
relations lead to only a single differential equation of the second 
order. 
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Case when the Three Relations are a Complete 
Jacobian System. 


318. Dealing therefore with the case when the number of 
algebraically independent relations is three, we imagine them 
resolved with regard to three of the quantities u^, Uy, 

choosing the first three by preference. The relations 
then have the form 

Z = \ ( Ui , limy Un ) = 0, 

if = + ya (ill, Um, Ur,) = 0, 

N ^Uz-\-V (ui, Umy Un) = 0, 


where \ /jl, v are homogeneous of the first order in ui, u^, and 
otherwise may involve the variables v, x, y, I, m, n. When we 
write 


and 


Vi ^Uy U Xl, X^y X^y Xxy X^y X^y Xjy 


du 

dxi 


^Pi> 


for ^ = 1, ..., 7, the equations for u are 

L = X , p ^ + p ^- h \( x^y ..., Xjy p ^ ype , P 7)=^0 
M ^ x ^ p ^-^- p ^ + fiixiy ..., Xryp^y p^y ^7) = 0 

W == XrPl Pi P (Xl y * • • y Xjy P^y Pfi, P^) — 0 ^ 


These equations must satisfy the necessary Poisson- Jacobi con- 
ditions for coexistence : that is, the relations 


(LyM)^Oy (MyN)^Oy (NyL)=0y 


must be satisfied, either identically, or in virtue of the equations 
Z = 0, if = 0, iV’ = 0, or as new equations in the system. Now the 
relation 




d/j, 

Spi 


Spe) 


9X. ^ 9\ dfi 

*'9*1 dx, 9a!, 


+ S |i^ =0 

i ^^ d { XiyPi ) 


manifestly cannot be satisfied in virtue of i = 0, ilf = 0, iV^O, for 
it does not involve either p^y p^y or p ^ ; hence it is either an identity 
or a new equation. 


In order that the relation may be an identity, the term in p^ 
must vanish by itself, for pi does not occur elsewhere ; hence, as 
a first condition, we have 


dfi 0X 
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Similarly, if (M, N) = 0, and (N, Z) = 0 are identities, we have 


dv ^dfjL dv 

dpe ~ dpr ' dpr “ dp, ’ 

Other relations, connected with the remaining terms in the thre 
identities, will have to be satisfied: assuming them satisfied, w 
see that (on the hypothesis adopted) the three equations constitut 
a complete Jacobian system. The relations, connecting the deriva 
tives of X, p, V with respect to p,, pe, p?, shew that a function ( 
exists, such that 

~ dpt’ dp,’ dp,' 

This function ® consists of two parts: the first is a quantity 
homogeneous of the second order in p^.p^^p^y and involving th* 
variables ..., x^-. the second is a quantity independent o 
P,y P^y Pt. Let 

p, = PPj y p% = (ypi ] 


then B may be taken in the form 

Xjy p, o-) + X, 

where X is the additive part of B independent of p,y p,, pry anc 
where now there is no restriction upon the form of 0 so far a 
regards homogeneity. Clearly 


de 


de de\ 

u^p,{2e-p^^-a^), 

the derivatives of X not appearing in X, /i, v. 

Substituting these values of X and p in the remaining terms 
of (Z, M) = 0 and removing a factor p^y which is common to all the 
terms after the substitution has been effected, we find 


d^0 _ d^e d^e d^B 

^^dxidp dxidiT dx,dp dx^d<r 

d^e d^O d^B d^e 

dx,dp dpda dx,d<r dp^ 
d^B d^B d^B d^B 
^ dx,dp dcr^ dx,d<r dp da 

d^B (dB d^B d^B\ d^B (dB \ 

dxjdp\da ^ dpda ^ da^J dxjdaXdp ^dpda)^ 
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When substitution of the values of and v takes place in the 
remaining terms of (if, iV) = 0, a similar equation of the second 
order arises : and another equation of the second order is provided 
by the remaining terms of {N, L) = 0. 


These three equations must be satisfied by 0 : when any 
integral common to all three is known, we have the means of 
constructing the corresponding equation of the second order 
possessing an intermediate integral. For 


that is, 
and therefore 


Similarly, 


and 


Ug, -f aUl + h%n + gUn = 0, 

X + apfi + + = 0 , 

dO 

— “ 4 * CLp 4 - ha 4 -^ = 0 . 


da 


4“ Ap 4" ter 4“ = 0, 


— 2^4-p|^4-o-^4-pp 4-/cr 4- C = 0 ; 


the latter, in connection with the other two, can be replaced by 


— 2^ + ap^ 4- 2 hpa 4- ba^ 4- 2 gp + 2 fa 4-0 = 0. 


Eliminating p and a between the equations or (what is the same 
thing) equating to zero the discriminant of the quantity on the 
left-hand side of the last equation, we have an equation of the 
second order possessing an intermediate integral as required. 

As regards the intermediate integral u itself, it is determined 
by the three equations which form a complete Jacobian system. 
This system involves seven independent variables, and therefore it 
possesses four algebraically independent integrals; let these be 
Wi, Wg, ^3, ^4- We proceed from the equations 

X = 0 , Jf = 0 , Ar= 0 , 


Ui — dif U-jj ^8 ®8> ^4 — ®4> 


and resolve these for jpi, ...,^7; substituting in 

7 

du^ % Pidxiy 

ts=l 
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eflFecting the quadrature, and dividing out by one of the constants 
Oil Oj, we have 

= a, ^ c) + a', 


where a, 6, c are three arbitrary constants, and a' is an additive 
constant. As u = 0 is the intermediate integral, we can take the 
latter in the form 


that is. 


..., Xj, a, b, c) + a' = 0, 

<f> {v, X, y, z, I, m, n, a, 6, c) + a' = 0, 


which is an equation of the first order. 


319. To obtain the primitive of the differential equation 
constructed with + a' = 0 as an intermediate integral, we might 
proceed to construct the primitive of the equation of the first 
order : but the theory of § 284 can be generalised, so as to allow the 
primitive to be constructed merely by operations of elimination. 
When we substitute 

u = ^ + a' 


in the differential equations A = 0, ilf = 0, iV' = 0, these are satisfied 
identically: hence 

4. + ^§£5 j. 4. == 0 

da ^ da dp^ da dp^ da dp^ da ' 


* 3a 3a ^ dpt da dpe da dpr da * 


^ 3a 3a dp^ da dp^ da dp^ da 


du 

Now let the Poisson- Jacobi combination for u and be con- 

na 


structed: it is 
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-X^ + r> + 

da \9^5 da dpe da ^dp^daj 

_„§ 2 ? 4 .« 

^ da V9jp, da ^ dp, da dpr da) 

da v0jPb da ^ 9p<, da ^ dpr da / 



on account of the relations between the derivatives of fi, v with 
regard to ^?6, Pr- As X, /x, v are homogeneous of the first order 

ill Pii P6> Pu lihe coefficients of ^ vanish separately; 

hence 

r o 


Similarly, we can prove that 

Corresponding analysis leads to relations 

vdu ^ ^ ^ 

[aa’ 06j “■ ^ [dh * 0c J ““ Idc ' 0aj “ 

It therefore follows that the conditions of coexistence of the 
equations 

^ 0w du ^ du 

“=®’ ai=“’ &='y’ 
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are satisfied. The elimination of I, m, n among these four 
equations leads to a relation between v, x, y, z, a', a, b, c, a, 7 , 
which is consistent with all of them : it is a complete primitive. 

The last proposition shews how to deduce the complete primi- 
tive of the equations under consideration from the intermediate 
integral when the latter is known. The general primitive can 
also be deduced from that integral ; the result can be established 
by analysis precisely analogous to that in § 284 used for the 
establishment of the corresponding result in the case of two 
variables. The mode of deduction is as follows: 


Let a, 6 , c he the three non-additive coiistants in u ; and let the 
result of eliminating Z, n between 

„ du du ^ du 

be denoted by 

g {x, y, Vy a, by c, a, /9, 7) = 0. 

Then the general ^primitive is given by the elimination of a and b 
between the three equations 

V, y, z, V, a, h, </> (a, h), - X (<*» («. ^)> X («. ^)| = 0. 

da db ’ 


if) and X being arbitrary functions. 

In the present case, when the subsidiary equations for u possess 
four algebraically independent integrals, we can construct the 
complete primitive and the general primitive by direct operations 
effected upon the intermediate integral. 

The three equations which 6 must satisfy are complicated in 
form; and they involve a larger number of variables than the 
equations under our consideration, while at the same time they 
are of the second order. Consequently, we can hardly expect, at 
the present stage, to obtain the most general function 6 which 
satisfies the equations : one or two examples will suffice to illustrate 
the theory. 

Ex. 1. It ifi not difficult to verify that the three equations are satisfied, 
when B is any function of p and cr involving no other variables : let such 
a value of ^ be chosen. In that case, which merely is the generalisation of 
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the case considered by Goursat (§ 284, Ex. 1), the equation of the second 
order is obtained by equating the discriminant of the equation 

— 2^ + ap* + 2Ap<r -4" ter® + + 2/(r + c = 0 

to zero, so that the equation will be of the form 
F{a, t, c, /, g, 70=0, 

involving derivatives of the second order only. 

The intermediate integral u=0 depends upon the three equations 

Fi=0=P2 + ^ » 

^2 = 0 =/)3 + *^ 6^1 ^ , 

Fs—0—pi-\‘XTpi +p^ • 

This is a complete Jacobian system, and therefore it possesses four alge- 
braically independent integrals. The simpler these are taken, the better : 
for we know how to obtain the complete primitive and the general primitive 
from the intermediate integral, if only the last should contain the proper 
number of arbitrary constants. Now it is clear that 


{FuPi)^% (i^2, = 

for t*l, 2, 3, 4: and therefore we may take pu P%i Pzt P\ ^ 
common integrals. 

To determine % we proceed from the equations 

Fi^O, Fs^O, 

we resolve them with regard to pi, ...,p 7 , and we substitute in 


Hence 


7 

du^ 7, pidxi. 
1=1 


G? (w - ai - as ^3 - =^7 (p ^ 


where p, cr, and p-j are given by 


de \ 


P7 


dd 

00-“ 


: — as — ttj ) 


/o/i 


The right-hand side of the equation giving du must be an exact differential ; 
let it be denoted by dU^ and (for the evaluation of U) let the independent 
variables be changed from .t?6, ^e, x^, to p, or, Xt, Taking 

^sss^i, ™=^2> 2d-p^i-<r^2~^» 
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we have 


so that 


consequently, 


A ’ 

^ 6 

aidxs’^ai ^^da;^+(a^+alX^)d 

aidlr0=ai “<3?^7+(a4+ai^7} c? — : 


- dU^ o>4 "^cn^7 


on reduction ; hence 


and consequently 


{p<i J+<«^ J} 


-rf£r=rf|' 


’^^a4+^^)_* 
aiA*-* . 


14 “1“ “I" ^3^3 0t4’^4 


(a4-f aiJ?7)^ ^ 


Now 14=0 is the intermediate integral : hence, dividing throughout by ai, 
and changing the constants and the variables, we can take it in the form 

u 4'CW?+ &y 4-C2— (c+ w)2 

where 3 and A are known functions of p and a, and where I and m are given 
by the equations 

01 02 A ^ 

a+^ 6+m c+w* 

in other words, the intermediate integral is given by the elimination of p and <r 
between the equations 

i; + cm: + iy 4- c-e - (c+ ^= a' 1 

^ ^2 A j 

a-k-l^ b-\-m c+n j 

To obtain a complete primitive, we need the values of 

du du du 

0^’ 0^* 

For this purpose, let a new quantity f be introduced by the definition 

a-^>l =^if; 

6 + m=^2f, 
c+w *=Af ; 


then 
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and also 
We have 


w = + OA’ + + cr - df* - a'. 








the suffixes 1 and 2 implying derivation with regard to p and <r respectively ; 
multiplying the first of these by p, the second by cr, and adding to the third, 
we have 

Now 

-ia?-pf ; 

and, similarly, 

du j. 


du 

dc 




Hence, by the general theory, we eliminate p, a, f among the equations 
v-hou; + hy-^-cz ~ — a/, 

a7-pf =a, 

z- f=y, 

the constant a' being unessential. The complete* primitive is of the form 


g{x, y, z, r~a', a, 6, c, a, y)=0. 


The general primitive is obtained by the elimination of all the constants 
between the equations 






6), y^xia, b) 


* It is the most complete primitive thus obtainable. But it is not the complete 
primitive in the customary sense ; for it contains only seven, not nine, arbitrary 
constants. 
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Ex, 2. Let it be required to find those equations of the specified type, 
which are provided by taking 

^LJSpa -f* Ba^ -f- 2(?p + 27^0- + C', 

where Ay Hy By Gy Fy G involve v, Xy y, Zy ly m, n, but no other variable 
quantities. 

?or such values of these magnitudes as satisfy the conditions, the 
differential equation of the second order is given by equating to zero the 
discriminant of the equation 

(a - .4 ) pH2 - if) po- + - iB) <r2-|-2 (p - (?) p + 2 (/- (T+c - (7= 0 : 


consequently, it is 


a~-Ay h—Hy g—0 
h^Hy 6 -^, f^F 
g-Qy f-Fy c-C 


= 0 . 


The equations for the intermediate integral are 

P2^■XbP\’¥p^{Ap•irS(T^\-O)^0y 
Aps-^ HpQ-\-Op>i^Oy 
7>3+^6Pi+^P6-I-^JP6 +/^JP7=0, 

P4+^7jPl + ^7>6 *+-7^6 + 007 =0. 

Let these be denoted by 


that is, 
with 




As these constitute a complete system, the Poisson- Jacobi relations 


(A, A)-0, (A, A')-0, (A", A)-0, 

must be satisfied without the introduction of any new equations for u. 
necessary and sufficient conditions* are 


A' A «AJ7) 

A"S=^'F] 

AC==A’’ff 

A"ii«A(?r 

AB =A‘b] ’ 

a'C-~a"F’ 




The 


we shall assume that they are satisfied. 

In these circumstances, the system possesses four algebraically inde- 
pendent integrals : let them he Uiy u%y ti^y Then the equations 

tll^dly U2^(l2y %**<*3» W4 = a4, 


* They agree with the oonditions, otherwise obtained, in a paper by the author, 
Canih. Phil, Trans.y vol. xvi (1898), p. 198. 
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can be treated as coexistent, when we revert to the older variables and take 


For 


y% ^iy ^iy ^Ay 

I , m, 71=0:5, 0:0, xj . 


K. %]= 




dui 

dv 


di ■ 


') 

/dui 9wi\ duo /du2 , 9?<2\ 

^ ^ dv) dm 


(&+^ "SF 

/dU2 

w 




=0, 


on substituting from the equations which are satisfied by Ui and 
similarly, 

K, Wi]=0, 

for all the combinations = 1 , 2, 3 , 4 . As we have four equations 


"Ml— -Cti, 7^2 — ®2) 

which are coexistent with one another, and as the quantities Wi, W2» ^*4 

are functionally independent of one another, it follows that m, n can be 
eliminated among the four equations : and the eliminant is of the form 

gf^v, X, y, Zy ai, (Hy a4)=0, 
which is a primitive involving four arbitrary constants. 


The primitive thus obtained can be modified so as to give the general 
primitive. When we take 

as « («1 ) <^y «4 * («! , ttg), 

where ^ and yj/- are arbitrary functions, then tAe eguatioUf which rctvlU fr<ym 
the elimination of ai and 02 between the equatiom 

g{Vy X, y, z, tti, 02 , </>, 

^ ^ 3^ ?£ 3 ^ 

9ai "** d<l) dai ^ 9^^ 9oi 1- , 

002 dtp do2 dyjr 802 

furnishes the general primitive of the equation of the second order. This 
statement can be established easily by verifying that the value of v thus 
given does actually satisfy the equation. Suppose the integral equations 
resolved, so as to express v explicitly : the system then becomes 

y, 2:, Oi, 02, <py yp) . 

0——4. ~ ^4.— ^dk\ 

~0Oi d<p dai dyp dai dai • , 

Oaa— 4.— ^4.— 

^da2 “^dfp 002 ^ dyp 002 "" 

and the quantities Oi, 02, as assigned by the last two equations, are functions 
of Xy y, z. 
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The first derivatives of v, as determined by the system, are 
~0J7 dOLx 007 fl?a2 007 ** 007 ’ 

and, similarly, 




SO that, in form, the first derivatives are the same, whether a\ and og be 
parametric or variable. 

As regards the second derivatives of v, we have 
dl 


d^k 0ai d^k da2 
“"0072 0ai 007 0^ 0a20O7 007 ’ 


but from ^**0, ^-«0, it follows that 


and therefore 


4. ^ 4 - ^^2 

0ai 00? dai"^ 007 cfei fl?a2 0.t7 * 

^ d^k ^ d^k 0(^ ^ cg2^ 0a2 
**0a20o7 ^ ^-2^ * 


a, y=- 


respectively. Similarly, 
, 02^ 


- 

^'~dxdz 


- (“> A 


Y0a, 

0OsV 



■Sxj 

» 




ti dct^ ^ 

rfOj*’ 


0^2 

Y3ai 

3ojN 

’ 007 




^3a, 

SoaX 

^ 007 J 

^3* ’ 

dzj 

0a2'\ 

2 

i 


’ ”¥/ 

1 ) 


0a2'i 

i(dai 

3oj\ 



dz)' 


3% ( - Yda, SoaV 

^i[a« ’ fe-j • 

Now, in connection with the equations 
for 1, 2, 3, 4, we have 

and (regard being paid to the two notations), we have 
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hence, when the quantities aj, Oj, Ug, ag ore constant, 

for 1=1, 2, 3, 4. Not all the quantities 

jf Ux, «2, %, u\ 

\ l, m,n ) 
vanish : hence, when aj, a2» constant, 

m 

d^k 

’ dxdz ‘ 

Similarly, 


A s=a= 


F=f^ 
C=c = 


dydz* 
02^ 
0^2 » 


when «!, 02 j «8> «4 a-r® constant quantities. Thus the equations for 
a, 6, c,/, A, when Oi, 02, 03, 04 are made variable, acquire the forms 

A rj^', , 

and so for the others. If, therefore, the differential equation 
I a^A, h^E, 1=0 

i h^H, b-^B, f-^F 
^g^O, f^F, c^C ! 

is to be satisfied when Oi, 02, 03, 04 are variable, we must have the 
determinant 

(a, A ylfi» £2)^ , (a, A yiiu ithu »?2)> (a, A yMu {2) 

(a» A yJfij V2), (a, A y]t*;i» *72)* > («> A yfei» V2ICU {2) 

(«> A ylfij {2]Efi» (2)1 (a, A yl*7i> * 72 lfi, f2)» (a> A ylfi> f2)* 

equal to zero, where fi, 171, (i are the derivatives of Oi, and f2» »72» C2 are those 

of 02 ; as the determinant is the product of 


ii, 

(2f 

0 

and 



0 

’ll) 

V2i 

0 


a»7l+^*72> 

^Tfi-\-yrj2t 

0 

Ci, 

C21 

0 


«Cl + ^C2» 

/3fi+y(r2, 

0 


it vanishes identically. 

Hence the proposition is valid. 
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Note, Having obtained the general primitive, we need not now concern 
ourselves as to intermediate integrals : but it must be noticed that the con- 
struction of the general primitive depends upon the possibility of eliminating 
I, m, w, between the equations 

U2 — CI21 — 

with the result of giving a primitive that involves the four arbitrary 
constants. 


If this elimination is not possible, or if the eliminant does not possess the 
assumed form, then we must proceed otherwise. It is easy to see that not 
more than two of the quantities %, ^4 can be free from the variables 

for if three of them, say Wi, W2 j ^^-re functions of y, v only, we 
should have 




jdU2 

dv 




+ Xs=0, 




where X=X(^i, ..., ^7, 0, 0, 0): and corresponding equations hold for 
derivatives with regard to y and to z. These equations imply that 

where « is a functional form : the integrals are not theft inde- 

pendent. Accordingly, at least two of the four quantities, say ^^3 and ?«4, 
involve some of the variables Ij m, n ; hence 

us=<f>{uiy Wa), 

Ui-ylr(uiy W2), 

are general intermediate integrals, <f> and ^ being arbitrary functions. On 
account of the relations 

[w<, tty]=0, (b>=l, 2, 3, 4), 

these intermediate integrals coexist : and the primitive can be obtained by 
integrating either of them, or by integrating both of them as a simultaneous 
system : the general integral of either, regarded as an equation of the first 
order, leads to a primitive. 

Moreover, it will be found that a knowledge of the form of is of 
substantial assistance in the integration of the equations subsidiary to 
the integration of 

%=<#>(%, «2); 

and, similarly, with the knowledge of in relation to the integration of 

U2) : 

these results are easily established by considering the characteristic of each 
of these equations of the first order. 
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Ex. 3. Prove that the equation 

A a, h, g — xhi (ah — A*) — (xl — mg) (he —f^)+4xzm (ch —fg) 

K h, f 
9, /. c 

« Axmnh — 2n {scl — my) b -f ^m^zc — 4m%, 

has an integral 

and deduce the general primitive. (Vivanti.) 

Ex. 4. Verify that the conditions in the preceding discussion for the 
equation 

\a^Aj h-U^ g—0 =0 
h-H, b-B, f-F 
g-O, f-P, c-C 

are satisfied, (i), when 

.4 — X, H^yy C=\^ly m, n 

y» ^ 

y? /*> a 

where X, a, /3, y are constants : (ii) also, when 




(7= 

14-^2 

V ’ 

V 


V 

rt mn 

„ -al 


Im 

- 

> 




(iii) also, when ♦ 

aJ-, B = -, (7=-, F=Q, G'=0, fl=0. 

Obtain the general primitive in the respective cases. 

Cases when the Three Relations are not 
A Complete System. 

320. We still have to consider the case in which the relations 
(i,i/) = 0, {M,N)^0, {N,L) = 0, 

are satisfied, though not identically; then they are equationj 
additional to i = 0, Jlf = 0, = 0. They are of the form 

Pii>i+*'j = 0, 

"hiPi + \2 = 0 , 

A*iPi+Ma = 0, 

* This third example is due to Tanner, Proc. L. M. S., t. vn (1876), p. 89. 
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where 

^ 0/A d\ y dv dfM d\ dv 

^ ~ ^ dp, ~ dp,’ dp, dp,' 

The most important case arises when they are equivalent to only 
a single additional equation : and this can occur in three kinds of 
ways, viz. 

(i) two of the conditions may be satisfied identically, and the 

remaining condition then gives the new equation : 

(ii) one of the conditions may be satisfied identically, and 

the other two give new equations which are equivalent 
to one another : 

(iii) no one of the conditions may be satisfied identically, but 

the three are equivalent to one another. 

Let the new equation be P « 0. Then the relations 

(P,i) = 0, (P.M)^O, (P,i^) = 0, 

must also be satisfied, either identically or in virtue of the 
equations of the system 

X=0, P = 0. 

We shall assume that this requirement is actually met without 
the association of other new equations. The system is a complete 
Jacobian system ; as it involves seven variables, it possesses three 
algebraically independent integrals, a set of which may be denoted 
by Wi, Wa, u^. 

We then resolve the equations 

tAi ~ Ui , 

together with the four equations of the complete system, so as to 
give the values of pi, ..., p^, the quantities Oi', Oj', Og' being 
constants. The values are substituted in 

7 

du^ ^ Pidooi ; 

and quadrature is effected, giving an equation of the form 
7A = o) (v, X, y, z, I, m, w, Oj', a,', a,') -f a/, 

where a/ is an arbitrary constant. Now = 0 is the intermediate 
integral : adopting this value of % and dividing out by one of the 
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arbitrary constants, say by we have the intermediate integral 
in a form 

<» 3/, h m, n, Oi, Oa) + a, = 0. 

This may be called a complete intermediate integral as it 
contains the greatest number of arbitrary independent constants 
which generally can be eliminated from the equations 


0) + Os = 0, 




d(i} 

dz 


= 0 : 


the eliminant is the differential equation required. 

A general intermediate integral, obtained in the usual manner 
from the complete intermediate integral, is given by the elimination 
of Oi and between 


a) {v, X, y, z, I, m, n, a^) + (oi, Ug) = 0 ' 

dai dui " » 

— + ^ = o 

da^ Boq 

where <f> is an arbitrary constant. 

In order to proceed to the primitive, we integrate either of 
the intermediate integrals as an equation of the first order: 
its general integral will be a general primitive of the differential 
equation of the second order. 

This primitive has been obtained from the set of equations 
X = 0, if»=0, i\r = 0, which may be only one of several sets of 
equations deduced from the original conditions. When there are 
other sets, each of them must be discussed : and each may lead to 
a primitive. The various primitives are so many branches of the 
final primitive. 


Generalisation of Mongers Equation. 

321. One of the simplest classes of equations is constituted 
by the generalisation of equations which belong to the type 
considered by Monge. Let ff, -sjr denote three algebraically 
independent functions of v, x, y, z, I, m,n : then an equation of 
the first order is given by 


F ( d , yfr ) « 0, 
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where -P is an arbitrary function. Also, let 

dx dx'^ dv ^di dm^^dn' 

^y dl"^ dm ^dn' 

d _d ^ d ^ d ^.d ^ a. 
d 2 dz ^ dv ^ dl ^ dm ^ dn' 

then, in order to construct an equation of the second order which 
has i^=0 for an intermediate integral (and which therefore will 
be of the class under consideration), it is sufficient to eliminate 
the derivatives of F between the equations 

dF dd dF dff> dF dyjr ^ 

dddx^d^dx^ dyjr dx * 

d6 dy d<l} dy dy^ dy ^ 

dF d6 dF d<l> dF dyft 
d6 dz ^ d<^ dz dy^ dz 

Obviously, the equation is 

dO d<f> dyjr 
dx* dx* dx 

dd d<f> dyjr 
dy* dy* dy 

dd d(f> dyjr 
dz* dz * dz 

which, when expanded in full, is 

D^ + PA^QB + RC-^2SF^2TG + 2VH 
-f- Jd -f- Jb 4* Kc 4“ 2/^ -f- 2My 4* 2Nh — TF, 

A = I a, A, g = abc 4- 2fgh — q/*® ~ hg^ - cA®, 

K 6 , / 

9 > /. c 

A = 6c — /*, = ca - ^®, C^ab^ A®, 

F^gh-af, G-=hf-^bg, H^fg-ch, 



where 
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and the coefficients are various combinations of the derivatives of 
0, (f), yjr. As there are fourteen coefficients in the equation, all 
dependent upon 0, <f), yfr, it is manifest that a considerable number 
of relations among them must be satisfied. 

In particular, 

\l,m,nj \x,y,z/ 

Now the form of equation thus obtained is the only possible form 
when an intermediate integral of the assumed functional form 
exists : but an equation of that form does not necessarily possess 
such an intermediate integral, for (as we have indicated) certain 
conditions must be satisfied. The conditions may be obtained as 
follows. 


322. Assuming that the equation of the second order has an 
intermediate integral 

iL (v, X, y, z, ly m, n) = 0, 

and having regard to its relation to the equation, we know that 
when the equations 

Ux + aui + huni + gun == 0, 

Uy + hui + hUfn, + fUn = 0 , 

+ gui ^-fUm + CUn == 0, 

are used to eliminate three derivatives of the second order 
(say a, 6, c) from 

D^ + PA-{■QB + RG+^SF^2TG + WH 

+ la + Ji-f ^c4-2X/ + 2% + 2A^A=:Tf, 


the resulting equation must be evanescent. Now 

UmUn f Ux ^ g ^ AV 
Ui \U^Un Urn ^ uj ' 


writing 


we have 


Ux 




UffiUn 

f 

y 

UnUi* 

7 = -^, 

£J — • 

■»7 = 

UiUffi 

h 

Ui 

Um 

Un 


a = -^(X +7 + ’?); 

Ui 
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similarly, 


b 




(r+<#> 




c 


nUm 

Un 


(Z + 4- 7 


). 


Again, 

A = 6c -/* 

= { YZ -{• <f> (^Y Z) •^r'iY vjZ + <f>y + y^j 4- v^]» 

with similar expressions for B and C : also, 


F = gh-af 

= UmUn (X<f> 4- 07 -f 7^y 4- ^0), 
with similar expressions for G and H, Lastly, 

A = — uiUf^Un [X YZ 4- (07 H- 7»7 4" '»70) {X Y Z) 

+ <l>(XY+XZ)-^y(YX^YZ)^v{2X + ZY)}, 

Substituting these values in the given equation, and equating to 
zero the coefficients of the various combinations of 0, 7, tj, so that 
the modified equation is evanescent, we have various relations. 


The coefficient of 07 4- 717 4- ft<l> yields the relation 

~ DuiUmUn (Z 4- F 4- 4- Pu^ 4* 4- RUr^ 

• 4 - 2Su>,nUn 4- 2TUnUi + 2 UuiUm = 0. 


The coefficients of 0, of 7, and of 17, yield the relations 
- (XY+XZ)-J^-K'^ + 2Lut 

tlfn Un 

4“ ( F4- Z) 4* QXUfn "1" RXUn 4- 2SXlLfn Un = 0, 


- DuiUmUniTX +YZ)- -K^ + 2Mu,n 

Hi 'M'y* 

+ PFmj* + Q (Z + F) Mm* + i? Fm„* + 2TYUnUi = 0, 


- Duiv^u^ (ZX + ZY )- + 2Nu^ 

Ui Ufn 

4 - PZuf 4“ QZUff^ + R (Z 4- F) 4 2UZuiUm = 0, 

respectively; and the terms, independent of 0, 7, 17, yield the 
relation 

- DM,Wm«n XYZ-IX -JY'^-KZ'^ 

Ui Um U„ 

+ PYZut> + QZXu„‘ + Jtx Fm„* = W. 
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Apparently, there are five relations involving the quantities 
nx> Un' they can, under conditions, be reduced 

to a set (or to sets) of three equations. 

The forms of these relations (and the remembrance of the 
subsidiary equations in Boole’s method in the case of two 
independent variables) suggest the homogeneous linear forms 

jDWa; = PUi + + 0Un 

Duy ^ rfUi+ Qum + a'wn ’ : 

Du^ = ^'ui + aUm 4* Run ^ 

in these at this stage, we shall regard a, a', y, y as six 

quantities to be determined and as independent of ui, 

The first of the preceding five relations is then satisfied 
identically, if 

7 + 7' = 2£^' 

a 4- a' = 2/Sf ^ 

which accordingly will be regarded as three equations for the 
determination of the six quantities. 

The second of the five relations is satisfied identically, if 

yy = PQ — LK, 

/97+^V = 2(ZP + ^P); 
the third is satisfied identically if, further, 
olo!:=^QR--DI, 
ay + a'y = 2 {MD 4* TQ ) ; 
the fourth is satisfied identically if, further, 
al3 + a'fi'=^2(ND-\-UR); 
and the fifth is satisfied identically if, further, 

a/3y 4- a'/3'y' = 2PQR - PID - QJD - RKD - IPW. 

These equations for a, a', 7 , y imply relations among the 

coefficients of the differential equation, which must be satisfied if 
it is to possess an intermediate integral of the assumed t 3 q)e. 

Moreover, these linear forms in the derivatives of u secure 
that the equation is satisfied : for, substituting from the equation 

w* 4- aui 4- hum, 4- * 0, 
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in the equation 
we have 


DUx = Pui + yu,n + 

(aD + P) Ui 4- (hD 4- y) + {gD + Wn == 0 ; 


with two similar equations. Eliminating Urm Um we have 

aP4P, hD + y\ + ^ == 0 ; 

hD 4" 7, hD 4- Qy fD 4 
I 4-/3', /P4a, cP + P 

when this determinant is expanded, and the relations among 
the quantities a, a', /3, / 8 ', 7 , y are used, the initial equation is 
reproduced. 

323. Accordingly, we shall assume that the appropriate 
relations among the coefficients of the given equation are satisfied ; 
so that a, a', yS, yS', 7 , y are determinate, and have one set (or 
several sets) of values. The equations for u then have the form 

. du\ 


... dll ^ jdu 

‘S 


-i( 


p 9 m , 9(4 , 


, du 




0 m dn, 


... , 0u 1 / ^ 

. . , 0M 0ifc 1 f ^,du du Tydu\ 

on the assumption that P is not zero. They must satisfy the 
Poisson- Jacobi conditions 


these are 


(A„A,) = 0, (A„A 3 ) = 0, (A3,A0-0; 


a_ 7-7' 9m , 
2 ) 9v‘^ 


0 t« 


" 2 ) 9«)^ 


a; + [j)) ^ 1 ^ 2 )/} dm 
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respectively. They clearly are not satisfied in virtue of 


Ai = 0, Aa = 0, ^8 = 0. 

If they are satisfied identically, then 



and the differential equation is 

aD 4- P, hD + U, gD + T i = 0. 
hD + U, hD + Q, /D + -s| 
gD + T, fD + 8, cD + R 

The case has already been discussed (§ 319, Ex. 2). We shall 
assume the alternative hypothesis, that the Poisson- Jacobi con- 
ditions are not satisfied identically : they therefore provide a new 
equation or new equations. We shall suppose that they provide 
one new equation in one or other of the three kinds of ways above 
indicated : let it be 

A4 = 0. 

The presence of this additional equation requires that the 
additional Poisson- Jacobi conditions 

(A„A4) = 0, (A„A4) = 0, (A8,A4)=0, 

shall be satisfied : we shall assume that they are satisfied without 
the association of any new equations. The system of equations 

Ai = 0, A2 = 0, A8 = 0, A4 = 0, 

is complete ; as it involves seven independent variables, it possesses 
three algebraically independent integrals which may be denoted 
by Then 

<#> (Wu Wa) = 0, 

where is any arbitrary function of its arguments, is an integral 
of the system: it manifestly also is a general intermediate integral 
of the original equation. 
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This integral is provided by a subsidiary system associated 
with one set of values of a, a', yS, /Q', 7, 7'. It might happen that 
another intermediate integral is provided by the subsidiary system 
associated with a different set of values of cr, a , 7, 7', the 

additional conditions of course being supposed to be satisfied : let 
it be denoted by 

yjf'iui f u^y M3 ) = 0, 

where ^|r is arbitrary, and are the three algebraically 

independent integrals of the new subsidiary system. 

It is easy to assign the circumstances which allow these two 
intermediate integrals (if obtainable) to be treated as simultaneous. 
The quantities Mj, m^, are integrals of the first system, each 
equation in which is homogeneous and linear in the derivatives 
of u : hence is also an integral, and we have 

+ ^'<pn ■ . 

l)<f)z R<l>n ^ 

Similarly, as m/, Ug', are integrals of an alternative system, 
^|r also is an integral of that system which may be taken to have 
the form 

Dyfra, = Pyjri 4* T ' -f Ryl^n \ 

= T'l/rj 4 - Qyjrm + i , 

Ayfr^ 4 Ryjrn ) 

where 

Ay A' are either a, a'; or a', a: 


B.S fiy^ior^'y^ 

r, F 7, 7'; or 7', 7 


the set of first alternatives throughout giving the system for <f>. 
In order that the equations 

^ = 0 , -^= 0 , 

may coexist, the relation 

must be satisfied, that is, we must have 
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Substituting for ^y, yjrg., -^y, yjrg from the equations in which 
they respectively occur and collecting terms, we have 

(y - r) (pmyfri 4- (7 - F) 

+ (a' — -4 ) <i>n^m 4* (a — A') yfrn<l)m 

4- {S' — B) (l>iylrn 4- (^ — B') yjri<j)n = 0. 

Evidently this is satisfied identically, when 
A = ol \ A' = Of, 

r = 7 ', F = 7 : 

and therefore we have the result : 

If all the conditions for the possession of three algebraically 
independent integrals be satisfied for each of the systems 

= P<f>i 4- 7 >rn + S<l>n \ By^^ = Py^i 4 yyft^ 4* "j 

B<fiy = y<i>i 4- Q<t>ni 4- a<f>n i , Byjry = yyjri + Qyjrm 4- ayjrn I , 

B<f>z = 4- a</)m 4 - R^n ) 4* 4 “ R'^n ] 

then any intermediate integral of the differential equation pro- 
vided by the first system can be associated with any intermediate 
integral provided by the second system. 

Moreover, when we proceed to integrate either intermediate 
integral as an equation of the first order so as to obtain the 
primitive, the subsidiary equations for that integration include 
the equations subsidiary to the construction of an integral of 
the other system. When any integrals of the other system are 
known, they can be used to simplify the integration that leads 
to the primitive. 

Other theorems, analogous to the corresponding theorems for 
equations in two independent variables, can similarly be obtained. 
We shall not enter into the further development of the details 
connected with the type of equation under consideration: the 
method has been sufficiently outlined to allow of application to 
any particular equation. 

Ex. 1. Integrate the equation 

a4ai, A4a6> 5^406 

A4a6> 5 4a2> 

/4a4» c4a8 


407 * (c4a8)«“0, 
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where all the quantities oi, ...,07 are constants, shewing that, when certain 
conditions of inequality are satisfied, there are two subsidiary systems. 


Ex, 2. Integrate the equation 


a, 

A, 

9^ 


h, 

9^ 

1 

b, 

/, 

m 

/. 


n 

m, 

riy 

V 


The Linear Equation. 

324. In the preceding illustrations of the theory, it has been 
assumed that D is not zero. When D is zero, it is simpler, in 
any particular case, to re-apply the process from the beginning 
than to modify the equations of the more general form. By way 
of illustration, we shall re-apply it to the equation 

Aa + 2Hh-^Bh^2Gg-¥2Ff-¥Cc=:^K, 

where the quantities il, B, (7, Fy Gy Hy K are functions of a?, y, Zy 
Vy ly m, riy and do not involve any derivative of the second order. 

Substituting from the equations 

Ux + cbui + hum -b gun = 0, 

Uy -f- hui -f hu^ JUn ~ 

Uz + gui -h cw„ = 0, 

for a, by c in terms of /, y, A, and making the transformed equa- 
tion evanescent, we have 

2F — = 

Mn 

20 -C^ = 0 , 

Ui Un 

2H-A = 

Ui Un 

apparently four equations. But, on writing 

Ui^0Un, Um^(f>Un, 
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the first three equations become 

2F- f -G<f, =0, 

9 

2G- J -ce = 0 , 

2H-A = 

U (p 

hence 

4>{GH-AF) = A^^ + BC^-AC<f,-AB0 


= 4,(H^-AB)^(,G^-AC)^; 


and therefore, assuming that A does not vanish, we have 
ABC + 2FGH - AF^ - BG^ ~ CH^ = 0. 

Thus one purely algebraical relation among the coefficients A, B, 
Gy Fy Gy H must be satisfied*: and then the equations for u are 
three in number, viz. 

ui — dun 
Um = <l>Un 

} 

A B 

^ + Gtlz + Ku^ = 0 

with possibly two values for 0 and possibly two values for p. 

Now that the equations for u have been obtained, the 
same method as before can be used for the construction of the 
intermediate integral (when it exists) and for the consequent 
derivation of the primitive. 


Fx. 1. As a single application, let it be required to find the general 
primitive of 

+ 2a;yh -h 2^z/+ z^c = 0. 

The condition 

Ay Hy Q =0 

H, B, F 
G, F, C 

* It was first given by Euler, though not from the point of view of this method 
of integration : Inst. Calc.y t. iii, p. 448. 
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is obviously satisfied : and the equations for u are easily found to consist of 
the single system 

X y z 
xux'\‘yuy’^zn^=^0 

This is a complete Jacobian system as it stands : hence it possesses four 
algebraically independent integrals, and these can be taken in the form 

Here, no one of the quantities Wi, «2» ^4 involves derivatives of u with 

regard to x^ y, 2, Vj wi, n. We adopt the method explained in the Note at 
the end of Ex. 2 in § 319 : we have two general intermediate integrals 

lx-^my-\^nz ^ (y 

X ^ \x^ x) ’ 

t>-(Za;+my+iu)=V'(|. . 

where and are arbitrary functions of their argumeiits. The general 
primitive of the original equation is at once given by treating these equations 
as simultaneous, which is known to be permissible : that primitive is 

'-*♦(!■ i)** (!• 0 - 

Ex, 2, Integrate the equation 

x‘^a 4- 2xyh +y^b 4- ^xzg 4- 2,yzf-^z^c = a (.rZ + ym 4- 4- 

where a and /3 are constants. 

Ex. 3. Integrate the equation 

7a4’264-c4-9A4-8^4'3/=:^^^^^ . (Vivanti.) 

Ex. 4. Deduce the primitive of the equation 
{he -/*) 4- 2lm {fg- ch) 4- (ac ~ g^) 

4- 2lti {fh — hg) 4- 2mn {gk — {ah — h^) «* 0, 

by applying a contact-transformation to the equation in the preceding Ex. 1 ; 
or otherwise integrate the equation. 


Subsidiary System in Differential Elements. 

325. The preceding investigation depends upon the integra- 
tion of simultaneous partial differential equations of the first 
order; and this integration, as usual, ultimately depends upon 
the integration of a system or of systems of simultaneous ordi- 
nary equations. There is an alternative method of proceeding, 
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which uses ordinary equations as directly subsidiary to the 
construction of the intermediate integral when it exists: they 
are the equations of the characteristics of the first order. The 
two methods bear to one another the same relation as do the 
corresponding methods applied to equations of the second order 
in two independent variables. 

It will be sufficient for the present purpose if the method is 
applied to the equation 

DA + Pil + Qi? + 251^+ 2Te + 2ra 

+ /a + + iTc + 2Z/ •+• 2ilf^ + 2Nh = TT, 


already (§ 322) considered by the other method. Writing 
dl —adx-^-hdy + gdz, 
dm = hdx H- hdy + fdzy 
dn = gdx + fdy + cdzy 

and substituting, in the differential equation, values of a, 5, c 
derived from these equations in the form 


_ dydz / dl 9 _ 

~ dx \dydz dy dz) * 

dx dzj * 

;)• 


__ dzdx f dm 
"" dy \dxdz 

dxdy f dn f ^ 9 


\dxdy dx dy! 
we obtain the equations of the characteristic by making the 
resulting equation evanescent*. Henoe. as 

A^hc-f 


f dmdn 

/ 

/ dm dn \ 

g dm 

h dn 

[dxdz dydz 

dx 

\dxdz dxdy) 

dy dxdz 

dz dxdy 


dxdy dydz dxdz 


dx’^y 


with similar expressions for B and (7, and 


F = gh-af 



f dl \ 

dxdy dydz dxdz dx dydz) * 


* This is onlj a statement as to aotnal results : the argument is similar to that 
in the case of two variables (§ 288 ) and need not be repeated here. 
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with similar expressions for 0 and H, and 
A=| 


a, h, g 



h, b, f 



9> /. c 



dl dm 

dn 


dydz dzdx i 

dxdy 


^[dxdy^ 

gh 

dydz 

dxdz) \i 

f dl , 

f dm 

+ ] 

dx dydz ' 

\dzdx 

dxdy) 

q dm I 

( dl 

4- I 

dy dxdz ' 

Kdydz 

dxdy) 

h dn I 

/ dl 


dz dxdy 

\dydz 

+ 

dxdz)] 


dl dm dn \ 
dydz ^ dzdx ^ dxdy) 


dxdydz, 


we have 


D (dxdl 4* dydm -f dzdn) 

-f Pdx^ + Qdy^ + Rdz^ + 28dydz + 2Tdxdz + 2 Udxdy = 0, 
from the evanescence of the terms in fg^ gh, hf: 

Ddl (dydm + dzdn) + Pdx (dydm + dzdn) 

+ dl (Qdi/ 4- 2Sdydz 4- Rdz^) 4- dx (Jdz^ — 2Ldydz + Kdy^) = 0, 

from the evanescence of the term in /: 

Ddm (dzdn 4- dx dl) 4- Qdy (dzdn dxdl) 

4- dm (Rdz^ 4- 2Tdzdx 4* Pda^) 4- dy (Kdx^ — 2Mdxdz 4* Idz^) = 0, 
from the evanescence of the term in g : 

Ddn (dxdl 4- dydm) 4- Rdz (dxdl 4- dydm) 

4- dn {Pdx^ 4- 2 Udxdy 4- Qdy^) 4- dz (Idy^ — 2Ndxdy 4- JdiP) = 0, 
from the evanescence of the term in h : and 

Ddldmdn 4- Idldydz 4- Jdmdzdx + Kdndxdy 

4" Pdmdndx 4- Qdndldy 4- Rdldmdz = WdxdydZy 
being the aggregate of the remaining terms. 

Proceeding as before, we reduce these five equations to three, 
conditionally on certain relations among the coefficients being 
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satisfied*: these relations are sufficient to secure the possibility 
of determining six quantities a, a', / 8 , 7 , 7 ', such that 

a + a' = 2iS I )8 + /3' = 2r 
olol'^QR-- Di] ' PR- DJ, 

^V=2(Zi> + ;S^P), 

7 a + = TQ\ 

a^0^2{ND^UR\ 
aSy 4- a'/9'7' = 2PQP - P/P - Q/P - P/TP -1>W, 

We shall assume the conditions satisfied. When the differential 
relations are resolved, we have 

Ddl + Fdx 4 - ydy 4- ^'dz = 0 ' 

Ddm + y'dx 4" Qdy -f adz = 0 

V j 

Ddn 4- 0dx 4 - oi'dy 4 Rdz = 0 
dv — Idx — mdy — ndz = 0 

as the equations of the characteristic of the first order. 

It is easy to see that, if 

du (x, y, Zy Vy ly viy n) = 0 

is a linear integrable combination of these equations, then 

Du^ = Fui 4 yUm + /3Uny 

Duy = yui 4* Qu^ 4- 

Duz = ^'ui 4* aum 4- Run, 

being the former set (§ 322) of equations for u. 

Ex. 1. When the coeflacients P, /, §, P, 8y Ty U vanish, so that the 
equation has the linear form 

la^^Jh^r Kc-^'lLf^r^Mg TT, 

the preceding equations are evanescent : prove that the equations of the 
characteristic of the first order are 

dy^&dxy dz—<l)dx ' 

Idl+idm+§ dn^ Wdx ’ 

e <p 

* They are due to the fact that all the coefficients are certain functional 
combinations of the derivatives of three quantities, as explained in § 821; the 
explanation is similarly set out in Yivanti’s memoir, quoted at the beginning 
of this chapter (p. 490). 


7 4 7^ = 2 i7 

77' = PQ-P// 
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and prove that 

1 , N, M =0, 

N, J, L 
M, L, K 

in order that there may be a characteristic of the first order. 

(See, for comparison, § 324 .) 

Ex. 2. Obtain the equations of the characteristics of the first order 
of the equation 

PA 4- CjB + 2 + 2 /a + .75 + iSTc + 2Z/+ 2% + 2 « W", 

obtaining the preliminary algebraic relations among the coefficients which 
must hold if there is to be a characteristic of the first order. 

Ex. 3 . Integrate the equation 

a-h-g+f= 0 . 

Ex. 4 A dependent variable ^ is a function of four independent variables 
^1, ^3, ^4 ; and the derivatives of the first order and the second order are 

denoted byjD^, for i=l, 2 , 3 , 4 , and by for = 2, 3 , 4 . Shew that, if 

the equation 

S 2 AijPi,=^U 

possesses an intermediate integral of the first order, where the coefficients A^- 
are functions of the variables and the first derivatives only, and where A<y —Ay*, 
then the minor of every term in the diagonal of the determinant 

All, Ai2f Ai 3 , Ai 4 =0 

A21, A22, A23, A24 

-^ 31 , A32, A33, A84 

A41, A42, A43, A44 

vanishes : and obtain the equations of the characteristic of the first order. 

Shew that the conditions are satisfied for the equation 

1 4 

2 2 XiXjPij=- P, 

4=1 Jal 

where U involves Xi, X2, ^3, J?4, pi p%y jt?3, p^ at the utmost : and construct 
the primitive in the cases 

(i) ( 7 = 0 , (ii) P=a-?, (iii) ( 7 =:c(a 7 iy)i+A- 2 P 2 -b^ 8 Ps+^ 4 P 4 X 


where a and c are constants. 



CHAPTER XXIV. 

Equations of the Second Order in Three Independent 
Variables, not necessarily having an Intermediate 
Integral. 


The present chapter, like the preceding chapter, is devoted to the ex- 
tension, to equations involving a number of independent variables greater 
than two, of methods applicable to equations in only two independent 
variables. As before, the results are given and the notation is specially 
devised for equations in three independent variables: but many of the 
results can obviously be generalised to the case when the number of inde- 
pendent variables is n, though it has not seemed necessary to state them in 
the general form. 

As regards the range of the chapter, no assumption is made (as was done 
in the preceding chapter) that an intermediate integral exists ; and the 
particular methods, generalised from equations in two independent variables, 
are those of Ampere and of Darboux. The chapter is mainly based upon a 
memoir by the author*. 

Some illustrations of the theory, in the case of n independent variables, 
are to be found in another memoir by the author t : they belong to the theorj’ 
of symmetrical algebra. 

Moreover, it is to be understood that only the general theory of the 
partial equations is considered : there is no attempt to construct and 
coordinate the properties of particular equations, however important these 
may be in mathematical physics J. Similarly, there is no discussion of the 
integrals of particular equations as determined by so-called boundary 
conditions §. 

♦ Phil. Tram., vol. 191 (1898), pp. 1—86. 

+ Camb. Phil, Tram., vol. xvi (1898), pp. 291 — 825. 

X Such equations, together with applications to mathematical physics, are 
discussed in Weber’s edition (in two volumes, 1900) of Biemann’s lectures Die 
partielUn Differentialgleichungen der mathematUcken Phyeik. 

§ Full references will be found in Sommerfeld’s article on this part of the 
subject, Encyclopddie der matheimtiechen WUiemchaften, t. ii, pp. 604—670. 
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326. We now proceed to discuss the possibility of obtaining 
an integral of an equation 

<f) (v, X, y, z, I, m, n, a, 5, c,/, g, h) = 0, 

when no assumption is made concerning the existence of ar 
intermediate integral. If a method of any generality can b( 
devised, it should implicitly or explicitly lead to an intermediate 
integral (if any such exists). 

By Cauchy’s theorem, the equation usually possesses an Integra 
which is determined by the value of v and of one of its firsi 
derivatives for an assigned relation between x, y, z. Regarding 
this relation as the equation of a surface, we can consider that 
Cauchy’s theorem gives the values of v and I over the surface. Il 
the surface be 

S {x, y, z) = 0, 

then, for all variations subject to the relation 


dS 

dx 


+ — ay -f 
dy ^ 


^dz = 0, 


we know the value of 

Idx -f mdy -f ndz ; 


but I is known over the surface, hence m and n are known over 
the surface. Thus v, I, m, n can be regarded as known all over the 
surface, in connection with Cauchy’s theorem. 

Now consider the higher derivatives at points on the surface. 
Denoting the derivatives of z with regard to x and to y along the 
surface by p and q, we have 


dl = adx + hdy -f gdz = (a + dx-\-{h-\- qg) dy, 

dm = hdx + bdy -f fdz = (h -^pf) dx + (b qf) dy, 
dn = gdx 4- fdy + cdz — (p^pc)dx-^ (/+ qc) dy, 

along the surface so that, as I, m,n are known everywhere on the 
surface, the quantities on the right-hand sides of the equations 


dif I dl 

L ^ d^th I , JO dflfh 


dn 


- , dn 
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are known along the surface. It is obvious that, if the values thus 
given are to be consistent with one another, we must have 

dl 

dy ^ dy dx^^ dx' 

consequently, the equations are equivalent to five only, so that 
they can determine five of the quantities a, h, c, /, y, A, in terms of 
the remaining one, say 



dl dn 


, dm dn dl dn . 

We also have 

(f) (v, X, y, z, /, m, n, a, 6, c,/, y, h) = 0, 

so that there are six equations to determine the six derivatives 
of the second order. These generally will be sufficient for the 
purpose ; and therefore the six derivatives can be regarded as 
known along the surface. 

Similarly, the derivatives of v of all orders can be regarded as 
known along the surface, being determinable in the same manner 
as a, 6, c, /, y, h. Then, taking any point a?o, yo» on the surface 
as an initial point, provided only that it is an ordinary point for 
the equation as given, we can expand v as a series of powers of 
x — Xo, y —y^, z — Zq, the coefficients in which can be regarded as 
known. The convergence of the series can be established as in 
the proof of Cauchy’s general theorem ; and we then have the 
integral as established by that theorem. 

This conclusion, however, is justified only if the six equations 
do actually determine a set or sets of values of a, 6, c, /, y, h : it 
will fail of establishment, if sets of values are not determinately 
derivable. Such a result occurs for instance when ^ = 0 becomes 
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evanescent on the substitution of the values of a, 6,/, g, h in term* 
of c : one condition then is 


00 00 00 


d<f> 

■Prg- 




but this, of course, is only one among a number of such equations 
Moreover, even when the integral has been obtained, it is founc 
only in the form of infinite power-series: consequently, it ii 
desirable to possess other methods of proceeding to an integral. 


Extension of Ampere’s Method. 


327. One such method, applicable to equations whose integral 
are expressible in finite form without partial quadratures, is to b€ 
found in a generalisation of Ampere’s method devised in connection 
with equations involving only two independent variables. Let n 
be an argument in an arbitrary function occurring in the integral : 
and let the independent variables be changed from sc, y, z to 
a, y, u, on the supposition that u is not independent of z. Then 


Idx + mdy 4 - ndz • 


'dv 

dv 
' dx 




hence, if p and q denote the derivatives of z with regard to x and 
to y respectively when u is constant, we have 


l + np 


^ \ 


Similarly, 


dz dv 
^ du i 


dl 

. dl 

dz M 
du 


, . dm] 

dn 


- . dn 

^dz ^dm 
^ du du 1 

dz dn 
du du i 
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dy ^ dy^ dx ^ da* 


a universal relation ; and then, using the first two equations out 
of each of the three sets in order to express a, b,f, h in terms of 
c, we have 


/= 


dn 

dy 


-qc, 


, dm dn . * 
dn 


dx 


dn 

'di' 


A = 


dm dn 


dl dn 


and we take 


dx ^dy'^^^'dy ® 

du du 

du du 


dx 




When these values of a, 5,/, h are substituted in 

<l> (y, X, y, z, I, m, n, a, b, c,f, g, h) = 0, 

it becomes an equation involving c : and when we suppose (as now 
will be assumed) that ^ is a polynomial function of its various 
arguments a, 6, c, /, g, h, of order y!, the transformed equation 
in c can be arranged in powers of c. It will take a form 

Eq 4 " EiC 4 * . . • 4 * Effi^ = 0, 

where y is not greater than and may be less than y! if 
particular combinations of the derivatives of the second order 
occur in 

When the value of t; is substituted, the equation must be 
satisfied identically. Now, in the expression 

dn dz 
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being the value of c, the ^-derivative of the arbitrary function 
which has u for an argument is of order higher than that of any 
other t 4 -derivative contained in any of the quantities which make 
Eq, El, hence the equation can be satisfied identically, 

only if 

Eft, = 0 , •£>— 1 = 0 , . . . , El = 0 , E(i = 0 . 


If then the equation E^^O is the equivalent of the 

equation 


^ dh 


db ^dg ^df^dc 


if fjL< fi, this equation still is satisfied in virtue of the equations 
E^=^0, ,,,, Eq==0: in either case, it is satisfied. Now, as p and q 
are the derivatives of z with regard to x and y when u is constant, 
we have 


du 

dx 


+^>^ = 0 . 


du du _ 


substituting for p and q, we have 


\flx/ oxdy \dyj oxoz oydz \dzj 


where 


A, B, G, F, G, ir = 




da ' 


06’ 


0 ^ 

0c' 


d± 

a/’ 


asr’ 


dh ‘ 


This relation must therefore be satisfied by an argument of an 
arbitrary function which occurs in the primitive of the original 
equation. 


Characteristic Invariant. 

328. But, further, this relation is invariantive for all changes 
of the independent variables. Suppose them changed according 
to the law 

y'=‘y{x,y,z), 
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and let l\ m', n\ a\ h\ c\ f\ g\ h' be the respective derivatives of 
t; with regard to the new variables. Then 

= { f*, Vx, m', n'), 

Vyt 

a =(a', b', c',/', g\ ?*)» + 

A = (a', h', c'.f'.g', 17*, Vy, W+ •••. 


the omitted terms represented by + ... being terms which involve 
derivatives of the first order only. Applying these transformations, 
let ^ (v, X, y, z, I, m, w, a, 6, c,/, y, A.) become <^>' (v, a?', y', 2^', l\ m\ n\ 
(i\b\c\f\g\h'); then 

-ff' = = 2.4f,i7, + 27 + iB^yjjy 

+ ^(^xVz + ^zVx)’^f^{^yVz + ^zVy) + ^('^zVz* 

and so on : hence, if 

u(x, y, z)=^u'(x\ y\z'\ 

so that 


^ ^ ^ _ f t X— 

ay'’ a^'/’ 

Vy> Ky 

^Zf Vz> tz 

we have 


A 


(du"^ ^ at4 0U 

Va^y 0a; 0y 



0m' 014' 

0a;' 0y' ‘ ' 


after substitution and collection of terms. 


The alleged property is thus established: on account of the 
property, the relation satisfied by u is called the characteristic 
invariant of the given differential equation. 


329. The equations 

A^o = 0, = ..., = 

are resolved into sets as simple as possible: and then we seek 
integrable combinations, as many as possible, of each particular 
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set. In effecting the integrations, it is to be borne in mind that 
the quantity u is latent : and in order to take account of it, the 
equations 

Idv 1 dl dm ^Idn ^dz 
w3u gdu'^fdu'^cdu'^du 

(which, except for one part of the discussion, have been left on 
one side) must be used and be satisfied. When all the operations 
have been completed and limitations upon functional forms as 
required by the equations have been imposed, a number of 
relations will result. 

The importance of the process lies in the fact that the relations 
thvs obtained satisfying all these subsidiary equations constitute 
an integral of the original equation. For suppose that, in the 
expression which v acquires from the relations, we consider u 
eliminated in favour of z: then 


dv y , dv y , dv y y 


whence 




dv _dvdz 
du “"dzdu* 

dy^ dz^^ dy' 

Comparing these with the equations of the system that led to the 
integral relation, we have 

j dv dv dv 

Isz— TTisa— nss^-. 

dx dy dz 

Next, take a quaintity c defined by the equation 

du 

du 

so that, in virtue of the integral system, its value is determinate. 
Since the equations 

dv . dv dz 


dz 
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are satisfied by the integral system (for they are members of the 
subsidiary system), we have 

and therefore 

^ dn ^dndz 
du^^ du'^ dx du* 
d^z 

the terms n on both sides cancelling : consequently, 

dl _ dn dz dn 
du dx du ^ du 

(dn \ dz 
\dx du 
dz 
du* 

Similarly, from 

dv dv dz 

we can prove that the integral relations lead to 


Similarly, from 


Again, we have 


dm _^dz 
du *”•' du* 




and therefore 


dl j dl j dl , 


dl ^ dz d^v 
du ~ du dxdz * 
dl ^ dh) ^ 
dx ^dxdz^ 

dy ** ^ dxdz ^ dxdy * 

Comparing these with the former equations, we have 

, dh) _ dh) 

^ da^* ^dxdy' ^“^dxdz* 
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Similarly, we find 

^~'dydz' 

Again, when we take the combination 

Hjq + cBJi + . , . -f- c^Efi = 0, 

and eliminate from this equation the derivatives of I, m, n with 
regard to x and y by means of the other equations, we have 

<^{v, X, y, 2r, Z, m, n, a, 6, c,/, y, /t) = 0: 

and the quantities Z, m, n, a, 6, c,/, y, /i. are such that 

, dv Bv Bv 

= fy’ S’ 

, , I ^ 

> C, /, y, • 

that is, V is an integral of the original differential equation. We 
therefore may summarise the result as follows : 


When an equation of the second order (l> — 0 is transformed into 
Eq -jr EiC + E^c^ = 0 , 

hy the elimination of a, f g, h through the equatiom 


dl dn 
dn 


, dm dn 
. dn 


, dm dn dl 


dn 


dy 

and when, in the integral equivalent of the simultaneous system 
^0=0, = = 
dm ^ I 

dx ^ dy^ dy ^ dx \ 

dv j dv 

^^ = l+np, + 


dz 

dx 


dy 
dz 

-P’ Ty-^ 
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all arbitrary constants are made functions of % and all arbitrary 
functions are mode to involve u, subject to the equation 

dv _ dz 
du ^ du* 

the value of v so provided is an integral of the original differential 
equation. 

The integer p is never less than unity : the equation 

dm dn _ dl dn 
dx ^ dy dy ^ dx 

is a functional consequence of the two equations 
dv , dv 

being a necessity to their coexistence : thus there are at least six 
equations for the determination of five quantities ly m, n, v, z as 
functions of x and y, the quantity u being latent throughout these 
equations. There is no perfectly general process, the universal 
application of which is subject only to the difficulties of quadrature, 
that can be applied to the system : and indeed, no such process 
can be expected which does not essentially involve the hypothesis 
made as to the character of the integral — that it is expressible in 
finite terms without partial quadratures. 

When an integral equivalent of the system has been obtained, 
the relation of the argument u to the other variables in that 
equivalent can be settled by means of the equation 

dv _ dz 
du ^ ^ du' 

which must be satisfied identically. The arbitrary elements that 
then survive will indicate how far the integral can be regarded as 
coinciding with the integral in Cauchy s theorem. 

A detailed example will shew the working of the preceding 
theory in connection with the explanations. 

Ex. Consider the equation 

which, as a matter of fact, does possess intermediate integrals The character- 
istic invariant is 
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that is, 


{p-q) (?+l)»0; 


so that two sets of subsidiary equations arise for consideration : they are 
given by 


When we substitute the values of 6, /, A, given in terms of c by the 
subsidiary equations, and take account of the characteristic invariant, we 
find that (in the general notation) fi**!, that is the characteristic 

invariant, and that the equation .£'o==0 is 


dm 

dy 

First, let 

that is, on integration 


. ..dn dn dan 


p-q^o, 

w). 


0 . 


where 6 is an arbitrary function. Also, using the relation ^-j=0, the 
preceding subsidiary equation is 


so that 


d{m — n) d{m^n) ^ 
^ d^ “ ^ 

m-n^f(x+yy u), 


where ^ is an arbitrary function : hence, taking account of the preceding 
equation that defines z, we have 


m--n==g{x^y, z), 


where g is an arbitraiy function. This equation is manifestly an inter- 
mediate integral : when integrated, it leads to a primitive 

v^O{x^y, z)-\-H(p+Zy x\ 

where O and H are arbitrary functions. 

Next, let 

2^+1 = 0 , 

that is, on integration 


y+z*.9(a:, w'), 

where ^ is an arbitrary function, and u' is a new argument. The other 
subsidiary equation is 

dm dm dn dn ^ 
dy dx dx^^ dy'“ 

hence, in connection with the universal equation 

dm dn dl dn 
dx ^ dy dy^^ dx^ * 

together with the relation ^ + 1=^0, we have 

dm dl ^ 




so that 
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where x ^<9 arbitrary function. Taking account of the preceding equation 
that defines u\ we have 

07), 


where k is an arbitrary function. Again, this equation is an intermediate 
integral : when int^rated, it leads to the same primitive 


as before. 


«)+ir(y+«, or) 


Application of Darboux*s Method. 

330. When it happens that no integrable combination of the 
preceding subsidiary equations is obtainable, we pass from the 
preceding generalisation of Ampere’s method for equations in two 
independent variables to a generalisation of Darboux’s method, 
whereby we seek to obtain equations (if any) that are compatible 
with a given equation and are not of lower order. 

When the method is applied to an equation of the second 
order 

4> (v, X, y, z, Z, m, n, a, 5, c,/, ff, h) = 0, 
we need to take account of derivatives of the third order. Let 
_0*v _ d^v d^v d*v 

ft - ft - 

'^^~dxdydz’ 

_ d‘v 


da =s ttoda? + Ady + OL^dz 
dh ^fiodx + 7ody 4* ff^dz 
db = 7oda? 4- Body 4* yidz 
dg =s OLidx 4- Ady 4* a%dz 
df ^P^dx 4* 7iciy ‘\‘^%dz 
dc =s a^dx 4- Ady 4- o^dz 
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The equation = 0 must be satisfied identically when the ap- 
propriate value of v is substituted; hence, writing 


dx 


dv 


'dl ■ 




r_^ 

~dy 


dv 


F=^+m^+A^ + 6^+/ 


' di ■ 


0»l 


0n’ 


de dv ^ dl ^ dm dn ’ 


and keeping the former notation for derivatives of with regard 
to a, 5, c, /, g, h, we have 

^ 4" -dtto 4* 4" Syo 4” (t«i 4" 4" Oct^ = 0 

4- A^q 4- Sya 4- BBq 4“ O^i 4- ^7i + = 0 

4" -d cti 4“ 4* -^71 4" GoLi 4” 4* Cu^ = 0 

in connection with the value of v provided by the integral 

sought. 


Now suppose that the independent variables are changed from 
Xy y, 2 to Xy y, Uy where the only assumption made at the moment 
is that u certainly involves z : then, keeping the former significance 
for p and the derivatives of a, b, c,/, y, h with regard to x, y, u 
are given by the equations 


da 

dx 


ao 4- aip, 


da 

dy 


= ^0-^ aiS', 


da ^ dz 
du d u * 


dx 


— ^0 4* A Pf 


dy 


== 7o 4- As'j 


db , ^ , 

^ = yo + y^p, ^ = s« + 7.?, 


dh_a dz 

db _ dz 
du ~'^^du’ 


da) 


«! + <kp, 


dy 


=y3, + «jg, 


du~^du’ 


df_ 

dx 


= /8i + ^sj). 


dy 


= 7i + ^39> 


dw "’dw ’ 


do 

«. + «.!>. 


dc ^ dc d-^ 
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The following relations, derived from these equations, obviously 
subsist among the derivatives of a, 6, c, /, g, h with regard to 
os and y, viz. 

dh dg da dg 

dx^ ^ dx'~‘ dy^ ^ dy ' 

db df ^dh df 

dx^^dx^dy^^dy* 

df dc dg dc 

each of which is free from the derivatives of the third order. 
Again, the equations can be used to express all but one of the 
derivatives of the third order in terms of that one : expressing 
them in terms of A, we find 


da 

a, = -^- 


dx 


1 

a, =- 


p fda 

q \dy 

da dh\ 


dh\ ^ 


F 


-E)+a!, 


q \dy dx) 

-qdy 

a — ^ + B — - 

’ pdx pq dy ' pq’ 


/3o = 


& 

dx 


■OiP, 


pdx ^'p’ 
dh ^ 


1 fdb dh\ q 

p\dx dy) p* 

^^^d^y'^pKdx dy) ^^p' 


Other expressions are obtainable : but they are equivalent to this 
set, in virtue of the earlier three relations. Moreover, the value of 
y8i is taken to be 

dh dz 
du ' du’ 
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When the values of the derivatives of v of the third order, as 
expressed in terms of /3i, are substituted in the three equations 
which arise as first derivatives of = 0, we have 


(da; q \dy dxj) dx dy 


+ 0 




q \dy dx) 


dx dy 


qdy 
fdh dh' 


:)} 


|^_ 2 ( 

[dy p \dx dy) 

A=o. 

p \dx dyj pdx p 


where 


q \dy dxJ p \dx 

+ g-^ + f-'^^ + g(-~ 

qdy pdx \p dx 


dh\ 

dy) 


0 , 


A = Ap^ + Hpq + Bq^ — j? — + (7 ; 

and, in each of the three equations, has the previously mentioned 
value. 


331. At this stage, there are two distinct courses of reasoning 
which, while leading to the same subsidiary equations, give divided 
significance to the equations. 

According to the considerations in the first of these courses, we 
use the freedom, given by the fact that the new variable u has 
remained arbitrary, to impose a condition: we suppose u to be 
chosen so that A = 0, that is, we have 


Ap^ + Hpq 4- Bq^ — + (7= 0. 

The term in )8i disappears from the three equations: and these 
equations, after slight modifications, can be made to assume the 
forms 






dx 


+ O'^ + F^ = 0, 


dy 




-P 



+ G^ + F^^0, 

dx dy 
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\dy ^ dy) 
dx dy 

According to the considerations in the second course of reasoning, 
we assume that the equations of the integral can be expressed in 
finite form and that the variable u is an argument of an arbitrary 

function in the integral. Then, as ^ in the value of /3i involves a 

differentiation with regard to u higher than any which occurs in 
any other term, and as the equations are to be satisfied identically, 
the term in must disappear in and by itself from each equation : 
hence 

A = 0, 


being the same conclusion as before. The remaining parts of the 
equations must also vanish : they have already been given in the 
forms 


= = £'3 = 0. 


332. The quantities, which occur in these simultaneous sub- 
sidiary equations and which have to be determined for our present 
purpose, are eleven in number, viz., a, b, c, /, y, h, I, m, n, v, z : they 
are functions of a?, y, u. Omitting initially those equations in 
which derivatives with regard to u occur, the eleven quantities are 
to be functions of x and y. The constants, which arise in the inte- 
gration, are made functions of u ; and arbitrary functions, which are 
introduced, involve u: the forms of the functions must be such 
that the equations containing derivatives of u are satisfied. 

The equations for the determination of the eleven unknown 
quantities are simultaneous partial equations of the first order. 
Among them, we have 

dv j , dv 

+ = + 

dl dl 2 . 


dn 


dn 

dy 


=/+cg, 
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which are equivalent to seven in all, because the relation 

dl dn __ dm dn 

dy dy^ dx^ ^ dx 

is identically satisfied by the foregoing values of the derivatives of 
ly m, n. Moreover, the relations 

dh dg da , dq 

dx^^ dx~ dy^P dy’ 

dx^^ dx~ dy^Pdy’ 

are deducible from the preceding relations by substituting in 

d /dl\ _ d /dl\ d /dm\ _ d /dm\ d /dn\ _ d /dn\ 

dy \dxj ~ dx \dy) * dy \ dxj dx\dyj ' dy \dx) dx \dy) * 

so that they are not independent equations. Consequently, on the 
score of this set of equations, there are seven which are inde- 
pendent of one another : they are a universal set, belonging to all 
equations of the type under consideration. 

The remaining equations in the system belong specially to the 
equation <f> = 0: they are 

A = 0 , £^8 = 0 , 

being four in number. 

Hence the tale of independent equations in the subsidiary 
system is eleven, the same as the number of quantities to be 
determined at this stage. 

The original equation ^ = 0 is an integral of the system. For 
the effective solution of the system, ten other integrals would be 
required: in particular cases, the process can be appreciably 
shortened. 


Ex, 1. Consider the equation 

which has no intermediate integral. Here 

A ■«/>* — pg + p - 3^ 0, 
so that we have two cases to consider, viz, 

p+l*0, p-g«0. 
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function of x-Vz^ 
when the appropriate argument n is constant : the second gives 
2=^ function of 

when the other appropriate argument u is constant. 

The three equations -£^i=0, ^2— 0, ^3=0, are 

da dh , . fdg dg\ 2 a--A~( 9 r _ ^ 

y + z ’ 

'2h-h—f 2l~m-n 

i 4 . ~ ^ “ !^_o 

y+2 (y+2)2 




dh dh 
dx dx 


dg df 
dx dx 


First, let 

^ + I=r0: 

then, from the first and the third of the equations, we have 




Now 


-g-'2ff + f+ 

c 21— m--n 

y\z 


__/a a^ 

\0.r 02 ; 

1 (2Z - m - n) 

__/0 0^ 

~ 02; 



=0. 


and 


hence 




/ 1 N 1 1 

ix\y+z)~ ^ (:y+zf~ 


dx 


:)- 0 , 


We thus recover the original differential equation which is an integral of the 
system : the arbitrary function, which otherwise would enter, is made 
definite by the equation : in fact, 

= 0 . 

When this integral is used to eliminate 'il-m — n from the second equation, 
the latter becomes 

£ 




Combining this with the first equation, we have 

^(a-U + b)+~^^ 0 : 
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hence, as p + l=0, 

d /a~2A+6\ 
dx V"7+i 

Consequently, 

^ == arbitrary function of u : 

and, fromjo+l«0, we have 

function oi x-k-z^u: 

hence, eliminating t4, we have 


a-2A-|-6 

y+z 


^C^+2, y), 


where 6 is any arbitrary function. Let another arbitrary function x of 
ar+z and y be chosen, such that 


and 


then our integral is 


x=x (•*'+*> y)“x(’?. y)> 



-3 





?!x. 
3/ ■ 


/ 9 3 \ /I s / . ^ f3®X , 3»v , „ aSy asy] 

{jhx ®ai;»ay'‘'®ai,8y» ay^;- 


A first integral of this equation is 

I - «=(y+.) - 2 + 1 - 1 + V. (^+y, ^), 

where yfr is an arbitrary function of its argumenta This is an equation 
of the first order : but it is not an intermediate integral of the original 
equation in the ordinary sense of that term, for it contains two arbitrary 
functions : and the original equation cannot be derived from this equation 
alone. 


Further integration leads to the relation 

- ^)+2x+^(®+y. *)+»(*+y, *). 

where ^ is an arbitrary function of its arguments. This equation is of the 
nature of a primitive : but the number of arbitrary functions is three, being 
too great* by one unit : and there are various ways of reducing the number. 
Perhaps the simplest of these ways is to notice that the original equation is 
symmetrical in y and z, so that the integi'al can be expected to have the 
same symmetry. Accordingly, let 

z); 

* Their presence is due to the fact that the equation really is the primitive 
of the equation of the third order 

dx V y-^z y"* ’ 

which is compatible with the given equation. 
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*)+{f+*-(y+*)}V'(f. *) 

=(y+*)(|-g)+M, 

we have 

where x and $ are arbitrary functions. 

Next, consider the equation 

p-q-^0: 

then the three equations of general identity take the form 

dx ^ dx dy ^ dy^ 

^ ^ dh d£ 

dx^^ dx^ dy ^ dy^ 

dx ^ dx dy ^ dy 

Using these relations to eliminate the terms in p from the equations which 
are particular to the present example, we have 


d , K d , . . %a-h-g . 


dx^ ' dy^ •' y-\-z 




Proceeding as before, we can recover the original differential equation. When 
it is used to eliminate the term in 2 ^— 771 from the second and the third of 
these equations, they become 




From the first of the former three and the second of the latter two, we find 


But as^ssgr, we have 


and therefore 


(s-|)0'«>— 

W dy)\ y+* ) 
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80 that 

where 


a — 2^-f c 


= arbitrary function of 


y-^z 

^+y=arbitrary function of u'. 
Eliminating u\ we have 

where /x is an arbitrary function of its arguments. Let 
and introduce a new arbitrary function {(, z\ such that 


then our integral is 


d^yfr' d^\lr' 

f* = ■^-•5 0^0^ + ^0^0-2- gj3 : 




_•» ^±' 
^ dC^Sz 


+3 


d^yfr' 

d^dz^ 


dz^f' 


A first integral of this equation is 


l-n=(y+z) 


3C 


afro dz‘ ) 


■*'af 


where <r is an arbitrary function of its arguments. This is an equation 
of the first order : but, for precisely the same reasons as were applied in the 
earlier case, it is not an intermediate integral of the equation in the ordinary 
sense of the term. 


Further integration leads to the relation 


-^-) + 2f'+xo•(a;+^, y)+ 2 (^+ 2 , y), 


where 2 is an arbitrary function of its arguments. This equation is of the 
nature of a primitive : as before, the number* of arbitrary functions is too 
great by one unit. Effecting the necessary reductions by making the 
integral symmetrical in y and 2 , because the original equation is symmetrical 
in those variables, let 


then, taking 


X+Z—rj 

x=x(’/. y ) ; 

2 (>), y)+{^+y-iji+^)}o-{ri, y) 



+2x. 


* The equation is really the primitive of 

(i. / a-2gp + c \ 

\dx^dy)\ y + z y'"'"’ 

which is an equation of the third order, compatible with the given equation 
and having three arbitrary functions in its primitive. 
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we have 




Another way of proceeding is as follows. The two equations of the first 
order are 


l-n=(j/+z)(^ 


9V' o 9^' 9V\ 9f' W 


‘ d(dz dz^ J d( 0y 




in order that they may coexist, they must satisfy the Poisson-Jacobi con- 
dition which, when developed, gives 

Taking account of the arguments of the functions and of the fact that the 
functions are arbitrary, we see that this condition can be satisfied only if 


9y’ 

, 9iy 9it' 

'^~SC 9y' 

Assuming these relations satisfied, we have the two equations of the first 
order coexisting with one another in the form 

(Xn -2x12 +X22) + Ai -X 2 ■“(V^i'~V' 2 ')j 
l-n^(y + z) (ylr'ii - 2\/r'i2 + 22 ) + "* H ~ (xi ~ Xi)i 


and so on : and 


0v d^x ^X 

X “X ivy y)=x y)> 


Even so, neither of the equations is an intermediate integral. 

Taken as a pair of equations in a single dependent variable, their common 
integral can be obtained by any of the regular methods in Chapter iv : it is 
found to be 

2 ; » 2x + + (y +3) (xi - X 2 + - yl^2), 

in the preceding notation. 

&. 2. Obtain the primitive of the equation 

, ... 


where a and ^ are constants. 



550 


PROPERTY OF THE 


[333. 


Influence, upon the Integral, of the Resolubility of 
THE Characteristic Invariant. 

333. In the two examples that have been given, the character- 
istic invariant A = 0 has been resoluble into two linear equations r 
these, taken in turn with other equations of the system, have led 
to integrable forms. There is, however, no indication of systematic 
method to be pursued in the quest of such forms: and some 
systematic method must be devised if the process is to be effective. 
Before proceeding to the discussion of such a method, it is advisable 
to indicate a classification of equations of the second order deter- 
mined by the resolubility or the non-resolubility of A = 0 into two 
linear equations. 

When A = 0 is resoluble into two linear equations, the sub- 
sidiary equations are of Lagrange’s linear form so far as concerns 
derivatives of a, 6 , c, f^g^h: their integral is such that some com- 
bination 6 of variables can be an arbitrary function of some other 
combination But the equations themselves subsist on the con- 
dition that some other combination of the variables is constant, 
and so this combination yjr is latent in the preceding relation. 
When explicit account is taken of it, the integral has a form 

^ ® (x. 'hX 

where 0 is an arbitrary function : this equation can coexist with 
the original equation. Hence, when the method is effective 
because the integral of the equation is expressible in finite terms, 
we infer that, ^ A = 0 ts a resoluble equation, arbitrary functions 
of two arguments occur in the most general integral equivalent of 
the original equation in three independent variables. 

The converse also is true : if an integral relation in three inde- 
pendent variables involves at least one arbitrary function of two 
distinct arguments and if it is equivalent to a partial differential 
equation of the second order free from arbitrary functional forms,, 
the characteristic invariant can be resolved into two linear equations. 

Let f and 77 denote two independent functions of x, y, z, so 
that not more than one of the three quantities 

hVy - SyVx. - ^zVv, hVt “ 
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can vanish. We assume that f and rj are the arguments of an 
arbitrary function which occurs in the integral : let it occur in the 
form 




where p denotes the derivative of the arbitrary function in 0 
which is of the highest order. Then 

00 

Z = (pif* + P 2 Vit) + other terms, 
with similar expressions for m and n : also, 


« = (pn ^ ^Pn^xVx + P22 + • • • , 

00 

/= (pii + P12 (^yVz + ^zVy) + P^aVyVz] + • • • , 

where the unexpressed terms involve derivatives of p of order 
lower than those expressed: and there are similar values for 
by PyCyh. By h 3 rpothesis, the integral equation is to be equiva- 
lent to a partial differential equation of the second order 

(a, by Cyfy Qy ky ly m, n, v, a?, y, z) = 0, 


free from all arbitrary functional forms. Hence, when the pre- 
ceding values of the derivatives are substituted in this equation 
which must be satisfied, the terms involving the various com- 
binations of the arbitrary functions must disappear. Thus the 
highest power of pn must disappear of itself : it disappears in the 


combination 


00 


and the necessary condition is 


da dt dt d/ 


'dh 


dc 


or, in the old notation, 


+ F^y + Cf/ - 0. 

Similarly, the highest power of p^ must disappear : it disappears in 

00 

the combination p^ : and the necessary condition is 


+ E (^xVy + (yVe) + HxVt + StVx) + ^^(yVy 
+ ^ (SyVt + (tVy) + = 


0 . 
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Similarly, the highest power of must disappear, also in a com- 
bination p 2 a ^ • th® necessary condition is 

Ai}J‘ + + GrjxVz + + ^VyVz + = 0. 

Now these conditions give 


= (ii?» -AB)^y^+2 UGH - iAF) + (iG« -AC) f/, 

+ iG^z) + iHr)y + ^Grjz) 

= ^AB) iyrjy + {\GH - iAF) 

+ iiG^^AG)^zVz. 

and 


(^t;* -h + ^Gvzf 

= - AB) V + 2 + aa^ ~^AC) vz\ 

respectively. Squaring the middle equation, and subtracting the 
product of the first and third from that square, reducing, and 
removing a factor A, we have 

J^i^yVz-^zVyY^^O, 

where I is the discriminant of A. 


Similarly, modifying the equations so as to obtain expressions 
for the squares and the product of 

fa; + B^y + ^F^zy + ^Vy + h^Vz> 

and proceeding as before, we should find 

I (^xVz- ^zVxy=0: 

and a corresponding treatment of the three equations, with refer- 
ence to 

iGv.^iFvy-^CVzy 

leads to a relation 

i^iixVy- ^yVxT=0. 

We know that not more than one of the quantities 

^yVz~^ izVyy ^xVz"^ ^zVxy ^xVy~“ ^yVxy 
can vanish : hence we must have 


7 = 0. 

Consequently, A = 0 is resoluble into two linear equations. The 
proposition is therefore established. 
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If however p, instead of being a function of two arguments 
f and r), is a function of only a single argument % then we can 
deduce only a single equation 

AUg? + HUg^Uy + OUggUz + BUy^ -f FUyU^ + (/W/ = 0 \ 

and we cannot prove that 

7 = 0. 

It does not follow that A = 0 is not resoluble in particular cases : 
we cannot affirm that the circumstances in general do provide 
a resoluble characteristic invariant. Hence when A = 0 cannot 
he resolved into two equations linear in p and q, we infer that 
each of the arbitrary functions, which occur in the integral equi- 
valent, has only a single argument. 

It thus appears that equations of the second order in three 
independent variables, whose integrals can be expressed in finite 
terms without essential partial quadratures, belong to one or 
other of two classes, according as the characteristic invariant 
A = 0 can or cannot be resolved into two equations linear in 
p and q. 


Equations having a Resoluble Characteristic Invariant. 

334. Consider now more particularly those equations for 
which A = 0 is resoluble into two linear equations or into a 
repeated linear equation. If a subsidiary system possesses an 
integrable combination, it is desirable to have a general method 
of determining the combination : and the method should indicate 
whether an integrable combination does or does not exist. 

Assuming that the discriminant of A = 0 vanishes, we first 
obtain the two linear equations into which the characteristic 
invariant is resolved. It will be sufficient for our purpose to 
assume that a occurs in the original equation <^ = 0, so that A 
does not vanish. We have, by A = 0, 

{Ap-^^Eq^^Gy = {\H^--AB)q^ + {AF^^GH)q-^\O^^AG] 

so that, writing 
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and therefore 


on account of the vanishing of the discriminant, we find 

Ap + ^Hq-iG=±e(q-^). 

Thus the two equations equivalent to A = 0 are 

^i) + (iff + d)g-(iG + d^) = Oj ’ 

where 




GE-2AF 
~ H^-4>AB • 


Consider the subsidiary system associated with the linear 
equation 

Ap-^{)iH-e)q-(\G-e^) = 0. 

Take the equation = 0 of § 331 : it is 


ax ax ay ax ay 


Take also the first of the three equations of identity of § 332 in 
the form 

da dh da da ^ 
Ty-^^PTy-^dx = ^- 


Multiply the latter by - 6, and add to the former. In the 

j 

resulting equation, the coefficient of ^ 


the coefficient of ^ 
dy 

— F- Hp — Bq-¥ — 0)p 

^F-[{\iH^e)p-^Bq] 

A. A 

= i(iG + d^)(ifr-d); 
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and therefore the terms involving derivatives of g are 

The terms involving derivatives of a are 

and those involving derivatives of h are 

Hence, when we write 

the equation becomes 

X4-^8a + (iJ? + ^)S^ + (ie + (9^)8^ = 0. 

The other equations = 0, jE'j = 0, can be similarly treated with 
the respective relations of identity: and so, connected with the 
linear equation 

we have a system of three subsidiary equations free from p and q 
in the form 

F4-ilSA + (iH + ^)S6 + (iff4-^)S/*0 i, 

with the foregoing definition of S. 

Now suppose that 

u (a, 5, c,/, g, h, h n, v, x, y, z)^0 

is an integrable combination of these equations : then 

du ^ du 
dx dy ' 
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that is, 

du da , dudh , , \ . /t . ^ \ 

,, .dudu^ du . 

+ (i + „p)_ + _+p_ = 0, 

du da , , du dh ^ ^du . .du , ^ ^ .du 

, . 01 ^ 02 ^ du ^ 

4(^ + „^)_ + _ + g_ = 0. 

Multiply the latter by — (iff — 0) and add to the former: where 
p and q occur in the resulting equation, it is in a combination 

p+^(iH-e)q, 

which (on account of the linear equation) we replace by 

4-aG-^); 


the resulting equation then is 

+ h + ^(iH-e) + ^(iG-e^) 


+ "^U + ^QH-e) + ^(iG-e^) 




Substitute from the three earlier equations for Ba, Sb, Be, in terms 
of Bf, Bq, Bh; then, as w is an integrable combination of those 
equations, the modified equation must become evanescent, so that 
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the coefficients of Bfy 8g, and Bh, as well as the aggregate of terms 
independent of them, must vanish. Thus 
- du -\r 6 da A du 
Ni A 

^ _ du ^6r + ^ 01 /, A du 
Fg A~ Fl “ F 


_ du -{-6^du -^6 du 


0 = 


du ,du du , du du 
+ — -i-Z — + 


dv 


A ^H + e \G + d^ dx 
, — 6 (du du ,du idu ^du\ 

•f (:::; 7Yl -z -^0-^- 


dl 


dm ^ dn 


\dy 

jG-e^ (du 


' dv 


dl dm 


du du 


j,du\ 

+/s) 

du j, du du\ 


being a set of simultaneous equations for u, associated with 

This system of four equations for w, each of which is linear of 
the first order, must be made a complete Jacobian system : when 
this is done, let it contain M equations. There are thirteen 
possible arguments for u: hence the system would possess 

13~Jf 


algebraically independent integrals. Among these integrals must 
be included 

(f> (a, 6, c, /, g, K I, rn, n, v, x, y, z) 
from the original equation, as well as the two distinct integrals of 
the set 

dx _ dy _ dz 

say f, r). Putting these on one side, we should have to obtain 

10- if 

algebraically independent integrals of the complete Jacobian 
system: they would be obtainable by known processes. 

If if = 10, there is no integrable combination. If if = 9, which 
is a not uncommon case when the method is effective, there is one 
such integral. Let it be : then 

u = vX 
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where ^jr is an arbitrary function, is an equation of the second 
order coexistent with the original equation 

<#> = 0 . 

335. The preceding system is associated with one of the two 
linear equations into which A — 0 is resoluble. A corresponding 
system is associated with the other equation 

formally, it can be derived from the preceding system by changing 
the sign of 0. The process of constructing the integrable combi- 
nation (if any) is the same as before : when an integral exists, it 
is given as an integral common to a complete Jacobian system of 
equations of the first order. 


Ex. We shall briefly set out the subsidiary equations that arise in 
connection with 




2/+Z 


which has already been considered. 

In the case of this equation, A~0 is resoluble : it is 
{p-9) (P + 1)=0. 


First, let the equation 
be taken : here 
thus 

^ss=— 1. 

With the notation of the general investigation, we have 




A. 

dx* 




and so three of the subsidiary equations are 

da dh 
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^_ ^a-h-g 
y+z ’ 

2h-h-f ^l-m-Yi 

^ y+2 iy+zf ’ 

^ 2 ^->/-c ^l-m-n 
y-¥z {y-\-zy^ 


U^U{a^ hf Cy fy Qy hy My Hy Vy Xy Z) S=: Q 

1)6 an integral combination of the above equations, it must happen that 

du ^ 


(with p+l=0) is a linear combination of the three equations: as is 

undetermined, it is useless to consider ^=0. When therefore we substitute 

dy 


in the equation 


da ^dh 
dx ” dx 


dx dx^ 


d/_dg 


the modified form of the latter must become evanescent. The necessary and 
sufficient conditions are 


du 

W 'iff ’ 


du 


0c~ ’ (^f ^9 ' da^dh^dh^^' 

Si - s7+(«-S') S7+(^-/)a;;;+(^-«)s;r+(^-™)a.. 


This set of four simultaneous equations must be rendered complete by 
associating with it all the Poisson -Jacobi conditions which provide new 
equations. When thus made complete by the ordinary processes, it is equi- 
valent to the set of nine equations 


0a 0a 0a 
“”04:“0^"*'06 * 


,0a_ 0a __ 0a 1 0a 1 0a 1 /0a^0a\ 

^ dl^ 07W~ 0a**y-h0 0/”” y-f 0 0^ \0a 06/* 

0a 0a 2l-in-n du ^a-Zh-\-h-\rf—g du * 

0A’ dz (y+j?)* 0a y+« 06* 

This system involves thirteen variables : consequently, it possesses four 
algebraically independent integrals. They can be taken in the form 

2a-Zh+h‘\-f—g 2l-m--n 

J+z (y+«)* * 

a — ; . 
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The last is zero, owing to the original differential equation : when it is use 
to modify the third, the latter can be replaced by 

a - 2A+6 

Consequently, the most general integral of the subsidiary system is 


i 2A h 

* 


y] 


where ^ is arbitrary : an equivalent form is 




y), 


where 9 is arbitrary. 


Next, take the alternative linear equation arising out of A=:0 : it is 
p-q^O. 

Proceeding similarly to the construction of a system to be associated wit 
this relation, we find that, if an equation 

U{a, 6, c, /, g, A, I, m, w, v, x, y, = O 

exists simultaneously with the given equation, U is determined by th 
system 

dh ' ^h ' Za'^Zg'^dc ' 

dU du^,, , 0 ( 7 ,, .du^, ,.zu 


- 7^1. 


with the earlier values of X, F, Z. This system is to be made complete 
when complete, it is found to possess 


a — 2g-\-c 


^\lr(x+y, z\ 


where is arbitrary, as its most general integral. 


336. When either of the subsidiary systems leads to a ne’v 
equation of the second order, compatible with the original equa 
tion and involving one arbitrary function, it can be used as ai 
equation initially propounded for integration. Frequently it wil 
possess an intermediate integral involving one arbitrary functioi 
more than itself, that is, an equation of the first order involving 
a couple of arbitrary functions: and indeed, it may almost b< 
expected, even though the original equation itself possesses m 
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intermediate integral. Through the desired primitive, the de- 
pendent variable v (and therefore also its derivatives) involves 
a couple of arbitrary functions : hence any combination of v, I, 
will generally be expressible in terms of two arbitrary functions ; 
and the preceding equation of the first order is of this type. 

The integi-ation of this equation of the first order leads to 
a primitive, often involving one other arbitrary function : substi- 
tution in the difierential equation leads to relations between the 
arbitrary functions which reduce their number to two. 

When both the subsidiary systems lead to new equations of 
the second order, we proceed similarly with each of them. 

Examples have already been given. 

It may however happen that neither of the subsidiary systems 
admits of an integral (other than the given equation) of the kind 
desired : the inference is that no equation of the second order 
containing only a single arbitrary function can be associated 
or is compatible, with the given equation. It may however be 
the case that some new equation of the third order — new, that is 
to say, in the sense that it is algebraically independent of the 
derivatives of the given equation — can be associated with the 
equation, and is such that its expression involves an arbitraiy 
function : and this may occur for each of the two linear equations 
into which A = 0 can be resolved. 

Similarly, if there is no new equation of the third order, there 
may be a new equation of the fourth order of the kind desired, 
associable with (but algebraically independent of) the given equa- 
tion, and involving an arbitrary function. And so on, precisely as 
in Darboux’s method (Chapter xvili) for partial equations of the 
second order in two independent variables : the object of the pro- 
cess is to find a new equation of finite order, which involves an 
arbitrary function, and which can be associated with the given 
equation while it is algebraically independent of the derivatives 
of the given equation. 

We have assumed that the equation possesses no intermediate 
integral : if it did, the derivatives of that integral of appropriate 
order would arise, at each of the stages contemplated, as integrals 
at those stages. If, then, no new equation of finite order is 
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compatible with the given equation the method ceases to be 
eflfective. In that case, the only result generally attainable at 
present seems to be that which occurs in the establishment of 
Cauchy’s existence-theorem : the integral certainly contains two 
arbitrary functions, but its expression (in the form of a converging 
series) is not finite. 

The process will be sufficiently illustrated by the analysis 
adapted to the construction of a new equation of the third 
order, independent of the derivatives of the given equation: we 
shall limit the discussion to that aim. 


Compatible Equations of the Third Order constructed 
BY Darboux’s Method. 

337. Accordingly, we assume that the equation 
<f) (a, 6, c,/, g, h, I, m, w, v, ar, g,z) = 0 

is such that no equation of the first order and no equation of the 
second order can be found, compatible with <^ = 0 and involving 
only one arbitrary function : we have to find the subsidiary system 
or systems, which will give an equation (if any) of the third order, 
compatible with <^ = 0 and involving one arbitrary function. This 
new equation, when it exists, must be compatible with, and alge- 
braically independent of, the three derivatives of = 0 which, in 
the notation of § 330, are 

X 4* Aflfo 4- 4" 4- OoLi 4- 4- Coa = 0, 

Y 4" 4* Syo 4- BBq 4* Gj3i 4- Byi 4- CySg = 0, 

E 4" Aotj 4* 4“ Byi 4* 4" 4“ Cotj = 0. 

The actual details are only an amplification of those given in the 
earlier cases : and so the explanations can be abbreviated. 

When the proper values of v and of the deduced derivatives 
are substituted in ^ = 0, the new form is an identity ; so that, when 
the latter is differentiated with regard to the independent vari- 
ables, the results are identities. Having regard to the hypothesis 

* A simple instance is given hy the equation 

, j, ^ 21 

; = 0 , 

y + z 

'where X is a positive constant other than an integer. 
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that first derivatives of ^ = 0 have not led to an effective end, we 
form all the second derivatives ; these are 

^-0 ^-0 ^*^-0 

dx^ ~ dy^ ~ 


-^ = 0 
dydz * 


= o -^=0 

dzdx dxdy 


These equations involve derivatives of v of the fourth order. These 
derivatives are fifteen in number : let them be denoted by ri, . . . , 
according to the scheme 


d*v 

d*v 

d*v 

d*v 


’^^~da^dz’ 

~ da?dz* ' 


_ d*v 

d*v 

d*v 

d*v 

daf^dy * 

^ da^dydz* 

“ dx^dz^ ’ 

” dydz^ 

d*v 

d^v 

__ d^v 


^*~dai‘dy^’ 

dxdy^dz* 

“ dfdz^ ’ 



d^v 

dxdy^ ^ 


dy^dz ’ 


Further, let {XX) denote the portion of which is free from 

derivatives of v of the fourth order, {XY) the corresponding portion 

of ^ , and so on. Then the six equations are 
dxdy ^ 

{XX) 4- Ar^ 4* Hi\ + Grg + Br^ + + Ou = 0, 

{XY) + Ar^ + Hr^ + On 4- Br^ 4- 4- Cr^ = 0, 

{XZ) 4- A7\ 4 Hu 4- Gu d* Bu + Fu + = 0, 

( YY) 4- -dr4 4- Hu 4- Ou + Fu\ + Fu^ 4 « 0, 

(Z^) 4- Au + Hu + Gu + 4- Fu^ 4- GUi = 0, 

{ZZ ) 4- Au 4- Hu + Guo 4- Bui 4“ Fu^, 4- Cr^ = 0. 

As before, let the independent variables be changed from x, y, z, 

to X, y, u, where is a function of x, y, z, as yet undetermined. 

Thus < 2 ^ is a function of x, y,u: partial derivatives with regard to 

the new variables will be denoted ^7 ^ ^ ^ ^ particular, 

we write 

dz dz 

dx* dy* 

dao = r, 4“ udy 4- U^^ 

=* (n + rsp) dx-\’{u + uq) % + ^ 


Now 
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and similariy for the others : hence 


dOLs 

dao 

dao dz 


= n +nq, 

dz du* 

doix 

dax 

dax dz 

-^ = r.+r,p, 

a^-r.+uq, 

dz du * 

da^ 

da^ 

da^ dz 

^ = r-.+noi,. 

-^ = n +n.?. 

dz du * 

das 

das 

das dz 


^ = r„ + r.9, 



d^Q , 

d^o _ dz 



dz da* 



d^x dz 


•^ = »-a+n?. 

du’ 

d/Ss 

d/3j 

dQa dz 

^=r,+n.p, 

-^-'^n + Tuq, 

U ^ du * 

dyo . ^ 

dyo 

dyo dz 


-^=r,^nq, 

du’ 

dyi 

'^'Vi 

dyx _ ^ dz 

-g=r.+r„p, 

5^ = n, + n.?, 

dz ^^^^du* 

dBo 

dBo 

dBo _ dz 

^=r,+n,p. 

^=r-,.+r.,9, 

dz ”” du * 


There are twenty equations in the first two columns, involving the 
fifteen derivatives r ; but they are equivalent to only fourteen in- 
dependent equations in these derivatives, owing to the relations 

d^Q dciQ doii doLi 
dx dy ^ dy ^ dx ^ 

d^\ doL^ doL^ 

dx dy ^ dy ^ dx* 

dfii doa _ das das 
dx dy ^ dy ^dx* 

dyo dffo dffi dffj 

dyi d^i _ d^s d^s 

dx dy dy ^ dx * 

dSp dyo _ dy^ dy^ 
dx dy ^ dy ^ dx * 
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which are free from the derivatives r, and also are free from all 
derivatives with regard to u. The fourteen independent equations 
can then be used to express all but one of the derivatives r in 
terms of that one : the simplest forms of expression occur when 
the one is or rg, or rg : we choose rg, and we have 


^2 = 

n = 

^7 = 


q-qV'dy 

r /n 4- 


dtti ^ daj\ ^ dofo 
dx ’ 


, pf dai daj\ . 

q dy dx) 


q qv ay 


-n g + 
1 


q qv dy ^ <fo/ ’ 

d^„ 

dy ’ 

1 dtti 


^ dx 


+ 


dy<, 


q qdy’ 

% 

P dy)"^!^' 

p pV dx P dy)' 


I .Ids, 

p p dx ' 

1 rfai 1 dofa 
® pq pq dy p ~dx' 


qtS 


^2 = 


^8 = ' 


F 


•r 9 + 


p‘ 

1 


F 


1 d$. 

dSi\ 


(„ d^i „ 


^ dy) 

+ - 1 

P 


(n^'- 

-n— ‘1 

1-1 



P dy) 

P 

^ dx P 

(„d0. 


1 

^1 

V dx 

'P dy] 

1 H — 

P 

dx ' 

^ + l 

d02 



dx p 

dx ^ 




dy) 


+ 


dy' 


qp^ dx qp dx qdy* 


When these values of all the derivatives r, in terras of r^, are 
substituted in the six equations arising through the second 
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derivatives of 0 = 0, and when terms are collected, it appears that 
the terms in in the six equations are 


-n-A, -n-A, r, — X -^5^ A, r,-A, 

q p pq p p p q 

respectively, where A is the same quantity as before. For the 
same reasons in two different courses of reasoning as in the former 
case (§ 331), so that they need not be repeated here, the term in 
7*5 is made to disappear from each of the equations : thus 

A = Ap^ + Hpq + Bq^ — Op — Fq + C—Oy 

which is the characteristic invariant. And then the six equations, 
after some simple changes, are 

{XX) + A + ^1^-53^] 

+ gp + Fp.fl, 

ax dy 

^ (f -<’f ) + “ f ) + ^ (!•-« f ) 

dx dy 

dx dy 

- MS ^ - »|) 

dx dy 

(K) + ^ + H (^-yf) + S (l-jf ) 

+ (?^ + J’^=0, 

dx dy 




+ G^‘ + J5’^’ = 0. 
dx dy 
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As regards the aggregate of differential equations in the system, 
we have all these new equations, as well as all the equations 
that arose in the earlier stage. The total number of quantities 
occurring as dependent variables is 21 , made up of v, z, Z, m, w, 
the six derivatives of v of the second order, and the ten derivatives 
of V of the third order. Of the total system of equations, we 
definitely know four integrals, viz. 

, d<f> d<l> 

di^ 

each of which vanishes on account of the initial equation. What is 
wanted is, if possible, some new integrable combination which is 
algebraically independent of these four. 


338. Thus far the reasoning has not been influenced by the 
character of the invariant A = 0, and consequently it applies 
whether the invariant be resoluble or not. Now suppose that 
A = 0 is resoluble into two linear equations : and let one of 
them be 

where 




OH-2AF 


Then combining the equations of identity with the equations 
particular to = 0 in the same way as before in § 334, and 
writing 

d d 

dx A dy* 

we have 

(ZZ) + A ScTo + ( J if + -f (i G + Sa, = 0, 

(ZF) + ASA + (iir + ^)S7o + aG + ^)8A = 0, 

{jSlZ ) + a Sell -h (i ^3^+ S0i + ( J G 4* 0^) Sfitj =« 0, 

( YY) + A 870 4 (i-ff "I- 0) S 80 4 ( J G 4 Syi = 0, 

( FZ ) 4 A 8/9i 4 (i JT 4 0) S 71 + ( i 4 ^ ) 8 / 8 , = 0, 
(Z^)4A8^^,4(iff4^)8/9,4aG4^)8a,=0, 


as an aggregate of equations included in the subsidiary system 
belonging to the linear equation that arises out of A 0. Now 
let 

Z(ao, So, a, ..., A, I, m, n, v, x, y, 
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be an integrable combination of the subsidiary system : then we 
must have 


^ dE dotQ ^ dE da ^ dE dl dE . , . vjh viu ^ 


dE dE 
dx dz ' 


^dEda, ^dEda ^ dE dl dE , . dE dE ^ 

where the respective summations extend over all the derivatives 
of the same order as the typical term. Multiplying the former by 
A, the latter by \H — 6 ^ and paying regard to the linear equation 
in p and q, we have 


^2 g ScTo + ^ (i5;, ^) + (i H - 6) (E, 2 /) + (i ~ (E, z) = 0, 


where 


/rr \ f ^ , 1 ^ i ^ 

0^0 0 0-0 

+ ^ 07* + ^ Sy + y 

“ (4"^ In 

+ 4 0^ 4) 

(E,z) = [^^ + n^ + g^^+f ^ + 

0„0 0 8^9 9\„ 

+ “• 0^ + ^ 06 ^ y ^ j 


As A^ = 0 is an integrable combination of the subsidiary system, 
and as the deduced equation satisfied by does not contain either 
p or q, this deduced equation must be a linear combination of the 
preceding six equations, so that it must be expressible in a form 

\ ((ZX) + ...}4-X,{(XF) + ...}+>^s{a'^+-l 

+ \{(FF)+...}+X,{(FZ) + ...} + \e{(^^) + ...}«0, 

with appropriate values of the indeterminate multipliers Xj, ..., X«- 
The conditions, necessary and sufficient to secure this result, are 
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dE _ 

, dE i 

dE 

dE 




9«o 


97. 

98.’ 




dE 

dE 

d_E 

dE 



=S flT® 

9ao 

5 h <r 

dUi 

dUi 

9a,’ 




dE 

. dE 

.dE 

dE 


= 

9S. 


9a,’ 


= 2p 

dE 

dE 

dE 

dE 

IdE 

dE 

""da. 

‘'9/3. ' 

^9a, 

■^9/9. 

pdyj 

‘'98.’ 

.(XZ)g+(jrF)| 

\dE 

m' 

9^:1 
P 9“. ' 

\+(XZ) 

{dE 

l9a. 



+ (F7)- 
P 

dE 

9S/ 

(YZ) 

fl dE _ 
V 9/8, 

P dE] 
ddal 


where 




This system of simultaneous equations of the first order must be 
made complete through the addition of all new equations which 
are provided by the Poisson- Jacobi conditions. The number of 
variables, which can occur in E, is 23 : hence, if the complete 
system contains equations, the number of algebraically inde- 
pendent integrals is 

23 '-fi. 

Among these integrals will be found: 

(i) the quantity <f> which occurs in the original differential 

equation ^ = 0; 

(ii) the three derivatives all of which vanish 

dxdydz 

in virtue of that differential equation; 

(iii) the two integrals (say f and t;) of the equations 

dx _ dy _ dz 

which are subsidiary to the integration of the linear 
component of A = 0. 

Putting these on one side, there remain 17 — ft new algebraically 
independent integrals: thus ft cannot be greater than 16, if the 
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process is to be effective at this stage. If, when =» 16, the new 
integral be denoted by % then 

vh 

being an arbitrary function of its arguments, is an equa- 
tion of the third order that can be associated with the given 
equation. 

Note J. The use made of this equation of the third order is 
similar to that made of the new equation of the second order 
in § 336 : it can lead to a primitive, the excessive number of 
arbitrary functions, which it contains initially, being reduced to 
their proper tale of two by means of the differential equation. 

Note II. The preceding analysis is associated with one of 
the two linear equations which are supposed to be the equiva- 
lent of A = 0 : the corresponding set of subsidiary equations for 
the other linear equation is obtainable by changing the sign 
of 6 throughout. 

When this subsidiary system leads to a new equation of the 
third order, it can be treated in the same way as the preceding 
equation. If it should happen that each subsidiary system leads 
to such an equation, and if each such equation leads to an equa- 
tion of the first order involving a superfluous number of arbitrary 
functions, the Poisson- Jacobi condition of coexistence affords a 
means of making the due reduction in the number. 


Ex. 1. Apply the preceding process to the equation 

obtaining the equations of the third order 

ao-3^o•f3'yo-5o = (y^-^)<#>(^+«, V), 

iio--3ai + 3a2-a3=(y-H2')>/'(:r4-y, z), 

where <f) and ^ are arbitrary, these equations being associable with the 
original equation of the second order. 

Construct the general primitive. 

Ex. 2. Denoting F{a^ /3) and O {a\ respectively by F and where 

also denoting by b and by 5' respectively the operations 
A ^ 1 A' ^ ^ . 
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prove that the integral equation 

where fi is a positive integer, satisfies the partial equation of the second order 


^ *= 0 . 


Ex, 3. Discuss the equation 


y-irz 


a-h-g+f+ii =0, 


where /a is a negative integer : and obtain a primitive in the particular 
case when /i= — 1. 


339. When the characteristic invariant A = 0 cannot be re- 
solved into linear equations, it is not possible to give so detailed 
a development of the subsidiary equations as in the preceding 
sections. We must fall back upon the theorem in § 329 and 
obtain, if possible, an integral of the subsidiary equations there 
given, or an integral of the equations in § 337 which hold whether 
A = 0 be resoluble or not. 

No general process, at present known, will apply to the simul- 
taneous partial equations in a number of dependent variables : 
the equations, either in form or in number, do not admit of the 
application of Hamburger’s process; and until some process can 
be devised, which is generally effective for such systems of equa- 
tions, each attempt to constnict an integral of them must be 
special to the equation under consideration. 

We proceed to one or two examples, selecting equations in 
mathematical physics for this purpose. 


Application to Laplace’s Equation. 


340. Consider Laplace s equation 


V»,; = ^+^ + ^ = 0 
dy^ dz^ ’ 


which, in the notation of the present chapter, is 

a + 6 + c = 0. 

The characteristic invariant, being 

+ 1 =* 0 , 


is irresoluble. 



572 


LAPLACE’S 


[340. 


When we substitute 


dl dn ^ , dm dn . ^ 

in the differential equation and make the resulting form evanes- 
cent quk equation in c, we have 

dl ^ dn dm ^ _ a 

dx ^ dx^ dy ^ dy^' ’ 

=: 0 : 

also, we have generally 


' I + np, 


== m + nq, 


dy 

dn dl 


du ^ du* 


dx dx dy^^ dy^ 

these are the aggregate of the subsidiary equations. Now a 
primitive of the equation 

is 

z -^-ix cos a + sin a = /8, 

where a and are constants: but the unknown variable w is 
constant throughout the system; hence we take 

z + ix cos + iy sin w = f{u)y 
where / is arbitrary, so far as this equation is concerned. 

Instead of proceeding at once with the other equations, we 
utilise the fact, given by the general theory, that u will be an 
argument of an arbitrary function: and, for this purpose, we 
make Xy y, u the independent variables in the differential equa- 
tion. Let 

r {u)'¥ix sin u — iy cos Uy 

where obviously 

du 

T;r- = 1 ; 


I ^d>v i cos u dv 
dx'^ T du' 

dv i sin u dv 
dy^ T du' 


then 
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da;® T da;d?/ t® du® 

dv f ^ cos sin . cos® w) 

+ti»co8M + tysmM) -^j, 

5 — d®t; ^ 2 ^ ^ ^ 

~ dy® T dydw T® dw® 

dv f ^ cos 44 sin 14 . . sin® u 

“^diii“^ + 4 a;cosi 4 + 4 ysin 44 ) — 


1 d®v 1 dv 

T® d( 4 ® T* du 


(/" 4- ix cos 44 + 4y sin u\ 


Hence, substituting in the equation 

C4 4" 6 + c = 0, 

we have 


d®4; dH 24 

da;® dy® r 


24 / d®4; . d®4; \ . 

— cos 44 J — T” + sin 44 — r- = 0. 
T \ dxdu dyduj 


It is clear that the equation will be satisfied by taking v equal 
to any function of 44 : we proceed to obtain integrals expressible 
in terms of u and t. Writing 

v^e(u, t ), 

we have 

d®4; d®4; _ d®d 

da;® dy® dr® ' 

d®4; . d®4; . d0 

cos 44 4* sin 44 ~ = 4 -7“ : 

dxdu dydu dr 

the preceding equation becomes 


Hence 


^ 2dd_ 

dr® ^ T dr 


d = jF( 44 ) 4 -- 


where F and Q are arbitrary functions. Consequently, a primitive 
of Laplace's equation 

V® 4 ; = 0 

is given by 

where u is determined by the equation 

^ + irp cos 44 4- ty sin 44 =s f{u ) ; 
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the quantity r is given by 

(ti) + M7 sin u-^iy cos w, 
and F and 0 are arbitrary functions. 

When we proceed with the subsidiary equations, which are 
constructed on the supposition that the partial derivations are 
effected with a constant u, and when we use the integral of A = 0 
in the form 

z + ix cos u + iy Bin /(^)> 

so that 

p — — i cos u, sin w, 

the latter quantities being therefore constant in the subsidiary 
equations, we infer the further relation 

Hence there is some function ^ of x and y (and possibly involving 
«), such that 

7 

/ /n/n — * /TM ortr* — * 


Moreover, we have 


1 wC 




m + =5 


consequently, 


2f = *’ + ^, 
ax ay 

,, dv dP 

o o d,P 

^■‘p-di-rr 

The last two equations give 

(dv d^\ (dv , dP\ 

^ \dx dy) ^ \dy ^ dx) ’ 

so that 

Hence some function w of x and y (and possibly involving u) 
exists, such that 

+ 5' 

dw 
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dw dw 
V=p-^ + q 


dy’ 


^ dw dw 


dy' 


Thus, from the equation 
we have 

and therefore, as 
while 

we have 


dv d^ 
dy’ 

^ d^w d^w 

dv ^ dz 
du^ ^ du* 

dz jtf / \ » • • 

^ (w) 4- IX sm w — %y cos w = t. 


^ d ( dw dw\ /d^w , d^w\ 

du V dx^ ^ dy) ~ ^ \da^ dy^) * 


This is the equation limiting the form of t4; : if its general integral 
were known, the general value of v could be deduced. 


£a;. 1. Let u be defined as a function of Xy y, by means of the relation 
2 + cos M 4- ty sin w *=/(w), 
where / is arbitrary ; and write 

r a=/' (tt) 4“ M? sin u-ty cos w. 

Prove that a primitive of the equation 

a 4 * 64 -c 4 -ic*v= 0 , 

where * is a constant, is given by 

^^^^•cixBinu-ycoau) + (a'sinu-yoo.t*) ^ 

ip and yp being arbitrary functions. 


Ex, 2. Prove that a primitive of the equation 
64 -c=/a^, 


where fi is a constant, cannot be obtained in finite terms when free from 
partial quadratures : and obtain a primitive in the form 




X ^ 
fi dgdrj 


4* 



1 d*F 
2! 


where ly), and 
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Ex, 3. All the preceding results, by a slight change of notation, can be 
modihed so as to give corresponding results for the equation 

j / 8 ^ 

K being a constant. Let a quantity u be defined by the equation 
X cos u sin f{u), 

where u is arbitrary, and let 

$ = (24) sin w - y cos w : 

then a primitive of the equation is given by 

where F and O are arbitrary functions. 

A primitive, in the shape of a definite integral, is easily obtainable in 
the form 

r2ir 

/ g{x COS tt+y sin u - u) duy 

J 0 

where g is an arbitrary function of its two arguments. 

The form of integral, which is most useful in the applications to mathe- 
matical physics, arises by taking 


where w is independent of ^ : we then have 




The detailed interest of the integral is then bound up with the initial 
(or boundary) conditions ; the general form of the latter equation can be 
constructed in accordance with the results of Chapter xiv. 


Whittaker's Integral of Laplace’s Equation. 

341 . An integral, in a form involving partial quadratures, 
has been obtained by Whittaker* : it is suflSciently general to 
include all uniform integrals, which have no singularities for 
finite values of the variables. 

Taking the origin as a point of reference (if it were not, we 
should merely write z-Zo in place of x, y, z), we 

note that the quantity 

(z + ix cos a + ty sin a)^ 


Math , Ann,y t. lvu (1903), p. 837. 
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is an integral of the differential equation, a being any constant. 
When /i. is a whole number, this integral can be represented in 
the form 

2 gr cos ra + 2 sin sol, 

r=0 «=i 

where the highest power of z in gr is z^~^ and in hg is : also, g^ 
is an even function of y, and hg is an odd function of y ; so that 
no linear relation can exist among the 2y. + 1 quantities go, -‘-f gfi> 
hi, h^. Moreover, as a is arbitrary, each of these 2/4 + 1 
quantities is an integral of the equation; hence go, ..., 
hi, are 2/4 + 1 linearly independent integrals of the equa- 

tion, each of them being homogeneous polynomials in the variables 
of order /4. 

Let an integral, which is regular at the origin and has no 
singularities in domains round the origin, be expanded in a series 
of powers, say 

v= 2 

which converges uniformly: here, represents the aggregate of 
terms that are homogeneous in the variables of order /4. In order 
that V may satisfy the equation 

a + 6 + c = 0, 

it is clear that must satisfy the equation also for all values 
of /4 : thus 

cLfi + 6 ^ + = 0 . 

The number of terms in taken in the most general form, is 
^(/4 + l)(/4 + 2), 

which accordingly is the number of arbitrary constants in taken 
arbitrarily : the number of terms in is 

which accordingly is the number of relations among these arbi- 
trary constants required to secure that may satisfy the equation; 
hence the number of constants left undetermined is 

^ (/4 + 1) (/4 + 2) - (/4 - 1) /4 

= 2/4+1, 

which accordingly is the number of linearly independent integrals 
of the equation in the form of homogeneous polynomials of order 
fjL, But this is precisely the number of the linearly independent 
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quantities •••% 9mK> •••> these are of the same type. 

Thus the quantity in its most general form, when it contains 
the 2 / 1 . + 1 constants, is a linear function of //o, K, 

Now, since 


we have 


( 2 ^ 4* ia? cos a -f iy sin a)^ = % gr cos ro + 2 A, sin «a, 

r=0 


and therefore 


1 r2ir 

— I (^r + iajcosa + iy sina)^ cosrada, 
TT Jo 

A, * - I (^4 tit? cos a 4 iy sin a)^ sin ; 
‘W Jo 


where 


1 pir 

= — I 4 cos a 4 iy sin ay 6^ (a) dor, 
TT Jo 


(a) = 2 cos ra 4 27 , sin . 9 a, 

r=0 


A, 7i> •••» 7m being arbitrary constants. Consequently, 

v = Vo + Vi4't?2 4-... 

1 r2ir 

= — I 2 {(2 4 cos a 4 i’y sin a)^ (a)} c?a 

iT Jo 

f2v 

= I /(.S' 4* ia? COS a 4 i’y sin a, a) da, 

Jo 

where / is an arbitrary function of its two arguments, regular in 
^ 4 M? COS a 4 iy sin a, and periodic in a. 

This is Whittaker’s integral of the equation. It is easily seen 
to be equivalent to the Cauchy integral which, for the present 
purpose, has initial conditions such that 

t?* 2 2 

m=0 ft=sO 

OZ fusO n«0 

when z^O: hence we should have 

M f2v 

2 == “ I cos a 4 y sin ay* 0^ (a) da, 

»»o ^ Jo 

M-l ^>-1 /*«^ 

2 =* M I (a? cos a 4 y sin ay*-^ (a) da. 

ItmO w* Jo 

There are 2/i 4 1 constants in 6 ; these suflSce to determine the 
/A 4 1 constants c and the /a constants A, and conversely. 
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Taking x ^ p coa <f>, y ^ p sin <f>, the first equation gives 


2 c^,n cos^”" (f> sin” (f) 


= ~ j cos^(^ — a) ^^(a)(ia 

“= {<>*- «)i 

= 2i^ /*' («)^2 cos (a* - 2p ) « 


consequently, 


+ sin (/i - 2jo) ^ sin (p. — 2j9) a} da ; 


2M-1 

1 M r2ir 

= - S C^-n,n I C08^“” (f) siu” (j> COS (/A ~ 2j9) 0d<^, 
»=o ./o 


/a! 

2#*-i jo! (p —p)\ 


X M- /'2"' 

=s - S c^_n,n I cos^~” sin” <j!» sin (/t^ — 2|)) <^d<^. 
^ »=o ./o 


Similarly, the second equation gives 

M-i 

S cos'*”^”” sm” <f) 

n=0 

f2-r 


1 r2v 

~ I cos”“* (d) — a) (a) da 

•w Jo 

~2M-7rjo 


consequently, 

2^*-* 


(cos (^ — 1 — 2p) cos (m — 1 — 2p) a 
+ sin (/lA - 1 — 2jt?) sin (ft — 1 — 2p) a} da ; 


1 r2» 

= - 2 n I cos^“*”^ <f> sin” 0 cos (/tt — 1 — 2p) ^ d<^, 

‘TT f|sO ' 0 


2'‘-» 


= i **2 f cos^-*-* ^ sin" ^ sin 0* - 1 — 2j>) ^<2^. 

TT ,».0 Jo 



EXAMPLES 


All the constants in 0^(a) can therefore be obtained so as to 
satisfy the assigned conditions. 

Ex. 1. Writing 

z—rcosdj sin^co8<^, ysorsin^sinf^, 

p»*ove that the harmonic integrals, usually denoted by 

(cos 6) cos m(l>y (cos 6) sin m(/), 

are numerical multiples of 

r2ir 

/ (^ + tx COS a + iy sin a)" cos ma da. 


r2ir 

I (^ + tx COS a + iy sin a)" cos ma da, 

J 0 

r2ir 

I (z 4- ix cos a-^-iy sin a)" sin ma da, 

J 0 


respectively. (Whittaker.) 

Ex. 2. With the same notation as in the last question, prove that the 
integrals, usually denoted by 

d^Jm. i^p) cos wi<^, e^* Jyn, (^p) sin m<f), 

are numerical multiples of 


fiir 

I ^ (z+i* 008 .+i».in .) 

/ 2»r 


respectively. 


(Whittaker.) 


Ex. 3. Integrals of the differential equation are known in forms 
F{x+iy), G(x+iz)) 

determine the forms of the function f, so that these may be included in the 
Whittaker integral. 

Ex. 4. Prove that an equation of any order p in the form 

( 0 0 0 \ 

^ symbolical homogeneous polynomial of order />,. 
can be satisfied by an integral 


V‘^J^((x-hT^y-hC^, i)dt=^0, 


where f , rj, { are coordinates of a point on the curve 

^((f V. 0 = 0 , 

expressed in terms of a parameter t. Are there any limitations upon the 
path of integration with respect to ^ ? (Bateman.) 
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Ex. 6. Prove that all uniform integrals of the equation 
dH dhf dH ^ "bh) 


which have no singularities for finite values of the variables, are included in 
the form 


r2ir rir 

vszj J /(j7 8indcos</)+y sind8in</)+2C08d-f^, d, <l>) d$ d(l>^ 

where / is an arbitrary function of its three arguments. 

Deduce integrals of the equation 


dH bH 


d^v 

+ g^+’’=0- 


(Whittaker.) 


Ex. 6. Prove that all uniform integrals of the equation in the preceding 
example, which have no singularities for finite values of the variables, are 
included in the form 

/■2flr 

v= j /(xcos^+ysin xain + 0)dO. 

J 0 

(Bateman.) 


Ex. 7. Expressing the homogeneous coordinates f , 7, f, r, of any point on 
a surface 

^ Vy ^y 

where F\a a. homogeneous polynomial in x^ y, 0, t of order /?, in terms of two 
parameters 6 and <^, prove that the relation 

J j 9, (t))d0d<l>, 

the integral being taken over any part of the surface ^=0, and the function 
/being arbitrary, is a primitive of the equation 

et/ 9 9 a a\ ^ 

\dx ’ ’ dz^ dt) ^ 

of order p. Prove that, if F^O be a ruled surface, the primitive can be 
expressed in terms of a single quadrature. (Bateman.) 


Ex. 8. Obtain an integral of the equation 
dx^'^dy^'^dz^ 

in the form 

^ W ~yp') + 2 ^ - ?^)}/(“) + (® - ^•p'-yq' - 

where j?, r are arbitrary functions of a variable subject to the single 
relation 

^ ;^0, 

where 

and where dashes denote differentiation with regard to u. 


(Bromwich.) 
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Ex. 9. Quantities i;, f are defined in terms of a quantity t by the* 
relation 

ai«4-5i, aa«4'&2» as«+6s 

a » ^ > y 

X , y , 2 

’where a, y are arbitrary parameters ; also, A denotes the determinant 


Oj, 

a2, 

03 

hi, 

62 > 

63 


y > 

z 


the quantities a and h being constants; and /({, ly, i;, ^), are- 

homogeneous polynomials in f, i;, of orders n and n-2 respectively. 
Prove that the magnitude as defined by the relation 


satisfies the equation 


2»r ; /«. ,, f) 


Apply this result to obtain an integral of the equation 


^ ^ 


(Fredholm.) 


As has been hinted in the course of this, the concluding, Part 
of the present work, and as must have become obvious from the 
accounts given in this volume, the theory of partial differential 
equations, which are of order higher than the first, is not nearly 
po fully developed as is the theory of equations of the first order. 
Indeed, many of the methods are tentative : and though sometimes 
it has been possible to assign adequate tests for their success,, 
their limitations remain in general. If I might change one word 
in a remark of a great historian, I would say of such equations 
that “the [mathematician] may applaud the importance and variety 
“ of his subject ; but, while he is conscious of his own imperfections, 
“ he must often accuse the deficiency of his materials.” 

In these circumstances, it has become necessary, to an even 
greater extent than in the earlier Farts of this work, to make 
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a selection from among the topics available for discussion and 
to impose limitations upon the extent of the treatment. My 
purpose has been to indicate the organic character of such methods 
as have been devised rather than to record as many formal results 
as possible ; and I have preferred to expound the processes only 
for equations of the lowest orders involving the smallest numbers 
of independent variables. Were the methods quite general and 
the theory approximately complete, a discussion of equations of 
order n involving m independent variables would undoubtedly be 
necessary ; but, as these conditions are not realised, I have acted 
on my opinion that, in the present state of the subject, adequate 
exposition can be made by reference to the simplest comprehensive 
classes of equations. Usually, the increase in order from one to 
two, or from two to three, and the increase in the number of 
independent variables from two to three, introduce the essential 
difficulties that impede advance; when these have been solved, 
the way often is clear for further increase in either direction. It 
is only by the solution of new essential difficulties that substantial 
progress is made. 

The selection of topics discussed may be deemed inadequate 
by some readers: the omissions may be deemed arbitrary by 
others. The choice has, of course, been made deliberately. My 
desire has been to give a continuous exposition of those portions 
of the subject, which not only seem to me to be the most im- 
portant but also bear some promise of leading into paths of 
knowledge that will be trodden by investigators in days yet 
to come. 
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(Part IV occupies volumes v and vi of the present work. The 
figures refer to the pages in these volumes. 

The Table of Contents at the beginning of volume v and of 
volume VI may also be consulted.) 


Action, equations of, in theoretical dy- 
namics, V, 381. 

Adjoint equations, vi, 111 et seq. ; are 
reciprocally adjoint, vi, 114 ; effect of 
Laplace transformations upon, vi, 114 ; 
relation between invariants of , vi, 115 ; 
construction of, vi, 117 ; Riemann’s 
use of, VI, 119 et seq. 

Adjoint ordinary equations, used to con- 
struct integrals of doubly-finite rank 
when these are possessed by linear 
equations of the second order, vi, 89. 

Ampftre, v, 206, 282, vi, 1, 8, 16, 17, 21, 
200, 201, 266 et seq., 302, 307, 376, 
418. 

Ampere’s definition of a general integral, 
VI, 4 ; compared with the Darboux- 
Cauchy definition, vi, 6 — 8. 

Ampere’s first class of equations of the 
second order, as those having integrals 
without partial quadratures, vi, 16. 

Ampere’s method of integration, vi, 266 
et seq. ; illustrations of, vi, 272 ; ap- 
plied to equation of minimal surfaces, 
VI, 277; and to special equations of 
the second order, vi, 281 ; construction 
of the primitive in, vi, 284 ; significance 
of, compared with Monge’s and with 
Boole’s, VI, 290 ; compared with Dar- 
boux’s method, vi, 303 ; 

extended to equations of the third 
order in two independent vari- 
ables, VI, 474, and to equations 
of the second order in any 
number of independent vari- 
ables, VI, 530. 

Ampere’s test for equations having in- 
tegrals free from partial quadratures, 
VI, 17. 


Ampere’s theorem on intermediate in- 
tegral of an equation of the second 
order, vi, 248. 

Arbitrary elements, in integrals of equa- 
tions of order higher than the first, 
modes of occurrence of, vi, 17 ; 
characters of, in general integrals, vi, 
21 . 

Arbitrary function in integral of equation 
of second order, the equation for argu- 
ment of, is invariantive for every 
compatible equation, vi, 320. 

Arbitrary functions, numl^r of, in the 
integral in Cauchy’s theorem is the 
same as the order of the equation, v, 
47, VI, 22 ; arguments of, vi, 27 et seq. 

Arguments of arbitrary function in 
general integrals, number of, vi, 27 — 
29 ; equation characteristic of, vi, 29, 
35, 37 ; various instances of, for 
equation of second order, vi, 32. 

Arguments of arbitrary functions in in- 
tegral made the independent variables 
in integration by Ampere’s method, 
VI, 271. 

Argument of arbitrary function in in- 
tegral of equation of the second order, 
equation for, is invariantive for eveiy 
compatible equation of that order, vi, 
320. 

Asymptotic lines as characteristics, 
equations which have, v, 245. 

Asymptotic curves on singular integral, 
V, 251. 

ausgezdchnete Fmctiaiit v, 350. 

Backlund transformations for equations 
of the second order, vi, 432 et ; 
kinds of, vi, 433; applied to linear 
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equations, vi, 441 et seq. ; connected 
with simultaneous equations of the 
first order, vi, 450. 

Backlund, v, 408, vi, 425, 482. 

Bateman, vi, 16, 580, 581. 

Bertrand, v, 370, 897, 405, vi, 139. 

Bianchi, vi, 32ft, 377, 454. 

Boehm, vi, 260. 

Boole, VI, 199, 201, 266, 303, 307. 

Boole’s method for equations possessing 
an intermediate integral, vi, 208 — 212, 
215 ; compared with Monge’s method, 
VI, 209, 212; in practice can be in* 
eluded in Darboux’s method, vi, 201 ; 
compared with Darboux’s method, vi, 
803. 

Borel’s expression, as a definite integral, 
for integrals of linear equations, vi, 104. 

Boundary values, Riemann’s use of, for 
adjoint equations, vi, 119 et seq. 

Bour, VI, 201, 367. 

Bourlet, v, 52, 53, vi, 334. 

Bromwich, vi, 581. 

Burgatti, vi, 55, 129. 

Canonical constants, Bertrand’s theorem 
on, deduced from properties of contact 
transformation, v, 405. 

Canonical form, of complete linear sys- 
tem, V, 81; 

of group of functions, v, 855, how 
constructed, v, 355 — 359 ; 
of linear equation of the second 
order in two independent vari- 
ables, VI, 47. 

Canonical forms of equations of dy- 
namics, V, 373 : as affected by contact 
transformations, v, 398 : conserved 
under contact transformations v, 399, 
and (for general systems) only under 
contact transformations v, 399, 403 : 
significance of, as contact transforma- 
tion, V, 405, and as giving Bertrand’s 
theorem on canonical constants, v, 406. 

Cauchy, v. 26, 205, 206, 219, 282, 371, 
381. 

Cauchy’s construction of the equations 
of the characteristics, v, 206; and 
derivation of integrals, v, 210; as 
modified by Darboux, v, 212. 

Cauchy’s integral, of a homogeneous 
linear equation, v, 58; 

of a non-homogeneous linear 
equation, v, 73; 

of a system of homogeneous linear 
equations, v, 8ft ; 
of equations of the second order, 

VI, 8; 

of linear equation can be repre- 
sented by a definite integral 
involving only a single arbitnuy 
function, vi, 104 ; application of 
this property to the equation for 


the conduction of heat, vi, 107, 
and to the equation for two- 
dimensional potential, vi, 110. 

Cauchy’s problem for equations of the 
second order and their characteristics, 
VI, 388. 

Cauchy’s theorem, examples when it 
cannot be applied to linear equations, 
V, 69, 70. 

Cauchy’s theorem, exceptions to, for 
equations of the first order, v, 82, 36, 
158 ; for equations of the second order, 
V, 42 ; for equations of general order, 

V, 51. 

Cauchy’s theorem, based upon Kowa- 
levsky’s existence-theorems, v, 11 ; 
Chapter n ; 

for a single equation of the first 
order, v, 27, 33, 36; similarly 
for any number of independent 
variables, v, 33, 35, 36 ; 
for an equation of the second 
order, v, 37, 42 ; vi, 2 ; 
for equations of any order, v, 43 ; 
for equations of the second order, 
as described by Darboux, vi, 
305, in particular, as applied to 
the Monge-Amp5re equations, 
VI, 307 ; with any number of 
independent variables, vi, 528. 

Characteristic developable, v, 227. 

Characteristic equation satisfied by argu- 
ments of arbitrary functions in inte- 
grals of equations of the second order, 

VI, 29, 320 ; of any order, vi, 35 : and 
with any number of independent vari- 
ables, VI, 37. 

Characteristic equations in dynamics, 
due to Hamilton, v, 371, 376, 381. 

Characteristic invariant, vi, 532 ; influ- 
ence of, when resoluble, vi, 550 : of 
Laplace’s equation, vi, 571. 

Characteristic number for equations 
having integrals of doubly finite rank, 
VI, 70 ; of self-adjoint equation of 
finite rank, vi, 133. 

Characteristics, conjugate, v, 251 ; self- 
conjugate, v, 251. 

Characteristics in hyper-space, method 
of, V, 282 et seq. ; equations of, v, 284, 
with use made of their integrals, v, 
285 — 288; kinds of inte^als derived 
from, V, 288 — 292; equations of, con- 
structed from geometrical properties, 
V, 293. 

Characteristics, of equations of first 
order in two independent variables, v, 
205 et seq. ; equations of, as construc- 
ted by Cauchy, v, 206, and are the 
same as the equations in Charpit’s 
method, v, 208; integral equivalent of 
these equations, v, 209 ; equations of, 
as constructed by Darboux, v, 212; 
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properties of, v, 224 et seg. ; their 
relation to integral su^aces, v, 
224 ; equations of, deduced from 
geometrical properties, v, 228, 
and connected with the general 
integral, v, 230; equations of, 
in terms of surface parameters, 
V, 233 ; envelope of, is edge of 
regression, v, 337; used by Lie 
as basis of classification of 
equations, v, 244 ; equations 
having asymptotic lines as, v, 
245 ; equations having lines of 
curvature as, v, 246 ; equations 
having geodesics as, v, 248. 

Characteristics of equations of the second 
order, vi, 388 et seq.; primitive as 
locus of, VI, 393; when the equation 
is of the Monge-Amp^re type, vi, 394 ; 
geometrical interpretation of , vi, 397 ; 
used to classify the equations, vi, 400. 

Characteristics, singularities of, in ordi- 
nary space, V, 261 et seq. 

Charpit, v, 157, vi, 303. 

Charpit’s equations for integration of 
intermediate integral of a system, vi, 
217, 248, 285. 

Charpit’s method for equations in two 
independent variables, v, 156 et seq. ; 
used to integrate equations not subject 
to Cauchy’s theorem, v, 158 et seq. ; 
the equations in, are the equations of 
characteristics, v, 208. 

Chiystal, v, 70, 190. 

Clairin, vi, 425, 433, 441. 

Classes of integrals, of a complete system, 

V, 193 et seq.; how far the customary 
classes are comprehensive, v, 198; 

derived by use of theory nf contact 
transformations, v, 326, 331, 
334, 338: by use of groups of 
functions, v, 369; of simulta- 
neous equations of the first 
order, v, 419, 424; that are 
intermediate for equation of the 
second order, vi, 8, but are not 
entirely comprehensive, vi, 261. 

Classification (Lie’s) of equations of the 
first order, according W the nature of 
the characteristics, v, 244; and of 
equations of the second order similarly, 

VI, 400. 

Coexistence of equations, Jacobian re- 
lations for (see Jacobian conditions). 

Coexistence of equations of the second 
order, vi, 889. 

Combinants of two functions, properties 
of, V, 112 et seq.; commonly called 
the Poisson-Jacobi, v, 113; in con- 
nection with the canonical equations 
of dynamics, v, 892 ; cannot ^ gene- 
ralist for equations in several de- 
pendent variahles, v, 474. 


Compatible equations, of the second 
order, how constructed by Darboux’s 
method, vi, 314, and by Hamburger’s 
method, VI, 386; of order higher than 
second, vi, 353, 539. 

Complete integral, v, 171 ; relations 
between, general integral and singular 
integral, with limitations, v, 172, 251, 
255; can be particular cases of dis- 
tinct general integrals, v, 176, 182; 
tests for, V, 178; of system of equa- 
tions, V, 194; 

as related to the equations of the 
characteristic, v, 211, 212, 215; 
in hyperspace, derived from 
characteristics, v, 290; contact 
of two, along a characteristic, 
V, 299 ; contact of, with singular 
intcCTals, v, 312; 
derived through contact transfor- 
mations, V, 326, 831, 834, 838: 
derived through groups of func- 
tions, V, 369; 

of simultaneous equations in 
several dependent variables, v, 
419. 

Complete integrals of equation of second 
order, vi, 8; subjected to variation of 
parameters, vi, 861. 

Complete intermediate integrals of equa- 
tions of second order generalised, vi, 
377. 

Complete linear system of equations, v, 
79 (see also complete systems). 

Complete systems of linear equations, 
that are homogeneous, v, 76 et seq. ; 
remain complete, when replaced by 
an algebraic equivalent, v, 79, or when 
the independent variables are changed, 
V, 80; canonical form of, v, 81; 
number of independent integrals of, 
V, 83 ; Mayer’s method of integrating, 
V, 89 ; Jacobi’s method of integrating, 
V, 91; 

that are not homogeneous, v, 97 ; 
conditions of coexistence of, v, 
98; integration of, v, 99. 

Complete systems of equations and 
groups of functions, how related, v, 
847, 849. 

Complete systems of non-linear equa- 
tions, V, 109 et seq. ; 

when in involution, v, 120 ; num- 
ber of independent integrals of, 
in Mayer’s method, v, 122; 
classes of integrals of, v, 198. 

Completely integrable equations, Kdnig’s, 
V, 411 ; conditions for, v, 416 : various 
cases, V, 416; integration of, v, 419: 
different kinds of integrals of, v, 419, 
with general result, v, 424. 

Cones associated with the geometrical 
interpretation of an equation of the 
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first order, v, 221: how related to 
integral surfaces, v, 223, and to the 
characteristics, v, 224. 

Conjugate characteristics, v, 251. 

Contact, of integral surfaces, v, 225 ; of 
edge of regression of general integral 
with complete integral, v, 240; of 
selected edge of regression with inte- 
gral surface, v, 241 ; of singular 
integral with other integrals, v, 266 — 
261 ; of integrals in general, v, 306 — 
310. 

Contact of integrals in hyperspace, v, 
297—306, 310. 

Contact transformations, v, 131, 315; 
definition and specific equations of, 
V, 315 — 317: which are infinitesimal, 
V, 317: which do not involve the de- 
pendent variable, v, 318, and also are 
infinitesimal, v, 322: which are homo- 
geneous, V, 323; 

applied to the integration of an 
equation or equations, v, 324 
et seq. ; classes of integrals thus 
derived, v, 326, 331, 334, 338; 
general relation of, to the in- 
tegration of equations, v, 343; 
applicable only when certain 
relations are satisfied uncon- 
ditionally and must be replaced 
by theory of groups of functions 
when the relations are satisfied 
only conditionally, v, 344; 
effect of, upon group of functions, 
V, 346: and upon reciprocal 
groups, V, 349: invariants of 
group of functions under, v, 
364; 

and canonical equations in dyna- 
mics, V, 370 : relations between, 
V, 398 — 404 : can be translated 
into each other, v, 405; 
effect of, on equations of the 
second order possessing two in- 
termediate integrals, vi, 295; 
arising from Imschenetsky’s va- 
riation of parameters applied 
to Laplace’s linear equation, vi, 
382. 

Cosserat, vi, 159, 161. 

Cosserat’s proof of Moutard’s theorem 
on equations of the second order 
having integrals in explicit finite form 
without partial quadratures, vi, 161 
et seq.; summary of results in, vi, 
196. 

Coulon, VI, 490. 

Critical relation for transformation of 
equations of the second order, vi, 428 ; 
significance of, vi, 429, 430, 436—441. 

Curvature, lines of, as characteristics, 
V, 246. 

Curves associated with the geometrical 


interpretation of an equation of the 
first order, v, 222: how related to 
integral surfaces, v, 223 : integral, v, 
238. 

Darboux, v, 205, 212, 226, 227, 243, 
261 et seq., 282, 408, vi, 5, 39, 47, 55, 
60, 70, 78, 82.etseq., Ill, 120, 127, 
128, 131, 139, 157, 158, 159, 161, 200, 
201. 295, 302 et seq., 377, 432, 454. 

Darboux-Cauchy definition of a general 
integral, vi, 5; compared with Am- 
pere’s definition, vi, 6 — 8. 

Darboux’s forms of linear equations of 
the second order, having integrals of 
finite rank, vi, 82 et seq. 

Darboux’s modification of Cauchy’s 
method of characteristics, v, 212 et 
seq. 

Darboux’s method for integrating equa- 
tions of the second order in two inde- 
pendent variables, vi, 302 et seq. ; 
central aim of, vi, 302 ; compared with 
methods of Monge, Ampere, Boole, vi, 
303, 313 ; property of subsidiary sys- 
tem in, VI, 309, and integrals of that 
system, vi, 313 ; includes V&lyi’s pro- 
cess for integration of simultaneous 
equations of second order, vi, 328; 
applied to equations /(r, «, t) = 0, vi, 
344 : applied to obtain compatible 
equations of order higher than the 
second, vi, 353 ; 

extended to equations of the third 
order in two independent va- 
riables, VI, 478; 

extended to equations of the 
second order in any number of 
independent variables, vi, 539, 
562 ; applied to Laplace’s equa- 
tion, VI, 571. 

De Boer, vi, 343, 344, 351, 352. 

Deformable surfaces, equation of, re- 
ferred to minimal lines as parametric 
curves, vi, 344. 

Delassus, v, 53, vi, 104. 

De Morgan, vi, 201. 

Developable touching an integral surface 
along characteristic, properties of, v, 
227. 

distingiiee^ fonction, v, 350. 

Dixon, VI, 260. 

Dominant functions and equations used, 

V, 13, 14. 

Donkin, v, 370. 

Doubly finite rank, linear equations of 
the second order having integrals of, 

VI, 69 ; how affected by Laplace trans- 
formations, VI, 70 ; characteristic 
number of , vi, 70 ; construction of the 
equations, vi, 72—78, with Darboux’s 
modified forms for, vi, 82. 

Dynamics, equations of theoretical, v. 
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870 et seq. ; canonical form of, v, 373, 
conserved by contact transformation, 
y, 399 — 404: represent an infinitesi* 
mal contact transformation, v, 405. 

Dziobek, v, 870. 

Edge of regression of integral surface, v, 
237 ; is envelope of characteristics, v, 
237; is general form of an integ^ 
curve, V, 239 ; of general integral has 
contact of second order with complete 
integral, v, 240 ; selected curves from 
the infinitude, v, 240, with properties, 
V, 241; equations of, deduced from 
the diilerential equation, v, 243. 

Element of integral in hyperspace, v, 
299. 

Elliptic case of linear equations of the 
second order, vi, 44. 

Energy, when it gives an integral of 
dynamical equations, v, 375: is the 
source of the infinitesimal contact 
transformation represented by canoni- 
cal equations, v, 405. 

Envelope of characteristics, is edge of 
regression of surface, v, 237; on a 
hypersurface, equations of, v, 300. 

Equal invariants, linear equations of 
the second order having, vi, 131 et 
seq. (see also self-adjoint equations). 

Essential parameters, number of, in an 
integral of an equation, v, 192. 

Euler, VI, 127, 159, 621. 

Exceptional integrals, v, 185 (see also 
special integrals ) ; geometry of, v, 
188. 

Exceptions to Cauchy’s theorem for 
equations of the first order in two 
independent variables, v, 158 et seq. 

Existence-theorems for integrals of sys- 
tem of equations, of the first order 
and linear, v, 11; of the first order 
and not linear, v, 21 ; of the first 
order and any degree in any number 
of independent variables, v, 35; of 
the second order, v, 37 ; of any order, 
V, 43; 

for integrals of a complete system 
of homogeneous linear equa- 
tions, V, 83; 

for single equation, exceptional 
case omitted from, v, 110 ; can 
lead to a singular integral, v, 
111 . 

Falk, VI, 166, 456, 469. 

Finite form of general integral, charac- 
teristic property of, vi, 14; equations 
of second order determined by, vi, 
159 et seq. 

Finite rank, linear equations of the 
second order having integrals of, vi, 
64; in both variables, vi, 69; how 


affected by Laplace transformations, 
VI, 70; Goursat’s theorem on, vi, 90; 
of an equation and its adjoint, 
VI, 116; of self-adjoint equa- 
tions, VI, 183 et seq., and as 
affected by Moutard’s theorem, 
VI, 141. 

First class of equations of the second 
order, after Ampere, vi, 16. 

First method, Jacobi’s, v, 371, 380; is a 
generalisation of Hamilton’s results 
in theoretical dynamics, v, 382 ; state- 
ment of general process, v, 386; how 
modified by assignment of initial con- 
ditions, V, 387, 390; when the de- 
pendent variable occurs, v, 391. 

First order, any system of partial equa- 
tions can be changed so as to contain 
only equations of the, v, 8 ; Cauchy’s 
theorem for a single irreducible equa- 
tion of the, V, 27, 33, 35, 36. 

First order, characteristics of, possessed 
by equations of the second order, vi, 
394; are included in those of second 
order, vi, 395 ; geometrical interpre- 
tation of, VI, 397 ; connected with in- 
termediate integrals, vi, 401. 

Fourier, vi, 109. 

Fredholm, vi, 582. 

Frobenius, vi, 73. 

Functions, group of (see Group of 
functions). 

Fundamental system of integrals of a 
complete system of homogeneous 
linear equations, v, 86; can be used 
to express any integral, v, 87. 

General integral, of homogeneous linear 
equation is completely comprehensive, 
V, 57 ; of non-homogeneous linear 
equation is not completely compre- 
hensive, V, 65, 68; range of, in the 
case when a non-homogeneous equa- 
tion has been made homogeneous, 
V, 71; 

classes of, v, 168, 171: the most 
comprehensive class of, v, 169, 
171 ; deduced from complete 
integral by variation of para- 
meters, V, 164 sqq. ; of system 
of equations, v, 195 ; 
as related to the equations of the 
characteristic, v, 211, 212, 215; 
how related to Cauchy’s inte- 
gral, V, 218; 

and singular integral, relations 
between, v, 254, 255; 
in hyperspace derived from cha- 
racteristics, V, 289 ; contact of, 
with singular integral, v, 810; 
derived through contact trans- 
formations, V, 827, 381, 834, 
889. 
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General integral of equationg of the 
second order, as defined by Ampere, 
VI, 4, 8 ; as defined by Darboux, after 
Cauchy, vi, 6; comparison of two 
definitions of, vi, 6 — 8; character of, 
VI, 13; 

characteristic properties of the 
arbitrary elements in, vi, 21; 
number of arbitrary functions 
in, VI, 22. 

General method for constructing inter- 
mediate integrals (if any) of an equation 
of the second order, vi, 220; applied 
to the Monge-Amp^re equations, vi, 
226 ; subsidiary equations in, coincide 
with Boole’s, vi, 227; when based 
upon Darboux’s method, vi, 314. 

General order, Cauchy’s theorem for 
integrals of systems of equations of, 
V, 43; limitation upon the form of 
equations of, and its importance, v, 
48; equations of, in two independent 
variables, vi, 487. 

Generalisation of integrals of equations 
of the second order, vi, 361 et seq. ; of 
intermediate integrals, vi, 377 ; in case 
of Laplace’s linear equation, vi, 379. 

Generalised form of Cauchy’s theorem 
for equations of the first order, v, 83, 
36 ; for equations of the second order, 
V, 42. 

Geodesics as characteristics, equations 
having, v, 248. 

Geometry of space and relation between 
different kinds of integrals, v, 186; 
illustrated by means of the charac- 
teristics, V, 205 et seq. ; of the various 
integrals of an equation of the first 
order, v, 224 et seq. 

Goursat, v, 26, 55, 72, 100, 164, 180, 
205, 228, 243, 248, 314; vi, 7, 27, 39, 
91, 94, 129, 159, 198, 261, 801, 303, 
328, 883, 834, 844, 388, 897, 418, 424, 
425, 434, 441, 454, 455. 

Goursat’ s theorem on primitive of equa- 
tion of second order to be deduced 
from intermediate integral, vi, 406. 

Graindorge, v, 870, 897. 

Group of fimctions, v, 314; definition 
of, as applied to partial equations, 
V, 345; order, sub-group, involution, 
defined, v, 845; limit to order when 
group is in involution, v, 846, 349; 
how affected by contact transforma- 
tion, V, 346 ; connected with complete 
Jacobian system of equations, v, 347, 
349; group reciprocal to, or polar of, 
V, 849 ; properties of indicial functions 
of, V, relation between order of, 
and numter of indicial functions, v, 
855, 359, 360, 366; canonical form of, 
V, 855; when in canonical form, can 
be amplified into another group, v, 


861 ; two invariants of, under contact 
transformation, v, 864 ; highest order, 
and construction of, a sub-group in 
involution, v, 864 ; applied to integrate 
a system of equations, v, 367. 

Guichard, vi, 130. 

Hamburger, v, 407, 408, 428, 455, 474; 
VI, 303, 836, 456. 

Hamburger’s method of constructing 
equations compatible with an equation 
of the second order, vi, 336 et seq. ; 
subsidiary system of equations in, 
compared with those in Darboux’s 
method, vi, 338 ; applied to equations 
of the third order in two independent 
variables, vi, 482. 

Hamburger’s systems of simultaneous 
equations, when linear, v, 428; the 
method limited to the case of two 
independent variables, V, 430; applied 
to the special case of two dependent 
variables, v, 436; with examples, v, 
439; applied to the case with any 
number of dependent variables, v, 442 
et seq. ; inte^able also by means of 
partial equations, v, 449; 

when non-linear, v, 458; trans- 
formed so as to be linear 
equations in an increased num- 
ber of variables, v, 456 ; general 
result, V, 459; special method 
for, V, 467; generalisation of 
Jacobi’s process not generally 
effective for, v, 474. 

Hamilton, v, 370. 

Hamilton’s characteristic equations in 
dynamics, v, 371, 876, 881. 

Hamilton’s theorem on integrals of a 
dynamical svstem, v, 379; is the 
basis of Jacobi’s first method, v, 380, 
382. 

Harmonic equations and their integrals, 
VI, 157. 

Hilbert, v, 280. 

Hill, M. J. M., V, 249. 

Homogeneous contact transformations, 
V, 323. 

Homogeneous linear equations, v, 56 et 
seq. ; number of independent integrals 
of, V, 57; most general integral of, 
V, 57; Cauchy’s integral of, v, 58; 
systems of, v, 76 et seq. 

Hyperbolic case of linear equations of 
the second order, vi, 44; see also 
linear equatwm. 

Imschenetsky, v, 100, 164, 370; vi, 1, 
8, 10, 21, 46, 68, 199, 237, 266, 361, 
876. 

Imschenetsky’s generalisation of sub* 
complete integrals of Monge-Am^re 
equations, vi, 866 et seq. ; applied to 
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Laplace’s linear equations, vi, 379, 
and is a contact-transformation, vi, 
382. 

Independence of linear equations in a 
homogeneous complete system, v, 77. 

Independent integrals, of homogeneous 
linear equation, v, 67; 

of system of homogeneous linear 
equations, v, 83 ; of system in 
involution, number of, v, 122. 

Indicial functions of a group, v, 350; 
their number is invariantive under 
contact transformations, v, 851 ; other 
properties of, v, 362, 354; relation 
between number of, and the order of 
the group, v, 366, 366. 

Infinitesimal contact transformations, v, 
317 ; form of, v, 318 ; which do not 
involve the dependent variable, v, 322 ; 
determination of all, is equivalent to 
integrating an equation, v, 324; 
determined by energy of a dy- 
namical system, v, 406; signi- 
ficance of, leads to Bertrand’s 
theorem on canonical constants, 
V, 405. 

Infinitesimal transformation, invariant 
for, V, 72; invariant equation for, 
V, 73. 

Integrability, conditions of, of a single 
differential expression, v, 101 ; of a 
system of simultaneous equations, v, 
103. 

Integrable equations, Kdnig’s completely, 
V, 411; conditions for, v, 416, with 
various systems, v, 416; construction 
of integral equivalent of, v, 418; 
kinds of integrals of, v, 419, with 
general result, v, 424, and examples, 
V, 425. 

Integral curves, v, 238; can always be 
obtained as an edge of regression, v, 
239; equations of, v, 239. 

Integrals of an equation of first order, 
different kinds of, and relations be- 
tween, v, 164 sqq. ; particular kinds, 
V, 171; complete, general, singular, 
special, exceptional (see under these 
titles respectively) ; of a complete 
system, classes of, v, 193; 

deduced by meth<^ of characteris- 
tics, V, 210, 214, 288—292; 
relations of different, to one 
another, v, 297 et seq. 

Intermediate integrals of equations of 
order higher than the first, vi, 8; 
general, and complete, vi, 10; not 
necessarily possessed, vi, 10. 

Intermediate integrals, equations of the 
second order and the Monge-Ampdre 
type which possess, vi, 200; Monge’s 
method of obtaining, vi, 201; as- 
sumption of particular type of, neces- 


sary for Monge’s argument, vi, 208, 
and for Boole’s argument, vi, 208; 
Boole’s method of obtaining, vi, 210; 
simultaneous, can exist, vi, 206, 227 ; 
general method for (see general metfiod); 
Ampere’s theorem on integration of, 
VI, 248; 

equations of the second order 
possessing two, are reducible 
by contact transformations to 
« = 0, VI, 296; construction of, 
after Darboux’s method, vi, 314; 
generalised by variation of para- 
meters, VI, 877. 

Intermediate integrals of equations of 
second order and the characteristics, 
VI, 401 ; general theory of, vi, 403 et 
seq.; can lead to primitive, vi, 406; 
various cases and examples, vi, 409 et 
seq. 

Intermediate integrals, of equations of 
the third order in two independent 
variables, vi, 467 et seq.; general 
theory of, vi, 470 et seq. 

Intermediate integrals of equations of 
the second order in any number of 
independent variables, vi, 490 et seq. 

Invariant, and invariant equation, for 
infinitesimal transformation, v, 72, 73. 

Invariant, characteristic, vi, 632 (see 
characteristic invariant). 

Invariants of an equation of the second 
order, significance of, when equal to 
one another, vi, 131 et seq. 

Invariants of linear equation of the 
second order, vi, 44; when they 
vanish, the equation can be integrated 
by quadratures, vi, 46; used to construct 
canonical forms of the equation, vi, 
47 ; of equations arising through 
Laplace-transformations, vi, 62 ; when 
they vanish for a transformed equation, 
the original equation can be integrated, 
VI, 66 ; Darboux’s expressions for 
successive, vi, 83. 

Invariants of parabolic linear equations 
of the second order, vi, 98 ; effect of 
their vanishing upon the form of the 
equations, vi, 100—102. 

Involution, equations of the second order 
in, VI, 330. 

Involution, systems in, v, 82, 120 ; 
number of independent integrals of, 
V, 122. 

Involution, system of functions in, v, 
346 ; function in, with a group, v, 346 ; 
limit to order of a system in, v, 346, 
349 ; highest order of a sub-group in, 

V, 866. 

Irreducibility, significance of, for equa- 
tions of first order, v, 33. 

Irreducible differential expressions, vi, 
60, 78. 
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Jacobi, V, 100, 118, 137, 157, 870, 380, 
882, 897, 407, 417, 482, vi, 802. 

Jacobian conditions of integrability, of a 
single differential expression, v, 101 ; 
of a system of simultaneous equations, 
y, 103 ; sufficient as well as necessary, 

V, 104 et seq. 

Jaoobi-Hamiltonian method, v, 371 ; 
constructed by Jacobi on Hamilton’s 
theorem on dynamical equations, v, 
880, 882 ; general result stated, v, 386 ; 
modification of, when the dependent 
variable occurs, v, 391. 

Jacobi’s method of integrating complete 
linear systems, v, 91 ; is a method of 
successive reduction, v, 92. 

Jacobi’s methods of integrating equa> 
tions of the first order (see jirst method^ 
second method). 

Jacobian process of combination of equa- 
tions in one dependent variable not 
effective for equations in several de- 
pendent variables, v, 474 ; form of, v, 
476. 

Jacobi’s second method, as developed by 
Mayer, v, 117 et seq. ; applied to a 
single equation, v, 137 et seq. 

Jacobian system of equations of the first 
order (see complete systems). 

Jacobian system of linear equations, v, 
82 (see also complete linear system^ 
complete systems). 

Jordan, v, 26, 164. 

Kapteyn, vi, 261. 

Kinds of integrals of an equation of the 
first order, v, 164 sqq. ; tests for, v, 
178 ; geometrical illustration of, v, 186 
(see also classes of integrals of a com- 
plete system) ; as connected with the 
characteristics, v, 210, 214. 

KOnig, V, 408, 411, vi, 303, 335. 

Konig’s systems of completely integrable 
equations, v, 411 : conditions to be 
satisfied by, v, 416 ; integration of, v, 
418 ; different kinds of integrals of, v, 
419, with general result, v, 424. 

Kdnigsberger, v, 407, 419, 425, 428, 489. 

Kowalevsky, v, 11, 26, 48. 

Lacroix, v, 157. 

Lagrange, v, 131, 164, 370, vi, 9, 111, 
159, 861. 

Laplace, vi, 39. 

Laplace’s equation for ^tential, vi, 
571 ; integral of, provided by extension 
of Darboux’s method, vi, 573 ; Whit- 
taker’s integral of, vi, 576, and its re- 
lation to the Cauchy integral, vi, 578. 

Laplace’s linear equation, vt, 160, 297 ; 
integral of, generalised by Imschenet- 
sky, through variation of parameters, 

VI, 879 ; and by B. Liouville, vi, 884. 


Laplace’s method for linear equations 
of the second order, vi, 39 et seq. 

Laplace transformations of linear equa- 
tions, VI, 49 ; the two are inverses of 
each other, vi, 50 ; successive applica- 
tions of, VI, 51 ; as affecting integrals 
of finite rank, vi, 57, 70; Goursat’s 
theorem on, vi, 91; how affecting 
L6vy transformations, vi, 96 ; applied 
to adjoint equations, vi, 114. 

Legendre’s equations for minimal sur- 
faces, VI, 280. 

Legendrian transformation of the de- 
pendent variable so as to construct a 
primitive, v, 127, 181, 217, 292. 

L6vy, VI, 94, 96. 

Levy’s transformation, vi, 94 ; how re- 
lated to Laplace’s transformations, vi, 
96. 

Lie, V, 137, 157, 205, 244, 248, 314 et 
seq., 370, vi, 295, 324, 332, 424. 

Lie’s classification of equations of the 
first order according to the character- 
istics, V, 244. 

Lie’s theorem that equations of the 
second order possessing two interme- 
diate integrals can be changed into 
^asO by contact transformations, vi, 
295. 

Linearly distinct integrals of a linear 
equation of the second order, Goursat’s 
theorem on, v, 90. 

Linear equations, in several dependent 
variables, Hamburger’s system of, v, 
428; subsidiary equations for, with 
the critical algebraic equation, v, 430 
et seq.: in two dependent variables, 

V, 435; in any number of dependent 
variables, v, 442: can be integrated 
(when integral exists) by simultaneous 
systems of partial equations, v, 449. 

Linear equations in the parabolic case 
(see parabolic). 

Linear equations of the second order in 
three independent variables, vi, 520. 

Linear equations of the second order, 
Laplace’s method for, vi, 39 et seq. ; 
reduced to one of two alternative forms, 

VI, 42; three cases, when variables 
are real, vi, 43; its invariants, vi, 44; 
canonical forms of, vi, 47; trans- 
formations of, in succession, vi, 49; 
can be integrated when any invariant 
of any transformed equation vanishes, 
VI, 56 ; having integrals of finite rank 
(see finite rank^ doubly finite rank). 

Linear equations of the second order 
subject^ to Backlund transformations, 
VI, 441 et seq. 

Linear equations, that are homogeneous, 
v,56etseq.; that are not homogeneous, 
V, 60 et seq.; complete systems of 
homogeneous, v, 76 et seq. 
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Lines of curvature as characteristics, 
equations having, v, 246. 

Liouville (J.), v, 382, vi, 143, 160, 194, 
197. 

Liouville, R., vi, 69, 111, 119, 384. 

Liouville’ 8 equation of the second order, 
VI, 143, 160, 177, 194, 197. 

Lovett, V, 371. 

Mansion, v, 100, 164, 205, 220, 371. 

Mayer, v, 56, 89 et seq., 100, 115, 117, 
127, 137, 157, 316, 388, 417. 

Mayer’s development of Jacobi’s second 
method, v, 117 et seq. ; with use of 
Legendre’s transformation, v, 127 et 
seq. 

Mayer’s form of Lie’s general theorem 
on contact transformations, v, 316. 

Mayer’s method of integrating complete 
linear systems, v, 89. 

M4ray, v, 53. 

Minimal surfaces, equation of, inte- 
grated by Ampere’s method, vi, 277; 
integrals of, due to Legendre, Monge, 
Weierstrass, vi, 280. 

Monge, V, 205, 237, 248; vi, 199 et seq., 
266, 280, 301, 302, 307. 

Monge-Amp^re equation generalised, 
when there are more than two inde- 
pendent variables, vi, 511. 

Monge-Ampdre equation of the second 
order, vi, 200, 202, 208, 213, 226 et 
seq., 281, 307, 367, 433; construction 
of classes of, vi, 236, 246, 252; cha- 
racteristics of, VI, 393 — 395. 

Monge’ 8 method for equations possessing 
an intermediate integral, vi, 201 — 208, 
215 ; compared with Boole’s method, 
VI, 209, 212; in practice is included 
in Ampere’s method, vi, 201; com- 
pared with Darboux’s method, vi, 303. 

Moutard, vi. 111, 169, 160. 

Moutard’s theorem on self-a,djoint equa- 
tions, VI, 139, and their construction 
in successively increasing rank, vi, 
141 ; also the integrals of such equa- 
tions, VI, 147. 

Moutard’s theorem on equations of the 
second order having integrals of ex- 
plicit finite form, vi, 160; Cosserat’s 
proof of, VI, 161 et seq., with a sum- 
mary of results, vi, 195. 

Natani, v, 407, vi, 466. 

Non-homogeneous linear equation, v, 60 
et seq. ; 

a general integral of, v, 62 ; 
special integrals of, v, ^ ; 
general theorem as to integral of, 
V, 67; 

can be made homogeneous, v, 71. 

Non-linear equations of the first order, 
Chapter rv, jwwsim, v, 100 et seq. 


Number of arbitrary functions in 
Cauchy’s theorem is same as order 
of the equation, v, 47. 

Number of equations in a system must, 
in general, be the same as the number 
of dependent variables, v, 6. 

Number of independent integrals, of 
homogeneous linear equation, v, 57; 
of system of homogeneous linear equa- 
tions, V, 83. 

Number of independent variables, equa- 
tions involving any general, vi, 627. 

Number of quadratures in Mayer’s 
method of integrating complete linear 
systems compared with the number in 
Jacobi’s method, v, 94, 95. 

One integral common to subsidiary sys- 
tem for Monge-Amp^re equations, vi, 
253 ; conditions for, vi, 266, 267 ; 
causes the intermediate integral to 
lead to two equations of the second 
order, vi, 258. 

Order of contact of integral surfaces (see 
contact) . 

Order of group of functions, v, 346 ; how 
limited, when the group is in involu- 
tion, V, 346, 349 ; unaffected by con- 
tact transformation, v, 346; exceeds 
number of indicial functions by even 
integer, v, 355. 

Parabolic linear equations of the second 
order, vi, 44; invariants of, vi, 98; 
form of, when the invariants vanish, 
VI, 100 — 102; cannot have a general 
integral in finite terms free from par- 
tial quadratures, vi, 103. 

Parameters, variation of, v, 165; num- 
ber of essential, in an integral of an 
equation, v, 192 ; for systems of equa- 
tions, V, 419, 464; for equations of 
the second order, vi, 361 et seq. 

Partial quadratures, integrals with or 
without, as determining classes of 
equations of the second order, vi, 16 ; 
as affecting character of integrals, vi, 
17; Ampere’s test for equations having 
integrals free from, vi, 17 ; 

must occur in general integral of 
parabolic linear equations of 
the second order, if in finite 
terms, vi, 108 ; in Borel’s 
expression for integrals of linear 
equations, vi, 106; 
equations of the second order 
having integrals in finite form 
free from, vi, 169. 

Particular integrals of equations of the 
second order, vi, 8. 

Pfaff’s problem, v, 66. 

Picard, v, 24. 

Poisson, V, 113, 370, 897. 
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Polar groups of functions, v, 849. 
Potential, equation satisfied by, in free 
space, n, 15, 37, 676. 

Primitive (see complete integral , general 
integral); of systems of equations, 
y, 410 ; kinds of, v, 419 ; of equations 
of the second order, vi, 8; deduced 
from intermediate integral, vi, 406 ; 
of Monge-Ampbre equations, when 
the subsidiary system possesses 
three common integrals, vi, 
232—236; 

how limited in use of Ampbre’s 
method, vi, 267; how con- 
structed, VI, 284. 

Quadratures, presence or absence of 
partial, as determining classes of in- 
tegrals of equations of the second 
order, vi, 16; character of integral 
affected by, vi, 17 (see also partial 
quadratures ) . 

Baabe, vi, 10. 

Bank (rang) of a differential expression 
or an integral, vi, 60; Goursat’s 
theorem on, vi, 90. 

Bank of a self-adjoint equation as affected 
by Moutard’s substitution, vi, 141, 145. 
Beal variables and reduced forms of 
linear equations of the second order, 
VI, 43. 

Beciprocal groups of functions, v, 349; 
effect of contact transformations upon, 
v, 849 ; relations between, v, 358. 
Beducibility of differential expressions, 
conditions for, vi, 61. 

Begression, edge of, of integral surface, 
V, 237 (see edge), 

Begular integrals of systems of equations 
of the first order, conditions for, v, 11, 
21; uniqueness of, v, 11, 18, 20, 22; 
of single irreducible equation of first 
order, v, 27; of single irreducible 
equation of the second order, v, 37, 
42 ; for equations of any order, v, 43 ; 
of systems of linear equations, v, 88. 
Besolubility of characteristic invariant, 
effect of, VI, 550, 553. 

Biemann, vi. 111, 120, 627. 

Biemann’s use of adjoint equations, vi, 
119 et seq.; examples of, vi, 124. 
Biquier, v, 28, 58. 

Bouth, V, 370. 

Schwartz, A., vi, 42. 

Schwarz, H. A., vi, 360. 

Second method of Jacobi, as developed 
by Mayer, v, 117 et s^. ; applied to 
the integration of a single equation, 
V, 137. 

Second order, equations of Oauchy’s 
theorem for integrals of, in two inde- 


pendent variables, v, 37, 42, vi, 2; 
having intermediate integrals, vi, 199 
et seq.; in any number of independent 
variables, vi, 490 et seq. 

Second order, characteristics of, pos- 
sessed by equations of the second 
order, vi, 395; include those of the 
first order, vi, 395 ; geometrical inter- 
pretation of, VI, 397. 

Selected edges of regression, v, 240 ; con- 
tact of, with integral surface, v, 241. 

Self-adjoint equations, vi, 131 et seq.; 
construction of, when of finite rank, 
VI, 133; integrals of, when of finite 
rank, vi, 136, 147 et seq.; Moutard’s 
theorem on, vi, 139 et seq. ; examples 
of, VI, 152 et seq. 

Self -con jugate characteristics, v, 251. 

Sersawy, vi, 82, 166, 303, 490. 

Several dependent variables, simul- 
taneous equations in, v, 407. 

Simultaneous equations of the first order 
in several variables, v, 407 et seq. ; as 
derived from primitives, v, 409; dif- 
ferent kinds of integrals of, v, 419, 
with general result, v, 424; Ham- 
burger’s linear systems of, v, 428; 
Hamburger’s non-linear systems of, 

V, 456; in general lead to equations 
of higher order in one dependent 
variable, v, 477 ; as affected by Back- 
lund transformations, vi, 460, 462. 

Simultaneous equations of the second 
order, vi, 326 ; integration of, vi, 827 ; 
Vdlyi’s process for, included in Dar- 
boux’s method, vr, 328; systems of, 
in involution, vi, 330 ; of order higher 
than second, vi, 868. 

Simultaneous integrals of different re- 
solutions of a subsidiary system are 
compatible, in Mongers method, vi, 
205, 227 ; in Darboux’s method, vi, 
316, 839 ; and in Hamburger’s method, 

VI, 839. 

Singularities of characteristics in ordin- 
ary space, V, 261 — 280. 

Singular integrals, v, 65 (see also spedai 
integrals). 

Singular integral of an equation of the 
first order, conditions for, v, 111, 171 ; 
exceptional case of, v, 112; 

now deduced from complete inte- 
grals, V, 166, 170; can be 
affected by changing the form 
of the equation, v, 178; can 
be deduct from the differentiad 
equation, v, 182; additional 
limitations and conditions for 
existence of, v, 184; 
of system of equations, v, 196, with 
appropriate tests, V, 201 ; when 
deducible from the system, v, 
208; 
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is the exception for the equations 
of the characteristic, y, 212, 
217; 

geometrical properties of, v, 249 
et seq . ; represent envelope (if 
any) of complete integrals, v, 
251 ; equations of, deduced 
from geometrical properties, 
though with exceptions, v, 253 ; 
how related to the general in- 
tegral, V, 254 ; order of contact 
of, with the other integrals, v, 
255—261 ; 

in hyperspace and the equations 
of the characteristics, v, 291; 
its contact with other integrals, 
V, 302, 310—313; 
derived through contact trans- 
formations, V, 328, 336: but 
does not occur usually when 
the dependent variable is expli- 
citly absent from the equation, 
V, 331, 338. 

Singular integral for equations of the 
second order, vi, 8, 9. 

Sommerfeld, vi, 527. 

Sonin, vi, 303. 

Special integrals, v, 65, 67, 97, 172 et 
seq. ; illustrations of, v, 69, 177, 188, 
200 ; (see also exceptional integral ) ; 
geometry of, v, 188; general process 
for construction of equations which 
possess, v, 190 ; of system of equations, 

V, 200; 

are connected with some of the 
non -ordinary positions on the 
characteristic, v, 212, 217; 
in hyperspace and the equations 
of the characteristics, v, 292. 
do not arise under the merely 
formal theory of contact trans- 
formations, v, 343. 

Special integrals of equations of order 
higher than the first, vi, 9. 

Special integrals, which may arise in 
the use of Ampdre’s method, one kind 
of, VI, 276. 

Special intermediate integrals of equa- 
tions of second order, not included in 
other classes, vi, 261 ; with examples, 

VI, 264. 

Speokman, v, 408, vi, 303. 

Sub-group of a group of functions, v, 
345; highest order of, when in in- 
volution, V, 365, with mode of con- 
struction of the most extensive sub- 

OTOup, V, 866. 

Subsidiary equations in Ampere’s method, 
how obtained, vi, 282; agree with 
Monge’s, in application to equations, 
VI, 283; their significance, vi, 289. 

Subsidiary system in Darboux’s method, 
property of, vi, 809; utility of inte- 


grable combinations of the equations 
in, VI, 813 ; simultaneous Integprals of 
distinct resolutions of, vi, 315, 889; 
construction of, vi, 816, and simplified 
expression of, vi, 818 ; oomparea with 
subsidiary system in Hamburger’s 
method, vi, 338. 

Subsidiary system of equations, in 
Monge’s method involving differential 
elements, vi, 203 ; in Boole’s method 
involving differential coefficients, vi, 
211; integrals of, how used, vi, 207f 
215 ; relation between sets of, in 
Monge’s method and in Boole’s method 
respectively, vi, 212, 215 ; in the gene- 
ral method, coincides with Boole’s, vi, 
227 ; when it possesses three common 
integrals, vi, 230, or two, vi, 242, or 
one, VI, 253, or none, vi, 259. 

Successive reduction, Jacobi’s method of, 
for the integration of complete linear 
systems, v, 92. 

Surfaces representing integrals, v, 221 : 
their characteristics, v, 224; proper- 
ties of, V, 225 ; edge of regression of, 
V, 237 (see also edge). 

System of partial equations, in general, 
must contain the same number of 
equations as of dependent variables, 
V, 6; can be transformed so as to 
contain equations of first order only, 

V, 8 ; can be made to depend upon an 
equation or equations of higher order 
in one dependent variable only, v, 10. 

Systems of linear equations, complete, 
that are homogeneous, v, 76 et 
seq. 

Systems of non-linear equations that are 
complete, v, 109 et seq. 

Tangential transformation (see contact 
transformations). 

Tanner, vi, 159, 197, 456, 460, 462, 464, 
469, 490, 509. 

Teixeira, vi, 453. 

Theoretical dynamics, equations of, v, 
370 et seq." 

Third order, equations of the, and of 
higher orders, vi, 456 et seq. ; classes 
of, which possess intermediate inte- 
grals, VI, 457 et seq. ; Ampere’s 
method extended to, vi, 474; Dar- 
boux’s method extended to, vi, 478; 
Hamburger’s method extended to, vi, 
482. 

Three integrals common to subsidiary 
system for Monge-Amp^re equations, 

VI, 230; conditions for, vi, 231; lead 
to a primitive, vi, 232 — 235 ; con- 
struction of such equations, vi, 286. 

Transformation (Legendrian) of depend- 
ent variable so as to construct a primi- 
tive, V, 127 et seq. 
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Tranaformation of equations of the se- 
cond order, general theory of, vi, 425 
et seq. ; critical relation for, vi, 428 ; 
forms of, after Backlund, vi, 432; 
applied to linear equations, vi, 441 
et seq. 

Transformations of contact (see contact 
transformations ) . 

Transformed equations, series of, by 
application of Laplace-transformations 
to linear equation of second order, vi, 
51; invariants of, vi, 52; possessing 
any vanishing invariant lead to inte- 
gration of original equation, vi, 56; 
Darboux’s expression of, vi, 85; by 
application of Levy’s transformations, 
VI, 94. 

Tresse, v, 53. 

Two integrals common to subsidiary 
system, for Monge-Amp^re equations, 
VI, 242; conditions for, vi, 243, 244; 
use made of, vi, 245, 249; construc- 
tion of such equations, vi, 246, 252. 

Uniqueness of regular integrals, of sys- 
tems of equations of the first order, v, 
11, 18, 20, 22; is a part of Cauchy’s 


theorem, v, 28, 35; for equations of 
second order, v, 37, 42 ; for equations 
of any order, v, 45; for systems of 
linear equations, v, 88. 

V&lyi, VI, 328, 333. 

Vanishing invariants of linear equations 
of the second order, effect of, vi, 46, 
56, 100. 

Variation of parameters, v, 165; for 
systems of equations in several varia- 
bles, V, 419 et seq. ; with special ex- 
amples, V, 425; in general, v, 464. 

Variation of parameters applied, to 
integrals of equations of the second 
order, vi, 361 et seq. ; to Laplace’s 
linear equation, vi, 379, being a con- 
tact transformation, vi, 382. 

Vivanti, vi, 490, 509, 522, 525. 

von Weber, v, 53, 407 ; vi, 328, 490. 

Weierstrass, v, 432 ; vi, 280. 

Whittaker, v, 371 ; vi, 16, 16, 676, 580, 
681. 

Winckler, vi, 81, 156, 303, 360. 

Zajaprowski, v, 407. 













